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PREFACE 


In the preparation of this book, the authors have tried to keep la 
view the fact that “Theory of Structures'^ is based on mechanics with 
which the student is already familiar. Every effort has been made to 
show him that the methods of analysis used in “Theory of Structures^ 
are only a further development of the general principles of mechanics 
that he already knows. It is believed that this establishment of a close 
connection between the teaching of mechanics and structures can be 
most helpful to the student in understanding the various practical 
methods of analysis of trusses and frames. In fact, such a complete 
understanding is necessary for a successful application and adaptation 
of theoretical knowledge to the solution of various practical problems. 

With the above point of view, the first chapter was prepared as an 
introduction to the “Theory of Structures,” in which the basic principles 
of statics are recapitulated. At the same time the examples of this 
chapter are chosen to illustrate the adaptation of these principles to the 
solution of practical problems in the analysis of simple structures. 

The second chapter is devoted to the analysis of statically determinate 
trusses in one plane. Here the generally accepted methods of analysis 
of plane trusses are discussed in full detail and their application illus- 
trated by examples. The final articles of this chapter develop the general 
theory of plane trusses and establish the conditions under which a truss 
can be statically determinate and geometrically rigid. Rapidly develop- 
ing industry continually brings to the structural engineer new forms of 
trusses, and it is considered important to give to the younger generation 
of engineers a broader understanding of the basic properties and func- 
tions of truss systems. 

The third chapter deals with influence lines. Beginners usually 
find some difficulty with this subject, and to meet their needs considerable 
space is given to the discussion of influence lines for beams before the 
question of influence lines for trusses is taken up. In this connection 
many examples of both simple and compound beams are discussed in 
full detail. Here, the fundamental statical principle of virtual displace- 
ments can be used to advantage, and several applications of this principle 
are demonstrated by practical examples. After the discussions of 
influence lines for beams, the more complex influence diagrams for vari- 
ous trusses can be followed with little difficulty. 
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^ The fourth chapter is devoted to the question of formation and 
analysis of space trusses with hinged joints. Practicing engineers fre- 
quently reduce such problems to the analysis of plane trusses, but this 
, is kot always possible and it is considered desirable to discuss the general 
theory' of space trusses in some detail. Several general methods of 
attack:, for complex space trusses are discussed in the later articles of this 
chaste 5 together with completely worked-out examples. 

The fifth chapter, like the first, is a recapitulation of general principles 
of mechanics, in this case preparatory to the analysis of statically inde- 
terminate structures. Here the development of the expressions for 
y strain energy is followed by the establishment of such broad general 
principles as the principle of least work, the principle of superposition, 
Castigliano^s theorem, and MaxwelFs reciprocal theorem. The aim of 
this chapter is to give a general discussion of principles, together with 
elementary applications, before methods of analysis of complicated 
statically indeterminate systems are discussed. 

The sixth chapter deals with methods of calculating deflections of 
trusses. Here will be found developments and applications of the 
Castigliano and Maxwell-Mohr methods and of the Williot diagram. 
Methods of fictitious loading are discussed at the end of this chapter. 

In the seventh chapter the theory of statically indeterminate trusses 
is presented. Various methods of computing redundant reactions and 
forces in redundant members of such trusses are given in detail, together 
with examples of their application. The construction of influence dia- 
grams for statically indeterminate trusses is also considered at the end 
of this chapter. 

The eighth chapter takes up the question of bending of beams and 
frames. This chapter begins with a development of the slope-deflection 
equations for prismatic beams and discusses the application of these 
equations to the analysis of statically indeterminate beams and continu- 
ous beams on many supports. Still further application of these equa- 
tions is shown in the analysis of frames. Frames both with and without 
lateral restraint are considered, and it is shown in each case how the 
equations for computing redundant end moments can be written. 
Further discussion considers the solution of these equations by methods 
of successive approximation and illustrates the application of this 
method of analysis to multiple-story frames. The adaptation of the 
method of successive approximations to the calculation of secondary 
stresses in trusses is also presented. The chapter is concluded with a 
discussion of beams of variable cross section, the corresponding slope- 
deflection equations being developed and applied to the analysis of 
continuous beams and frames containing members of variable cross 
section. 
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The last chapter contains a treatment of the theory of arches. First; 
for various shapes of the arch, there is a discussion of the accuracy of the 
usual arch theory in which the effects of shearing forces and curvature 
of the arch on deflections are neglected. Thereafter considerable space 
is given to a discussion of symmetrical arches, the center lines of which 
coincide with the funicular curves for dead load. In conclusion, non- 
symmetrical arches and rings are considered. 

To facilitate reading of the book by the beginner, tw^o sizes of type 
have been used. Material printed in small type can be omitted in a 
first reading. A sufficient number of unsolved examples is included tc 
furnish the student with ample exercise in the solution of problems. 
Some of these problems are with answers, some without. 

In the preparation of this book the senior author’s earlier Russian 
book ('^Theory of Structures,” by S. Timoshenko, 2d ed., St. Petersburg, 
1926) was extensively used. Acknowledgment is also due to Otto 
Mohr’s ^'Abhandlugen aus dem Gebiete der technischen Mechanik” 
and H. Mtiller-Breslau’s, '^Die graphische Statik derBaukonstruktionen.” 

In conclusion the authors take this opportunity to express their 
thanks to Mrs. Evelyn Sarson for her care in typing the manuscript. 

S. Timoshenko, 

D. H. Young. 

Palo Alto, California, 

August^ 1945. 
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core radius, stiffness factor for a member 
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fixed-end moment 

imbalanced moment at a joint 

any number 

normal force or thrust on a section 

a pole point 
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external load 
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external load 
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CHAPTER I 

ELEMENTS OF PLANE STATICS 


1. Concurrent Forces in a Plane. — The theory of structures is based 
to a large extent upon the principles of statics with which the student 
is assumed to be familiar. However, we 
shall review here some parts of statics 
that are most useful in the analysis of 
engineering structures. We begin with 
the principle of the parallelogram of 
forces as follows: Two forces Pi and P 2 , 
as represented by the vectors OA and OB 
in Fig. la, are equivalent in action to a 
single resultant force R obtained as the 
diagonal OC of the parallelogram formed on 
the given vectors as shown. The same 
resultant force can be obtained also from the triangle of forces shown in 
Fig. lb. This follows from the fact that the triangle ABC in Fig. 16 is 
identical with the triangle OAC in Fig. la. 



Fig. 1. 



Fig. 2. 


If several forces in a plane act at a single point 0 (Fig. 2a), they can 
always be reduced to one resultant force which also acts through that 
point. This resultant force can be found by successive applications of 
the parallelogram of forces as illustrated in Fig. 2a or as the closing side 
of the polygon 0 / /orces constructed as shown in Fig. 26. 
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■S' ' *■ * 

If the polygon of forces is closed, tesultanf force vanishes and the 
given forces are in equilibrium, Thuk^ if several concurrent forces in a 
plane are known to be in equilibriu]% ^their free vectors must build a 
closed polygon of forces as shown in Fig.^S., 

The above graphical condition of equilibrium is very useful in the 
analysis of structures. Let us consider, fol'^S^ample, the very simple 
case of a weight W supported by strings as shown in Fig. '4a. Isolating 
the ring 0>s Si free body, we conclude that it is in equilibrium under the 



Fig. 4. 


action of three forces W, /Si, and S 2 the lines of action of which coincide 
with the strings and the magnitudes of which represent the axial forces, 
or tensions, in these strings. If the magnitude of the weight W is known, 
the magnitudes of the tensions Si and S 2 are found from the closed triangle 
of forces as shown in Fig. 46, from which we obtain Si = TF esc a and 
S 2 = IF cot a. 

From the fact that several concurrent, coplanar forces in equilibrium 
build a closed polygon (Fig. 3), it follows that the algebraic sums of 
projections of the forces on any system of orthogonal axes a* andj/ in their 
plane of action must be zero. Thus we arrive at the familiar equations 
of equilibrium, 


] 


= 0 , 


SF< = 0 


( 1 ) 
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where X^- and Yi denote, respectively, the projections of any force P^. 
on the axes x and y and the summations are understood to include all 
forces in the system. These anatytical conditions of equilibrium are 
equivalent to the graphical condition of a closed pol^^gon of forces, but 
they are sometimes more convenient to use. Applying the equations of 
equilibrium to the sj^stem shown in Fig. 4a, for example, we obtain 

Si cos a — S 2 = 0, 

Si sin Of — TF = 0, 


from which we find, as before, Si — W esc a. and S 2 = W cot a. 

The foregoing graphical and analytical conditions of equilibrium 
are particulaiiy useful in the anal^^sis of pin-connected trusses. Con- 
sider, for example, the truss loaded as shown in Fig. 5a, The analysis 
of such a truss entails finding the axial forces induced in the various bars 



by the action of the external load P. The work can be greatly simplified 
in this case by noting that some of the bars are inactive, i.e.^ unstressed. 
For instance, if we isolate the hinge A as a free body (Fig. *55), we see 
at once that the bars 1 and 2 of the truss are inactive, since two forces 
can be in equilibrium only if they are collinear in action and the axes of 
these two bars are not collinear. Having concluded that the bar 2 is 
inactive, we consider the equilibrium of the hinge B (Fig. 5c), where 
we find the possibility of three forces in equilibrium, two of which are 
collinear in action. Then from the first of Eqs. (1) it follows that the 
force in bar 4 must be zero, and we conclude that this bar also is inactive. 
Finally, then, only the bars shown in the figure by heavy lines carry axial 
forces different from zero. Considering, further, the equilibrium of 
hinge B and Using the second of Eqs. (1) , we conclude that the bar 3 
carries a tension equal to the load P. The axial forces in the bars 5 and 6 
can be found by considering the conditions of equilibrium for the hinge C, 
and this completes the analysis of the truss. 
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PROBLEMS 

1. Find the tensile force Si in the member AC and the compressive force S 2 in the 
meinber AB of the simple truss shown in Fig. 6. 

Ans, Si — P CSC a; S 2 == P cot 



2. To produce biaxial compression of a concrete cube If, the system of hinged 
bars shown in Fig. 7 is used. Find the compressive forces exerted on the faces of the 
cube if the frame has the form of a square and the inclined bars lie along its diagonals. 

Ans. S = V 2 P. 




3. Identify, by inspection, the inactive members of the truss shown in Fig. 8, (a) 
when there is a vertical load P at F, (h) when the same load is at P. 

4. How is the action of the simple truss ^hown in^Fig. 9 affected by changing the 
direction of the diagonal from AP as shown 




3, Distinguish by heavy lines the active members of the two trusses supported and 
loaded as shown in Fig. 10. 
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2. Three Forces in Equilibrium, — Three nonparaliel forces in a plane 

can be in equilibrium only if their lines of action meet in one point. To 

prove this statement, we refer to Fig. ^ 

11, where P and Q are any two forces ^ 

that intersect at a point 0. Then \ 

a third force S can hold these two ^ ^ 

forces in equilibrium only if it is \ / 

equal, opposite, and collinear with 

their resultant R, which, of course, 

' rIG. 11. 

acts through point 0. Hence, the 

force S also must act through point 0 as shown. 

The foregoing theorem of three forces is very useful in the determination 
of the reactions induced at the points of support of a body or structure 
under the action of given forces. Consider, for example, the crane shown 
in Fig. 12, the mast of which is supported in hearings at A and B so that 
the crane can be rotated around the vertical axis. Under the action of a 


vertical load P, the crane exerts 
pressures on its bearings at A and 
P, and these of the crane on 

its supports induce equal and oppo- 
site reactions on the crane as shown. 
U Thus the vertical force P together 
with the reactions Ra and Rh are 
three forces in equilibrium. Neg- 
lecting friction in the bearing at P, 
the reaction Rh must be a horizontal 
force, and hence the known lines of 
action of two of the forces (P and P&) 
determine the point of concurrence 
0 of the system. The third force 
So, then, must also pass through 
point 0; and so, by the theorem of 
three forces, its line of action AO is 
established. Knowing the magni- 
tude of the force P, the magnitudes of the reactions Ra and Rh are found 
from the closed triangle of forces shown in Fig. 12f>. Since this triangle 
is similar to triangle BAO in Fig. 12a, we obtain Ra = fP and Rb = fP. 

As a second example of the application of the theorem of three forces 
in calculating reactions, let us find the axial forces induced in the hinged 
bars 1, 2, 3, which support a horizontal beam A P under the action of an 
applied force P as shown in Fig. 13a. Replacing the supporting bars 
by the reactions Pi, P 2 / P 3 , which they exert on the beam by virtue of the 
axial forces induced in them, we find ourselves with a system of four 



Fig. 12. 
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/'forces (Pj Si, S^) in a plane that are in equilibrium. To reduce this 
■system to the case of three forces in equilibrium, we imagine that tSi 
and S2 are replaced temporarily by their resultant E, as yet unknown in 
direction but evidently acting through point D obtained as the inter- 
section of the known lines of action of Si and 82 ^ Now, instead of four 
TbrceS; we have the three forces (P, S^, and P) that are in equilibrium. 



The point of concurrence of this system of three forces is evidently point 
0, obtained as the intersection of the known lines of action of P and Sz, 
Thus, the line of action DO of the third force E is established as shown, 
and the closed triangle of forces ahc (Fig. 135) can be constructed. From 
this construction, the magnitudes of Sz and E are determined. Finally, 
knowing the force E, as represented by the vector ca, we find the mag- 
nitudes of S 2 and Si by resolving E into the two components cd and da 

having the knowui directions of ^2 
and Si, respectively; and, if all con- 
structions have been made to scale, 
the three reactions are determined. 
From the directions of the arrows on 
the vectors in Fig. 135, we conclude 
that the bars 1 and 3 are under com- 
pression while the bar 2 carries 
tension. 

A common type of engineering 
structure is the threeHiinged arch 
shown in Fig. 14a. The reactions at the points of support A and P 
of such a structure under the action of a load P acting as showm can be 
found by using the theorem of three forces. By virtue of the hinge 
at the crown C, we Gonohide that the reaction P6 must act along the line 
BC, which intersects the known line of action of the force P at point 0. 
Thus 0 is the point of concurrence of the system, and the line of action 
AO of Ea is established. The magnitudes of the reactions are now 
found from the closed triangle of forces shown in Fig. 145. 




Fig. 14. 
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If, in addition to the load P, there is a load Q on the rib CP, the same 
procedure can be used. We find first the reactions at A and B due to 
the load P alone, as above. Then, repeating the same procedure, we 
find the reactions due to the load Q alone. Thus we shall have two 
reactions at A and two at P. The resultants of these two forces at' each 
point of support are the desired reactions due to the simultaneous action 
of P and Q. * 

As a last example, let us consider the compound beam consisting of 
two portions AC and PC hinged together at C and supported by four 
hinged bars as shown in Fig. 15a. To find the axial forces Pi, P 2 , Ps, 
and P 4 induced in the four supporting bars by the action of a load P, 
we begin with a consideration of the equilibrium of the beam CP, which 
is acted upon by onl,y three forces. These forces are the two reactions 





Fig. 15 . 


P 3 and P 4 together with a force at the hinge C that represents the action 
of the beam AC on the beam CP. The known lines of action of P 3 and 
P 4 determine the point of concurrence D of these three forces and hence 
the line of action CD of the force on the hinge C. The equal and opposite 
reaction exerted by the beam CP on the beam AC has the same line of 
action. Hence the beam AC is in the same condition as if it had, in 
addition to the supporting bars 1 and 2 , a third supporting bar along the 
line CD. With this conclusion in mind, we see that, in considering the 
equilibrium of the beam AC, we may proceed in exactly the same manner 
as we did for the beam in Fig. 13. Thus the line of action PP of the 
resultant of Pi and P 2 is established, and the closed triangle of forces 
ahc in Fig. 156 can be constructed. The remainder of the solution reduces 
simply to the resolution of the vectors ca and he into their respective com- 
ponents Pi, P2 and P4, P3 as shown in Fig. 156. Bars 1 and 3 are in 
compression while 2 and 4 are in tension. 

=*= A more expedient method of handling several forces on the arch is discussed oh 
,p. 24. , ■ ■ 
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PROBLEMS 

6, Using the theorem of three forces, find the reactions induced at the points of 
suBBort A and B of the simple beam supported and loaded as shownjn Fig. 16. 

^ ■ dns, Fa - JVtP, = -IP. 



Fig. 16. 17- 

7* Find, graphically, the reactions at A and B for the beam shown in Fig. 17. 

Ans. Ra = VS P, Ffa = 2 V2P. 

8. Find, graphically, the reactions at A and B for the beam shown in Fig.__18. 

Ans, Ra — Pj Rb \/2 P, 



Fig. 18. Fig. 19. 


9. A prismatic bar AB of weight TF rests on a horizontal floor at A and against a 
vertical wall at B and is kept from falling by a string OD as shown in Fig. 19. Neglect- 



ing friction at the points of support, find, graphi- 
cally, the reactions at A and B and the tension in 
the string OD, 

10 . Find, graphically, the reactions Ra and F& 
induced at the points of support of the compound 
structure loaded as shown in Fig. 20. 

Hint; The reaction at B must be a horizontal 
force. 

3. Equations of Equilibrium.— In gen- 
eral, a system of coplanar forces, the lines 
of action of which do not intersect in one 


Fig. 20. 


point, may reduce to (1) a resultant force^ 


(2) a resultant couple ^ or (3) a state of equilibrium. 
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If the given forces Pi, P2, P3, P4 are such that their free vectors build 
an unclosed polygon as shown in Fig. 216, the system will always reduce 
to a resultant force. The magnitude and direction of this resultant are 
given by the closing side AE of the polygon of forces, and its line of action 
is found by the construction illustrated in Fig, 21a. 



If the given forces are such that their free vectors build a closed 
polygon (Fig. 226), the resultant force vanishes, but there is still the 
possibility of a resultant couple. In this case, we arbitrarily divide the 
forces into two groups Pi, P2, P3 and P4, P5, Pe, having equal and opposite 
resultants Pi and P2 as represented by the vectors AD and DA in Fig. 
226. Then, proceeding with each of these groups in the same manner 


fx 



as in the preceding case, we find the lines of action be and ef of their 
resultants as shown in Fig. 22a, and these two equal and opposite forces 
represent a resultant couple. 

In the particular case where the lines of action of the forces Pi and 
R 2 in Fig. 22a are found to coincide, the resultant couple vanishes and 
the system of forces is in equilibrium. Thus, the conditions of equilib- 
rium for any system of forces in a plane are a closed polygon of forces 
and a vanishing resultant couple. From the condition of a closed 
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.polygon of forces, we conclude that the algebraic sums of projec- 
tions of , the given forces on any . pair of orthogonal axes must be 
zero. From the condition of a vanishing resultant couple, we conclude, 
with the help of Varignon^s theorem,^ that the algebraic sum of moments 
of the given forces with respect to any center in their plane must be zero. 
These conditions are expressed analytically by the iollo\Ying equations 
of equilibrium^ 

XXi = 0, = 0, XMi - 0, (2a) 

where Xi and Yi are orthogonal projections of any force Pi, and Mi is 
the moment of the same force with respect to a chosen center. The 
summations are understood to include all forces of the s^^stem. 

It can easily be shown that the above conditions of equilibrium can 
dso be expressed by the three moment equations^ 

= 0, ZMb = 0, 2Mc = 0, (2b) 

in which A, B, and C are three arbitrary centers that form a triangle in 
the plane of action of the forces. 

Equations (2) find a wide application in the theory of structures, 

particularly in the determination of reac- 
tions and in the anal^^sis of trusses. As 
a first example, let us consider the deter- 
mination of the reactions induced at the 
points of support of the simple crane ABC 
loaded as shown in Fig. 23. If we neglect 
friction in the guide at B, the supports of 
the crane can be replaced by reactions Rb, 
Xa, and Fa, as shown, where Xa and Fa 
are horizontal and vertical components of 
the unknown reaction at A . The system of 
forces as shown is in equilibrium; and, if 
point A is used as a moment center, Eqs. 
(2a) become 

Xa - Bb^ 0 , 

YY-P -Q = 0, 
z — Pa — Qh = 0. 

^ The moment of the resultant with respect to any center in the plane of action 
of the forces is equal to the algebraic sum of the moments of the given forces with 
respect to the same center. See authors’ “Engineering Mechanics,” 2d ecL, p. 51. 

2 See authors’ “Engineering Mechanics,” 2d ed., p. 124. 
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From these equations, we find Xa = Rb == (Pa/c) + (Qb/c) and 

Ya=P + Q. 

As a second example, let us consider the determination of the axial 
forces induced in the bars 1, 2, and 3 of the simple truss loaded and sup- 
ported as shown in Fig. 24. Consider- 
ing only the shaded portion BCD of 
the truss and replacing the bars 1, 2, 
and 3 by the reactions that they exert 
upon this portion, we obtain the free- 
body diagram as shown. Here w’e 
have five forces in equilibrium, and the 
algebraic sum of their moments with 
respect to any center in the plane of the 
truss must be zero. Upon choosing, 
successively, the points A, D, and C as 
moment centers, Eqs. (26) become Fig. 24 . 

Sia -- Qa — 2Qa = 0, 

Sza/\/Z — Qa = 0, 

Qa — S^d = 0, 

and we find 8i = 3Q (tension), Sz = Vs Q (compression), and S 2 — Q 
(compression). It should be noted that the moment centers are chosen 
so as to give us only one unknown in each equation. 



PROBLEMS 

11. A prismatic bar of negligible weight is hinged to a vertical wall at A and 
supported by a strut BD, as shown in Fig. 25. Find the reactions induced at A and B 
through the action of a sphere of weight Q tied by a string CF that is parallel to AE, 
The radius of the sphere is such that the points B and C are at the same level. 



P P P P 



12. Find the axial forces induced in the supporting bars 1, 2, and 3 of the simple 
truss shown in Fig. 26. 
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IB. Evaluate the horizontal and vertical components of the reactions induced at the 
supports A and B of the compound structure shown in Fig. 27. 



Fig. 27. Fig. 28. 


14. Determine the tension induced in the tie bar AB of the plane structure sup- 
ported and loaded as shown in Fig. 28. 

16. In Fig. 25, how will the reactions at A and B be changed if the inclined string 
CF is replaced by a horizontal string CB? 

16. In Fig. 16, compute the reactions at A and B by using Eqs. (2a). 

17. In Fig. 17, compute the reactions at A and B by using equations of equilibrium. 

18. In Fig. 18, compute the reactions at A and B by using equations of equilibrium. 

19. In Fig. 19, compute analytically the reactions at A and B and the tension in 
the string OD. 

20. In Fig. 20, compute analytically the horizontal and vertical components of the 
reactions at A and B, 

4. Internal Forces. — In previous articles, we have discussed the 
determination of external reactions induced at the supports of a rigid 
body constrained and loaded in one plane. We shall now consider the 



Fig. 29. 


internal forces, or stresses, that are set up in such a constrained body 
under the action of applied external forces. Consider, for example, the 
rigid body supported and loaded in one plane as shown in Pig. 29a. 
Under the action of the applied loads, reactions Ra and Rh are induced at 
the supports, and these reactive forces are evaluated in the usual manner 
by considering the conditions of equilibrium of the entire body. Thus 
the system of forces external to the body as a whole is completely defined. 
Now imagine that an arbitrary plane section mn divides the body into 
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two parts and K as shown. It is evident that forces of internal con 
straint must exist between these two parts of the body to hold them 
together. Such internal forces, of course, always occur in pairs of eqn:al^ 
and opposite forces at each point of the body and do not enter into m.n' 
consideration of the equilibrium of the body as a whole. To bring Ixietn 
under consideration, we isolate one portion K as a free body (Fig. 296). 
Then the action of the removed portion J is represented by the forces 
that its various particles exert on those of the free body K, and in this 
way the required internal forces ai'e brought under consideration. 



I Normal Force Diagram j 






Bending Moment Diagram 


(c) 

Fig. 30. 

Although the actual distribution of these forces over the section may 
be complicated, it is evident that they must be statically equivalent to 
the system of forces acting externally on part J and can always be repre- 
sented by a resultant force i? applied at the centroid of the ci'oss section 
together with a couple of moment M.. The force B in turn can be resolved 
into rectangular components A and V as shown in Fig. 29c. The three 
quantities N, V, and M on the section mn are called the wrmaZ force, 
the shearing /orce, and the bending moment, respectively. They are 
usually considered positive when directed as shown in the figure. In 
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general, their magnitudes will depend on the position and orientation of 
the chosen section, but in any case they can be evaluated by the three 
equations of equilibrium applicable to the free body K, 

The simplest and most important class of structures for which we 
shall wish to investigate the internal forces on various sections sue beams 
submitted to transverse loads. Such beams are usually prismatic in 
form and are constrained and loaded in a plane of symmetry. Under 

these conditions, we can best define the 
general state of stress in terms of the 
internal forces on cross sections that are 
normal to the axis of the beam. Con- 
sider, for example, the cantilever beam 
ABy loaded as shown in Fig. 30a. Let 
mn be any normal section defined by its 
distance x from the free end. Then con- 
sidering the equilibrium of the free body 
to the right of this section (Fig. 305) and 
using Eqs. (2a), we find 

Nx = +P sin a, 

Vx = +P cos a, 

Mx = —Px cos a. 

From these expressions, we see that the 
normal force Nx and the shearing force 
Vx are independent of the position of the 
section along the beam, while the bend- 
ing moment Mx is proportional to the 
distance x. The variations in normal 
force, shearing force, and bending mo- 
ment along the beana can be represented 
graphically by the diagrams shown in Fig. 
30c, which accordingly are called normal-force^ shearing-force, anA bending- 
moment diagrams. 

As a second example, consider the same cantilever beam uniformly 
loaded along its length as shown in Fig. 31a. In this case the expressions 
for normal force, shearing force, and bending moment on any cross sec- 
tion, defined by its distance a; from the free end of the beam, become 



Bending Moment Di(^ram 
(c) 

Fig. 31. 


Nx = 0, Vx=+wx, 


Mx 


wx^ 

'X 


The corresponding diagrams are shown in Fig. 31c, 

In the case of curved beams, we may find it convenient to proceed 
in a slightly different manner. Consider, for example, the cantilever 
beam that has a circular axis of radius R and is loaded as shown in Fig. 
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32a. In this case we can most easily define the position of an arbitrary 
normal cross section by the angular coordinate ^j) measured as shown i’^ 



the figure. Then, appl 3 dng Eqs. (2a) to the free body in Fig. 326, we find 
= —P sin <?!>, = +P cos <^, = —PR sin <l>. 

As a last example, let us consider the simpler supported beam with 
overhang as shown in Fig. 33a. Under 
the action of a load uniformly distributed 
over the span Z, the reaction at A is wl/2j 
and the bending moment *at any section 
distance x to the right of this support is 

Ala: = .r — m ^ = -y (Z — X), 

Thus the bending-moment diagram is a 
parabola with maximum ordinate wP/S at 
mid-span as shown. The free overhang 
is without internal forces if we neglect the 
weight of the beam itself. 

If the same beam carries a concen- 
trated load P at the free end as shown in 
Fig. 336, the reaction at A isPa/l and the 
bending moment at any section betw^een 
A and B is 

HJT 



where rci defines the location of the section 
as shown. Likewise, for any section dis- 
tance ^2 to the left of the free end C of 
the beam, the bending moment is 

Mx ~ --P^%c. , \ niG. 33: vv''.;. '''t, ■ 

Thus, in this case, the bending-moment diagram is made up of two 
straight lines having the common maximum ordinate —Pa at the support 
B as shown. : 
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If the beam carries both the distributed load and the concentrated 
load simultaneously; we obtain the corresponding bending-moment 
diagram as shown in Fig. 33c simply by superposing the diagrams of 
Figs. 33a and 335. The same procedure can be used in the construction 
of shearing-force and normal-force diagrams. 

PROBLEMS 

21. Construct shearing-force and bending-moment diagrams for each of the canti- 
lever beams shown in Fig. 34. 



ra) (€t) 



Fig. 34. Fig. 35. 


22. Construct normal-force, shearing-force, and bending-moment diagrams for 
each of the beams shown in Figs. 16, 17, 18. 



23. Construct shearing-force and 
bending-moment diagrams for each of the 
simply supported beams shown in Fig. 35. 

24. Construct normal-force, shearing- 
force, and bending-moment diagrams for 
the bar BC of the structure shown in 
Fig. 28. 

26. Prove that the vertical ordinates 
in Fig. 36 represent the bending moments 
for corresponding points on the semicir- 
cular axis of the three-hinged arch loaded 
as shown. Evaluate the factor by which 
each ordinate must be multiplied in 
order to give the corresponding bending 


Fig. 36. 


moment. 


Ans, P/d. 
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6. The Funictiiar Polygon. — We shall now develop a general graphical 
treatment for coplanar forces that has some practical advantages over 
the analytical treatment discussed in Art. 3. We begin with the very 
vsimple case of two forces F and Q as shown in Fig. 37a. As we already 
know, the closing side AC of the polygon of forces (Fig. 37b) gives both 
the magnitude and the direction of the resultant J2, but the position of 
its line of action remains to be determined. In general, this can be 
accomplished as follows: In Fig. 37b, we take the arbitrary point 0, 
called a poZe, and join it by lines 1, 2, and 3 vdth the apexes of the polygon 
of forces. These lines are called rays and, like the other lines in this 
figure, may be regarded as free force vectors. Taking, for example, the 
directions as indicated by the arrows inside the triangle A OB, we may 
consider the force P as the resultant of the forces 1 and 2. In the same 


A 



manner, the force Q can be considered as the resultant of the forces 2 
and 3, the directions of which are indicated by the arrows inside the 
triangle BOO. Referring now to Fig. 37a, it is evident that the action 
of the forces P and Q will not be changed if each of them is replaced by 
its two components indicated in Fig. 376. These replacements will be 
made in the following manner: Beginning at any point a in the plane of 
action of the forces, we draw the line ah parallel to the ray AO. From 
the point of intersection 6 of this line with the line of action of the force 
P, we draw the line be parallel to the ray BO; and, from the point of 
intersection c of this line with the line of action of the force Q, we draw 
the line cd parallel to the ray CO. The polygon abed, obtained in this 
way, is called a /amcaZar polygon for the forces P and Q. The apexes of 
this polygon are on the lines of action of the given forces, and its sides 
are parallel to the rays of the polygon of forces. We assume now that 
at point 6 the forces 1 and 2, replacing the force P, and at point c the 
forces 2 and 3, replacing the force Q, are applied as shown in Fig. 37a. 
Thus the given system of forces P and Q is replaced by a system of four 
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forces applied at points f> and c. Since the pair of forces 2 acting along 
the line are equal and opposite, they may be removed from the system 
and there remain only the forces 1 and 3, which are equivalent in action 
to the given forces P and Q. The magnitude and direction of the result- 
ant of these forces are given by the vector AC in Fig. 375, and a point 
on its line of action is given by the point of intersection e of the forces 
1 and 3 acting along the first and last sides of the funicular polygon in 
Fig. 37m 

If we imagine a weightless string going along the sides ah, he, and cd 
of the funicular polygon with its ends fixed at a and d, this string will 
be in equilibrium under the action of the forces P and Q, The tensile 
forces in the portions ah and be of the string will be numerically equal to 



the forces 1 and 2, and their actions on the knot at 5 will balance the force 
P. In the same way the tensile forces in the portions 5c and cd of the 
string balance the force Q, This relation between the constructed 
, polygon a5cc? and the configuration of equilibrium of a string submitted 
to the action of the given forces explains the origin of the nsi^me funicular 
polygon, i.e,, string polygon. 

The graphical constructions discussed above are perfectly general 
and can be used also in the case of several coplanar forces Pi . . . P5 acting 
as shown in Fig. 38a. Again, we begin with the construction of the 
polygon of forces ABCDEF (¥ig. 385). Choosing an arbitrary pole 0, 
drawing the rays 1, 2, 3, 4, 5, 6, and constructing, in the plane of action 
of the forces, the lines a5, 5c, . . , fg, parallel to these rays, we obtain 
the funicular polygon ahedefg as shown. At the apexes of this polygon, 
each of the given forces Pi . . . Ps is replaced by its two components as 
represented by rays in Fig. 385. The forces acting along the sides 5c, 
cd,\dej and ef are pairs of equal and opposite forces in equilibrium and 
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may be removed from the system. There remain only the forces ! and 
6 acting at points h and /, which are equivalent to the given forces 
Pi . . i P5. The magnitude and direction of the resultant of these 
forces are given by the closing side AF of the polygon of forces (Fig. 386), 
and a point on its line of action b}^ the intersection h of the first and last 
sides of the funicular polygon (Fig. 38a). 

If the polygon of forces is closed, the possibility of a resultant force 
vanishes. In such a case the first and last rays coincide; hence the first 
and last sides of the funicular polygon become parallel or coincide. In 
the first case, the two equal and opposite forces acting along these sides 
represent a resultant couple. In the second case they balance each other, 
and the given system of forces is in equilibrium. These two cases are 
illustrated in Fig. 39, Three given forces Pi, P2, and P3 have such mag- 
nitudes and directions that their free vectors build a closed polygon 
(Fig. 39c). Hence the rays 1 and 4, directed to the beginning of the 



first vector AB and to the end of the last vector CA, coincide in one ray 
OA, 

If the given forces have the lines of action shown in Fig. 39a, the first 
side ab and the last side de of the funicular polygon are parallel but do 
not coincide. Hence the unbalanced forces 1 and 4 acting along these 
sides represent a couple that is the resultant of the given system of forces. 

If the given forces Pi . . . P3 have the lines of action shown in Fig. 
396, the first and last sides of the funicular potygon coincide and the 
equal but opposite forces 1 and 4 acting along these coincident sidevS 
balance each other. Hence, in this case, the given system of forces is in 
equilibrium. 

We see that, by using the polygon of forces together with the funicular 
polygon, the three possibilities for a system of forces in a plane (see 
page 8) can be investigated entirely by graphical methods. If the 
polygon of forces is unclosed, the given system reduces to a resultant 
force. If the polygon of forces is closed but the first and last sides of the 
funicular polygon, which are parallel, do not coincide, the system reduces 
to a resultant couple. If the polygon of forces is closed and the first 
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and last sides of the funicular polygon coincide, t’.e., the funicular polygon 
is closed, also, the system, of forces is in equilibrium. Thus the graphical 
conditions of equilibrium are a closed polygon of forces and a closed 
funicular polygon. 

As an example, let us determine graphically the reactions at the sup- 
ports A and -B of the beam AC loaded as shown in Fig. 40a. Beginning 
with the load P as represented by the free vector AB in Fig. 406 and 
selecting a pole 0, we construct the rays 1 and 2, after which the corre- 
sponding sides ah and be of the funicular polygon can be drawn as shown 
in Fig. 40a. Then the closing side ac of this polygon determines the 
direction of the corresponding ray 3 in Fig. 406, and the reactions 
and 22a are graphically determined by the vectors BC and CA, respec- 
tively. As would be expected, the reaction Ra is directed do wm ward. 





As a second example, we take the case of a roof truss ABC supported 
and loaded as shown in Fig. 41a. Here again, to find the reactions at 
the supports A and B, we begin with the polygon of forces ABCDEF, 
select a pole 0, and draw the rays 1 to 6 as shown in Fig. 416. Now, in 
this case, when we come to construct the funicular polygon in Fig. 41a, 
we note that the hinge A is the only known point on the line of action 
of 22a. Hence we must start the funicular polygon at this point. Then, 
since the load P also acts through point A, that side of the funicular 
polygon corresponding to the ray 1 vanishes. Otherwise, the funicular 
polygon is constructed in the usual manner and we obtain the closing 
side A6 as shown. After this, we return to Fig. 416, where we obtain the 
apex G of the polygon of forces by the intersection of the ray 7 (parallel 
to the closing side of the funicular polygon) and the known vertical 

direction of Rh. The required reactions are now completely determined 

by the vectors F(r and (?A as shown. 

PROBLEMS 

26. Determine graphically the magnitudes of the reactions Ra and Rb of the simply 
supported beam loaded as shown in Fig. 35a, 4ns, 1.25P, 0.75F, 
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27. Using the funicular polygon, determine the magnitudes of the reactions at the 

supports A and B of the structure shown in Fig. 28. A ws. Ra ~ Rh = P‘ 

28. Using the funicular polygon, determine the axial forces in the bars 1, 2, and 3 of 
the simple truss loaded as shown in Fig. 26. 

29. Determine graphically the reactions at the supports A and B of the simple 
truss shown in Fig. 41a if the hinge A is on rollers while the hinge B is fixed. Assume 
AB = 40 ft., /CAB - ZCBA - 15 deg., P - 1,000 lb. 



Fig. 41. 


30. Determine grapliically the axial forces in the bars 1, 2, and 3, which support 
the beam AB loaded as shown in Fig. 42. 

Ans. Si = -1,5381b., -Ss = +1,414 lb., Ss = -1,3921b. 


JP 



Fig. 42. 


6. Applications of the Funicular Polygon.- — In the preceding article, 
we have used the funicular polygon simply as a tool in the graphical 
composition of forces in a plane and in the evaluation of reactions. We 
have seen, however, that it possesses a certain physical significance in 
itself, namely : the configuration of equilibrium of a string under the ac^Jfen 
of a given system of forces. This concept can be generalized to the 
e.xtent that we imagine a string capable of sustaining compression as 
well as tension. Thus, for example, the funicular polygon ahcde/ 
shown in Fig. 43a may be regarded as a system of hinged bars supported 
at a and / so as to form an arch that is in equilibrium under the action 
of the applied forces. Sometimes we need to construct such a funicular 
polygon to satisfy certain specified conditions such, for example, as 
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passing through two or three given points. This general problem can be 
greatly simplified by using the following theorem: 

Theorem: If, for a given system of forces in a plane, any two funicular 
polygons are drawn for two different poles 0 and O', corresponding sides of 
these polygons will meet in points that lie on a straight line parallel to 
the line 00' joining the two poles. 



Fig. 43. 


This theorem can be proved as follows: Let Fi, Fs, . (Fig. 44a) 
be any system of forces in a plane, and let ABODE . . . (Fig. 446) be 
the corresponding polygon of forces, with 0 and O' any two arbitrary 
poles and 1, 2, 3, 4, . . . and 1', 2', 3', 4', . . . the corresponding rays. 
Then, beginning at any two points a and a' in the plane of action of the 
forces, two funicular polygons abode . . . and a'b'c'd'e' . . . correspond- 
ing to the poles 0 and O' can be constructed in the usual manner. Now 



Fig. 44. 


it follows from the discussion of Art. 5 that at point b, in Fig. 44a, we 
can replace the force Ft by its components 1 and 2 as represented by 
the vectors AO and OB in Fig. 4 46. In the same way, the forces 2' 
and 1', represented by the vectors 5^ and OH (Fig. 44&), when applied 
at point b' (Fig. 44a), are equivalent to the equilibrant of the force Fi. 
Hence the forces 1, 2, 1', and 2', directed as shown in Fig. 44a, are four 
forces in equilibrium. From this we conclude that, if at point m in the 
plane of action of the forces we replace the forces 1' and 1 by their 
resultant as represented by the vector 0^ (Fig. 446) and at point n we 
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replace the forces 2 and 2> by their resultant as represented by the vector 
OU (Fig. 445), then these two equal and opposite forces are in equilibrium 
and consequently must be collinear in action. That is, the points of 
intersection M and n of the corresponding first and second sides of the 
two funicular polygons lie on a straight line parallel to the line 00^ Joining 
the two poles. Applying the same reasoning in connection with the 
force F 2 , we conclude that the intersections n and 0 of the corresponding 
second and third sides of the two funicular polygons also lie on a straight 
line parallel to 00\ etc. Hence the points m, n, 0 , p, g, . . . all lie on 
one straight line parallel to 00', and the theorem is proved. 

Funicular Polygon through Three Points. — By the aid of the 
foregoing theorem, it is possible to construct, for any system of forces in 
a plane, a funicular polygon three sides of which will pass through three 
given points in the plane of action of the forces. We begin with the case 
of two coplanar forces P and Q as shown in Fig. 45a and for which we 



wish to construct a funicular polygon whose three sides will pass, respec- 
tively, through the given points m, n, and p. We first construct the 
polygon of forces ABC as shown in Fig. 455. Then, instead of choosing 
an arbitrary pole, we first construct two sides ab and he of a funicular 
polygon so that these sides do pass through the given points and n, 
respectively, as shown in Fig. 45a. The position of the pole 0 corre- 
sponding to the funicular polygon that w^e have thus started and that we 
shall call the trial funicular polygon can now be found as the intersection 
of the rays 1 and 2 (Fig. 455) drawn through the apexes A and B parallel, 
respectively, to the sides ab and be of the trial funicular polygon. Having 
the pole 0, we can draw the ray 3, and then the corresponding side rd of 
the trial funicular polygon can be constructed parallel to this ray as shown 
in Fig. 45a. In general, this last side of the trial funicular polygon will 
not pass through the given point p. However, from the trial funicular 
polygon together with the theorem above, we can easily determine a 
funicular polygon for the given forces P and Q, the three sides of wdiich 
will pass through the given points m, n, and p, respectively, and which we 
shall accordingly refer to as the true funicular polygon! To accomplish 



24 


THEORY OF STRUCTURES 


[Chap. I 


this, we note that the firet two sides of the trial funicular polygon pass 
through the given points m and n, respectively, and that the first two 
sides of the true funicular polygon must also pass through these points. 
Hence, the straight line mn (Fig. 45a) is the line on which the inter- 
sections of corresponding sides of the trial and true funicular polygons 
must all lie. Prolonging the thii-d side cd of the trial funicular polygon 
to its intersection q with the line mn, we obtain a point through which the 
third side of the true funicular polygon must pass. Remembering that 
the third side of the true funicular polygon must also pass through point 
p, we have the position of this side c'd' as shown in Fig. 45a. Now through 
the apex C of the polygon of forces we draw the ray 3' parallel to c'd', 
and through point 0 we draw a line parallel to the straight line mnq. 
The intersection of these two lines determines the pole 0' for the true 



funicular polygon. The rays 1' and 2' can now be drawn and the 
funicular polygon a'h'c'd' constructed as shown in Fig. 45a. The three 
sides of this funicular polygon pass, respectively, through the three 
given points m, n, and p, as desired. 

If there are several forces in a plane for which we wish to construct 
a funicular polygon passing through three given points m, n, and p, 
we first replace the forces between m and n by their resultant P and the 
forces between n and p by their resultant Q and then proceed as illus- 
trated in Fig. 45. 

The funicular polygon through three given points is of practical value 
in connection with the determination of the reactions at the supports 
of a three-hinged arch as shown in Fig. 46a. We first construct, for the 
applied forces P and Q, a funicular polygon a'b'c'dV the three sides of 
which pass, respectively, through the centers of the hinges A, C, and B. 
This construction is carried out as explained above and is completely 
illustrated in Fig. 46. Obviously, the rays 1', 2', and 3', when con- 
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sidered as vectors acting as shown in Fig. 46&, represent the reactions 
Rap Re == R/p and Rh, since, when applied at points A, (7, and respec- 
tively, they fulfill all conditions of equilibrium for the arch as a whole 
as well as for either portion of it. 

PEOBLEMS 

31. A string ACB of length I hangs between two vertical walls as shown in 
Fig. 47. Along this string a small pulley (7, from which 
is suspended a load P, can roll without friction. In the 
particular case where I ~ 2a ^ 46, what configuration 
of equilibrium will the system assume? Make the soiu- § 
tion entirely by graphical constructions. 

X — 0.355a. 

32. The hoisting cable of a crane is carried over a ^ 

series of pulleys a, 6, c, d, and e, as shown in Fig. 48a. ^ 

Using the cable as a funicular polygon for the system of 
forces that the pulleys exert on the joints of the crane, ^ 
show that these forces are completely defined by the poly- 
gon ABCDEF in Fig. 486. 

33. Determine the proper shape of the top chord abcdefgh of the plane truss shown 
in Fig. 49 so that, for the given system of loads P, all the diagonal web members will 
be inactive. What are the corresponding forces in the chord members if = 70 ft. and 
fc = 18ft.? 




34. Construct a funicular polygon through the three points A, (7, B, to determine 
the reactions at the supports of the three-hinged arch with semicircular rib as shown 
in Fig. 50. Ans, = 6,880 lb., = 8,220 lb. 
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35. A flexible weightless string is fastened at A, passes over a pulley at ' D, and 
carries a load P at its free end as shown in Fig. 51. A stiff bar with small rollers 
at its ends carries weights F and Q as shown and can roll freely along the string. 




Neglecting friction, determine the configuration of equilibrium of the system. Numer- 
ical data are given as follows: a = 18 ft., 5 == 4 ft., c ~ 8 ft., P = 2Q. What com- 
pressive force S is induced in the bar BC? Make the solution entirely by graphical 
constructions. Ans. S = 0,6Q. 


7. Funicular Curves for Distributed Force. — In previous discussions, 
we have dealt entirely with concentrated forces. Sometimes we need 
to consider the equilibrium of structures under the action of distributed 
force. Consider, for example, the prismatic beam AB (Fig. 52a), the 

weight of which is uniformly distrib- 
uted along its length. Such a dis- 
tribution of force is completely defined 
by its intensity g, i.e., the weight per 
unit length of the beam. It is repre- 
sented graphically by the rectangle 
AabB, which is called a load diagram. 
In a more general case, we may have 
nonuniformly distributed load along 
the beam. Here also the distribution 
of force can be completely defined hy 
a load diagram like that shown in Fig. 
526, where the intensity of load at 
each point is indicated by the corresponding ordinate. 

Any given load diagram can always be approximated by a series of 
trapezoidal elements as shown in Fig. 626. Then, if q k the average 
intensity over the length Ax, the corresponding element must represent 
a force AF == g • Ax that acts through the centroid of that element. In 
this way, we obtain a series of parallel forces the magnitudes of which 
are represented by the areas of the corresponding trapezoids and the 
moments of which, with respect to any point, are identical with the 
corresponding statical moments of those trapezoids. From this it 
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follows that the resultant force is i^epresented by the total area of the 
load diagram and acts thi'ough its centroid. 

We have already seen that any funicular polygon for a system of 
coplanar forces may be interpreted as a possible configuration of equilib- 
rium of a string fixed at its ends and submitted to the action of the given 
forces. In the case of continuously distributed force in a plane as dis- 
cussed above, the corresponding configuration of equilibrium of a string 
becomes a smooth curve called a funicular curve. Physically, we see 
the manifestation of such a curve in the case of a heavy flexible chain 
that is fixed at its two ends and otherwise unsupported in the gravity 
field. This particular curve is called a catenary. 


A 



Fig. 63. 


Let MmnN (Fig. 63a) be the load diagram for a given distribution of 
vertical force in a plane. To construct a corresponding funicular curve, 
we begin by dividing the load diagram into several parts, each small 
enough so that, without serious error, it may be considered as a trapezoid. 
Then it follows that each trapezoid represents a vertical force equal in 
magnitude to the area of that trapezoid and acting through its centroid. 
We may therefore replace the continuous distribution of force by several 
vertical forces Pi, Pa, ... as shown and construct a funicular polygon 
abcdef for these forces in the usual manner. This done, we inscribe a 
smooth curve tangent to the sides of the funicular polygon at the points 
g, hfi, j, and k, and this is the required funicular curve. 

From the foregoing discussion it follows that between any funicular 
curve (Fig. 53a) and the corresponding diagram of forces (Fig. 536) from 
which it is derived there exist the following relationships: (1) For every 
tangent to the string, there is a corresponding parallel ray in the diagram 
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of forces^ the length of which represents the tensile force in the string 
at the point of taiigeiicy. (2) The shortest ray, called the pole distance 
if, represents the tension at the vertex of the funicular curve and likewise 
the horizontal projection of the tension at any other point. (3) For any 
two points on the funicular cur^, rays parallel to the corresponding 
tangents cut from the load line AE that portion of the total load which 
acts betw'een these two points. 

Sometimes it is desirable to develop a funicular curve for a given distribution of 
load analytically rather than graphically. Referring to Fig. 54a, let MmnN be a given 
distribution of force and abed a funicular curve corresponding to the pole 0 as shown 
in Fig. 545. On this funicular curve, we choose two adjacent points h and c as defined 



by the coordinates x and x + dx. The corresponding slopes can be represented by 
the expressions ^ and ^ ^ respectively. Then from the relationships 

discussed in the preceding paragraph we have 


^ = tanBO£=^- 
dx OE 

p- + f\dx =ta.n COE = ~ 
dx dx^ OE 


Subtracting (a) from (5), we obtain 

d^y 


which reduces to 


, BC q dx 
dxi ~ OE ~ H ’ 


TT 

dx^ 


(а) 

( б ) 


(3) 


This is the differential equation of a family of funicular curves corresponding to the 
arbitrary pole distance if. For any particular distribution of load as defined by the 
function q, the corresponding family of curves can be found by integration of this 
differential equation. 

For the particular case of uniformly distributed vertical load, the intensity qis 
constant, say qo, and the solution of Eq, (3) becomes 
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This solution represents a family of parabolas with vertical axis, icientical except for 
position. If we take the vertex c of the parabola as the origin of coordinates, we have 

This requires Ci == Ci = 0 in Eq. (c), and we obtain 


y == 




2H 


(d) 


As a second example, we shall discuss briefly the configuration of equilibrium of a 
heavy flexible chain supported at a and h as shown in Fig. 55 and hanging freely under 



its own weight. If go denotes the weight of chain per unit length, we have q — gods/dx 
and, for the coordinate axes shown in the figure, Eq. (3) becomes 

The solution of this differential equation is 


,/=|[cosh(M) _ l], («) 

which defines the configuration of equilibrium of the chain. The curve is called a 
catenary and can be constructed easily by using numerical tables for cosh 
A useful relationship between the coordinate s measured along the curve and its pro- 
jection X is given by the equation 

s = (/) 

Verification of this relationship is left as an exercise for the student. 

PROBLEMS 

36. Prove that if only the first two terms of the power series for cosh q^x/H are used 
in Eq. (e) then this equation of the catenary reduces to the equation of a parabola. 

37. A flexible chain 100 ft. long and weighing 500 lb. is freely suspended between 
equally elevated supports A and which are 50 ft. apart. Find the sag / at the mid- 
dle point (7. 
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38. Referring to Fig. 55, show that the tension in the chain at any point defined 
V the coordinate x is given by the formula 




I 




S - H cosh 


qox 

H’ 


where II is the tension at C and qo is the weight 
of chain per unit length. 

39. Determine the shortest over-all length L 
of a flexible chain of uniform weight per unit 
length that can hang in equilibrium as shown in 
Fig. 56. Neglect friction, and assume that the 
radius of the pulley at B is very small. 

Ans, Lmhx. = 1.14/ 4- 0.80/ = 1.94/. 

40. With reference to the coordinate axes shown in Fig. 57, develop- the equation ox 
the curve AOB that will be a funicular curve for the load diagram defined by itself 
and the line y ~ —h. Let wh be the intensity of load at 0. 

Ans. y — h (cosh a/ w/H ’ x — 1). 


D 


Fig. 56. 



8. Graphical Construction of Bending-moment Diagrams. — In pre- 
vious articles, we have seen that the funicular polygon for a system of 
forces in a plane has a variety of practical applications. As a further 



application, we shall now show how it can be used in the construction of 
bending-moment diagrams for transversely loaded beams. 

Referring to Fig. 58, let P be a given force for wMch ab and be are: two 
adjacent sides of a funicular polygon corresponding to the pole 0. Now 
through any point C (Fig. 58a) let a line be drawn parallel to P so that it 
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intersects, the two sides of the funicular polygon in points d and e as shown. 
Then the intercept h of this line between the two adjacent sides of the 
funicular polygon, when multiplied by the pole disiancx II (Fig. 586), 
represents the moment of the force P with respect to point C. That is, 

Hh=Pl (a) 

where H and P are measured to the scale of force (Fig. 586) and h and I 
to the scale of length (Fig. 58a). This follows at once from, the fact that 
triangle hde is similar to triangle OAB, and hence we may write 

l:h^H:P, 

which is equivalent to expression (a). 

The above conclusion can be used also in the more general case of 
several parallel forces Pi, P 2 , . . . in one plane as shown in Fig. 59. 
Assume, for example, that, corresponding to the pole 0, the funicular 



Fig. 59. 


polygon abcdef has been constructed in the usual manner. , Now through 
any arbitrary moment center C we draw a line parallel to the lines of 
action of the given forces. Then the intercept of this line between any 
two sides of the funicular pol^^gon, when multiplied by the pole distance 
H, represents the algebraic sum of moments, with respect to point C, 
of those forces included between the same two sides of the funicular poly- 
gon. Thus, for example, to obtain the algebraic sum of moments of all 
the forces with respect to point C, we take the product of the intercept 
FG and the pole distance H. Again, to obtain the algebraic sum of 
moments of the forces Pi and P 2 with respect to point C, we take the 
intercept GL multiplied by H ; for the moment of P4, we take the intercept 
FJ X H, etc. The moment is positive or negative accordingly as the 
inteicept is to the right or to the left of the intersection of the two lines 
that determine it. All this follows directly from Eq. (a) since the inter- 
section of any two sides of the funicular polygon determines the line of 
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action of tiie resultant of those forces included between these two sides 
and sirice the moment of the resultant is always equal to the algebraic 
■sum. of the moments of its components. 

Now, referring to Fig. 60, let us again consider a system of parallel 
forces Pi, P 2 , Ph P4, for which ahcdef is a funicular polygon cor- 



Fig. 60. 


responding to the pole 0. If, parallel to the lines of action of the forces, 
we construct all intercepts between the first side aa' and the remainder 
of the funicular polygon as shown, we obtain a moment diagram. Any 
ordinate of this diagram, when multiplied by the pole distance P, repre- 
sents the algebraic sum of moments of those forces to the left of that 



Fig. 61 , 


ordinate with respect to a point anywhere on the ordinate. This state- 
ment follows directly from the discussion in reference to Fig. 59, Now, 
in the case of a transversely loaded beam, we know that this idea of the 
sum of moments of all forces to one side of a point is of particular value 
because it defines the bending moment in the beam at that point. Thus, 
the diagram shown in Fig. 60 can be considered as a bending-moment 
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diagram for a cantilever beam JIB built in at B and submitted to the 
action of the forces Pt . . . P 4 as shown. 

As a second example, let us consider the simply supported beam 
loaded transversely as shown in Fig. 61a. In this case, the closed funicu- 
lar polygon abcde, whidh has been constructed in the usual maimer for 
the purpose of determining the reactions Ra and may be used directly 
as a bending-moment diagram for the beam. It is necessary only to 
multiply each ordinate of the diagram by the pole distance II to have the 
corresponding bending moment. This follows from the fact that any 
ordinate of the diagram is simply the intercept between those two sides 
of the funicular pol^^'gon which intersect on the line of action of the 
resultant of all forces to one side of the intercept. 


P 



Fig. 62 . 


In the case of a beam under distributed load, we divide the load 
diagram into several finite portions as shown in Fig. 62 and then con- 
struct the closed funicular polygon abcdef and determine the reactions Ra 
and Pfe in the usual manner. Then, to have a bending-moment diagram 
for the beam, it is necessaiy only to inscribe the smooth curve apqr 
corresponding to the distributed load and take the ox’dinates as shown. 
We see that in this case thei’e will be a change in the sign of bending 
moment as we cross the section mn. As in the previous cases, the ordi- 
nates in Fig. 62a must be measured to the scale of length and then 
multiplied by the pole distance H, measured to the scale of force, before 
we obtain the true bending moment. 

In the preceding examples, we have seen that a funicular polygon 
constructed for the purpose of determining the reactions at the supports 
of a beam can also be used as a bending-moment diagram. Sometimes 
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tie situation can be reversed and the fact that such a funicular polygon 
is a beiidiiig-nioinent diagram can help us in the determination' of .reac- 
tions. Consider, for example, the compound beam shown in Fig. 63a, 
for wHch it is desired to determine graphically the reactions at the 
supports Aj B, and D. We begin by constructing in the usual manner 
the funicular polygon abode for the given loads Pi, P 2 , and P 3 as shown. 
At this stage of the construction the rays 5 and 6 and the corresponding 
sides ef and fa of the closed funicular polygon for the entire system are 


Pj P2 Ps 



Fig. 63. 



missing but the fact that there can be no bending moment in the beam 
at the hinge C enables us to find them. For, by this condition, we con- 
clude that that side of the closed funicular polygon which is common to 
Rd and Rh must intersect the established side cd on the vertical through 
the hinge C, that is, at point q. Thus the side ef can be drawn, and 
thence the closing side fa. The corresponding rays 5 and 6 determine 
the reactions as shown. 

PROBLEMS 

41. For the beam shown in Fig. 64, construct a closed funicular polygon such that 
the ordinates of the diagram for bending moment thus obtained will be to the scale 
1 ih. = 1,000 ft.4b. 


400* 500* 250* 350* 


■9 ^ 





/a 


. B 

— J' 



Fig. 64. 


42. Prove that the shaded portion of the funicular diagram shown in Fig. 65 repre- 
sents the bending-moment diagram for the beam AB, while the unshaded portion is 
the bending-moment diagram for CP. 
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/ 


Fig. 65. 


43. Construct the bending-moment diagram for the girder AB shown in Fig. 66. 
The loading is the first locomotive of a standard Cooper’s i?-60 train (see p. 94). 

0) ®® ® ® ® 


/ 2 — J ^- / 2 


44. Determine, by means of a funicular polygon, the reactions at the supports A, 
Bj Ej and F of the compound beam loaded as shown in Fig. 67. 

P P P 

^ l2 ^ 

B C ,D ,E WL 


-10 ' — 4^s'-4^sA*-s 


45. Referring to the three-hinged arch loaded as shown in Fig. 68, assume that a 
pole 0 has been so chosen that the corresponding funicular polygon ahcde passes 

P^ 




\e (t) 


Fig. 68. 
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tiiroiigli the liiriges -^4, C, and B of the arch as shown. Then prove that any ordinate 
of the shaded diagram, when multiplied by the pole distance H, represents the corre-. 
spoiicling bending moment in the arch rib. 

9. Principle of ¥irtuai Displacements— The various analytical and 
graphical methods of solution of problems of statics so far considered 
have been based on the principle of the parallelogram of forces. We shall 
now consider another general principle of statics called the principle of 
virtual displacements. In certain cases, methods of solution based on 
the latter principle have a decided advantage over any of those previously 

considered. The principle is perfectly 
^ ^ general, but here we shall limit our dis- 

^ ^ cussion of its development and applica- 
tion to coplanar systems. 

We begin with the case of a single 
particle P under the action of a system 
of concurrent forces Fi, ^ 2 ? . . . Fn in 
one plane as shown in Fig. 69. Imagine 
now that this particle is given a small 
arbitrary displacement ds as shown. 
Then any force Fi of the S 3 ^stem is said 
to produce work on this displacement. This work is defined as the product 
of the displacement and the projection of the force on the direction of 
the displacement, i.e., by the expression 

ds ' Fi cos ai. {a) 

We see, by this definition, that the work will be positive or negative 
accordingly as the sign of the pi'ojection of the force agrees or disagrees 
with that of the displacement. The net work of all the forces, i.e., the 
algebraic sum of expressions (a), may be written as follows, 

i=>n 

^ {ds ' Fi COS ai) == ds ’ ^ Fi cos ai = ds • R cos a, (6) 

15=1 i=l 

where I? cos a is the projection of the resultant i2 on the direction of the 
displacement. From expression (6), we conclude that the net work of 
the system of forces on any displacement ds of the particle is equal to 
the work of their resultant on the same displacement. Thus, if the net 
work of the forces on each of two orthogonal projections & and dy of 
the displacement ds is zero, we conclude that the resultant force vanishes 
and the system is in equilibrium. Conversely, if a particle is known to 
he in equilibrium, the algebraic sum of the works of all forces acting upon 
it must be zero for any arbitrary small displacement of This 

is the principle of virtual displacements, or virtual work as it is sometimes 
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Now let us consider the case of a paiiially cGnstraiiied particle, for 
example, a small bead that can slide along a smooth wire as shown in 
Fig. 70. In such a ease, we distinguish between two kinds of forces 
acting on the particle; forces, such as Fi, F 2 , . . . and rracffre 
forces, such as iV, exerted on the bead by the wire. As a condition of 
equilibrium, we conclude that the algebraic sun^of the work of all forces 
(both active and reactive) on any small dis- 
placement of the particle must be zero. 

Suppose, however, that we agree to restrict 
such a displacement to one that is consistent 
with the constraint, Le,, in the direction of 
the tangent to the wire at P,* Such an 
imaginary small displacement of the particle 
is called a virtual displacement, ix., a possi- 
ble displacement, and it will be denoted by 
the symbol 8s. If the wire is without friction, 
i.e., an ideal constraint, the reactive force N 
is normal to this virtual displacement 8s and does not produce work. 
Thus, the w^'ork of all the forces is identical with the work of the active 
force alone, and we conclude that, for any virtual displacement of an ideally 
constrained particle, the algebraic sum of the works of the active forces alone 
must he zero. Reactive forces need not be considered at all. 

We come finally to the general case of a system of particles. It is 
in application to such systems that the principle of virtual displacements 
is of special value. As a specific example of a system of particles, let us 
consider two blocks A and B that rest on inclined planes and are con- 
nected by a flexible but inextensible 
string overrunning a pulley as shown in 
Fig. 7 1 . Neglecting friction in the pulley 
and on the inclined planes, we call this 
an ideal system. Here again we distin- 
guish between active forces such as the 
weights P and Q and reactive forces 
such as Naj Nh, and S. Further, we 
note that the reactive forces are of two kinds, those external to the 
system as a whole, like Na and Nb, and those internal to the sj^stem, 
like the tensile forces S exerted on the particles by the string. A virtual 
displacement of the system, i.e., Sb small change in position consist- 
ent with the constraints (both external and internal) will be obtained 
by giving to each particle an imaginary displacement along its 
supporting plane as shown. By virtue of the inextensibility of the 

^ Since the displacement is infinitesimal, an element of the axis of the wire of 
length ds may be considered as coincident with the tangent at P. 
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stringy these displacements must be, equal. Then, if the sj^stem is in 
eqiiilibriiini, each particle is in equilibrium, and the algebraic sum of the 
works of ail forces on such a displacement of the system as a whole must 
vanish. However, the forces Na and Nb, being normal to the inclined 
planes along w^hich the particles move, do not produce work and" need 
not be considered. Further, the forces S, being equal in magnitude, 
produce works of opposite sign, which cancel, and they also can be dis- 
regarded. Thus again, for any virtual displacement of an ideal system 
of particles in equilibrium, the algebraic sum of the works of the active forces 
alone must be zero. Applying this conclusion to the case in hand, we write 

—P sin a • dx Q sin ^ ‘ dx = 0, 
which gives, as a condition of equilibrium of the system, 

P __ sin j(5 . 

To get the above result by the usual equations of equilibrium, we 
consider each particle separately and write 

— P sin O' + /S = 0, 

Q sin jS — /S =0. 


P 



Fig. 72. Fig. 73. 


Then, upon eliminating S between these two equations, condition (c) is 
obtained. For a more complicated system of several particles, this 
latter method will require the writing of a number of simultaneous 
equations of equilibrium, the solution of which can become very com- 
plicated. In such cases, the method based on the principle of virtual 
displacements often proves to be the only practicable one. 

The principle can be applied also to any ideally connected system of 
rigid bodies. Consider, for example, the system of levers arranged as 
shown in Fig. 72. To find the relation between P and Q for equilibrium, 
we note that a virtual displacement of the system can be defined by a 
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small angle of rotation 66 of the hoiizontal bars. The corresponding dis- 
placements of the gravity centers of the weights P and Q are independent 
of the positions of these bodies on the pans and are always equal. Henccj 
by the principle of virtual displacements, the weights P and Q must be 
equal for equilibrium. 

Sometimes the principle of virtual displacements can be used to 
advantage in finding reactions. Consider, for example, the system of 
connected beams supported and loaded as shown in Fig. 73a, To find the 
reaction at 5, we imagine that the constraint there is replaced by a 
vertical force Rh as shown in Fig. 736. In this way we obtain a nonrigid 
system for which we have the problem of finding the relation between the 
forces P and Ri for equilibrium. A virtual displacement of the system 
can be completely defined b}^ a small vertical displacement 6x of the hinge 
C as indicated in the figure. The corresponding equation of virtual work 
becomes 

P--SX - Ri — ^ Sx = 0 , 

and w’e find Ri = Px(a + b)/a^. The reactions at the other supports 
can be found in a similar manner. The advantage of the method here 
lies in the fact that only one reaction need be considered at a time and 
no consideration need be given to the internal forces of the system. 
That is, we do not have to take the s^ystem apart and consider separate 
free-body diagrams for each of the beams AC, CD, and DF. 

PROBLEMS 

46. The platform scales shown in Fig. 74 are so constructed that the ratio P/Q for 
equilibrium is independent of the position of the load Q on the platform 
ED. Prove that, for this to be so, we must ha>Ye HF/HG = OC/OB. 

C B O A 


Fig. 74. 

47. Using the principle of virtual work, calculate the ratio between the 
forces P and Q for equilibrium of the ideal system shown in Fig. 75. 

Each rhombus of the frame has the same dimensions. 

Am. P/Q - i., 

48. A compound beam ACB is supported and loaded as shown in Fig, 

76. Using the principle of virtual displacements, find the axial forces 
induced in the vertical bars 1 and 2. 

Am, Sx = -P, Si - + \P6/(a + 5)]. Fig. 75, 
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49. Calculate the reactions at the supports Bj E, and F of the compound beam 
shown in Fig. 67 by the method of virtual work. 

50. Using the principle of virtual displacements, find the horizontal and vertical 
components of the reactions induced at the supports A and B of the pin-connected 
frame loaded as shown in Fig. 77. Arts, Xa — —Xi, = -x/SP, Ya — Yi, = 2P. 


P 



10. Virtual-displacement Diagrams. — We have seen that in applying the principle 
of virtual displacements to any system in equilibrium we need to evaluate a set of 



compatible displacements of all points of the system to which active forces are applied. 
Since this purely geometrical problem can sometimes present difficulty, we shall dis- 
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cuss here a graphical method of determining such displacements that can be used to 
advantage in the case of any coplanar system having one degree of freedom. 

A system is said to have one degree of freedom if its configuration can be com- 
pletely specifiied by one coordinate. Consider, for example, the simple frame sup- 
ported and loaded as shown in Fig. 78a. This system is completely constrained in 
one plane * but if we remove the horizontal constraint at B and replace it by a force H 
that mil maintain equilibrium, we obtain a system with one degree of freedom as 
shown in Fig. 785* The configuration of this system is completely defined by the 
angular coordinate 0, and a virtual displacement of the system can be defined by a 
small change hO in this coordinate. However, in applying the principle of virtual 
work to the system, we must have, instead of 30, the corresponding linear displace- 
ments 3s 6, 3sc, and bsd of the points C, and D at which the active forces are applied. 
The evaluation of the latter displacements can be greatly simplified by introducing 
the notion of the instantaneous center of rotation of the bar BC. In general, we know 
that any infinitesimal displacement of a rigid body in a plane can be produced simply 
by rotating the body around a certain fixed point called the instantaneous center of 
rotation,^ For the bar BC^ we find this point by noting that the end C of the bar must 
move in a direction perpendicular to AC while the end B moves horizontally. Such 
motion is equivalent to rotation of the bar about a point 0 determined by the inter- 
section of a vertical line through B with the prolongation of AC. Owing to such 
rotation, the point D on the bar moves in the direction perpendicular to OD, Regard- 
ing the magnitudes of these displacements, we note that the displacement of point C is 
5se = a dd. Then, since the displacement of each point on the bar BC is proportional 
to its distance from point 0, we conclude that 


5Sc 


a 50- 


OB 

Bsh = a 50, 

OD 

^ 5s, i = a 30. 

Upon using expressions (a), the equation of virtual work becomes 

— J/ a S6 + P cos (P, Bsd) a 50 -i- Q cos 0 • a 50 == 0, 


(o.) 


and we find 


IT = ^ 0 cos 9 + ^ P cos (P, SSd). 


The ratios OClOB and OD /OB and the angle (P, bsd) between the direction of the force 
P and the direction of the displacement bsa can be found from the figure if it is drawn 
to scale. ' _ _ 

If from a pole o (Fig. 78c) we construct vectors o5, od^ and oc, representing to a 
certain scale the displacements 5s6, 5Sd, and dsc respectively, we find that the figure 
ohdc, so obtained, is geometrically similar to the figure OBDC^ since corresponding 
sides are mutually perpendicular and their lengths are in a constant ratio. This 
relationship between the two figures holds in ail cases of displacement of a body 
parallel to a plane, and such a figure as ohdc is called a displacerneiit diagram. 

The above-mentioned geometrical similarity being kept in mind, the displacement 
diagram can be constructed without the necessity of locating the instantaneous center 
0. For example, assuming an arbitrary length for the vector oc and keeping in mind 
that the vector ^ is horizontal, we determine point 5 in the displacement diagram by 

1 See autho^s^'^ Engineering Mechanics,” 2d ed.j p. 449. 
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drawing ch perpendicular to CB, The vector od is obtained by, taking point d on the 
line ' siieli that cdihd — €D:BD, Thus the displacement diagram can be con- 
structed without reference to the. instantaneous center 0. 

By proceeding as above, the displacement diagram can be constructed in more 
complicated cases, also. Consider, for example, the system shown in Fig. 79a, the 
configuration of which is completely defined by one coordinate d. Assuming a small 
change 8d in this coordinate, the corresponding virtual displacements of all points of 
the system can be found by constructing a displacement diagram as shown in Fig. 796. 
We begin with the vector m perpendicular to OiA and representing an arbitrary dis- 
placement 8sa of the point A. The corresponding displacei^nt 8sb of the point B 
must be perpendicular to O^B, and we determine the vector ob representing this dis- 
placement by constructing ah perpendicular to AB, Next, the vector oc, representing 
the displacement Bsc of point C, is determined by choosing point c on the line ah so that 
ac:ch — AC:€B» We are now in a position to consider the displacements of points 
on the bar CE, Already having the displacement of point C and noting that the point 
D can move only horizontally, we establish the vector od representing Bsd simply by 



making cd perpendicular to CD, Finally, the vector oe, representing the displacement 
of point E, is determined by extending the line cd to point e so that edidc = ED: DC, 
All displacements necessary for writing the equation of virtual work for the system can 
now be scaled from this diagram. Denoting by (Pi, Bsi) the angle between any force 
Pi and the displacement of its point of application, this equation becomes 

Pa cos (Po, BSa) ' BSa + Ph COS (Pfc, BSh) * BSh + Pc COS (Pc, BSc) * BSc 

+ Pe cos (Pc, 5Se) • 5se = 0. (6) 

Considering the first term in expression (6), representing the work of the force Pa 
on the virtual displacement BSa, we see that it can also be interpreted as the moment, 
with respect to point o, of a fictitious force Pa! applied at point a of the displacement 
diagram and turned clockwise by 90 deg. from the direction of the true force 
Pa at A, In the same manner, the other terms in expression (6) can be calculated by 
taking moments with respect to point o of fictitious forces P^', P/, and P/, applied 
respectively at points 6, c, and e of the displacement diagram as shown. Thus, con- 
sidering the displacement diagram as a fictitious rigid body hinged to a support at 0, 
it is seen that the equation of virtuaL work for the system can be interpreted as a 
moment equation of equilibrium for this figure. When so used, the displacement dia- 
gram is called a /owfcomjfcf /evigr. 
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As a specific application of the displacement diagram, we shall now determine the 
horizontal thrust H for a three-hinged arch loaded as shown in Fig, 80a. We begin 
by removing the horizontal constraint at B and replacing it the reactive force H, 
thus obtaining a system with one degree of freedom as shown in Fig. SOb, In this 
system, the point C is constrained to move along the arc of a circle with center at A, 
■while point i? is constrained to move horizontally. A wtiiai displacement of the 
system compatible with its remaining constraints can be defined by giving to point C 
an infinitesimal displacement Bsc perpendicular to AC and represented by the vector 
oc in the displacement diagram (Fig. 80c). The remainder of this diagrani is con- 



^ructed as explained above hy making the figure 6cd similar to BCD. The vector 
od then represents the total displacement of the point of application of the load P; and 
since this is a vertical force, we are interested only in the vertical component of this 
displacement as given by the vector ed in the displacement diagram. Applying now 
the principle of virtual work, we find 

H ' oh — P • ed ^ Oj 

from which 

pd 

H=^P~ 

oh 


From the geometric similarity between the displacement diagram ohc and the figure 
OBC, we see that 


H ^P 


ED 

OB' 


which, for the particular position of the load P shown in Fig. 80a, becomes 

Tj — P —?I 

^ 2h"‘Sh\ 


CHAPTER II 

STATICALLY DETERMINATE PLANE TRUSSES 

11. Simple Trusses. — The plane truss is one of the most important 
of all structural forms. In general, it may be defined as a system of bars 
all lying in one plane and joined together at their ends so as to form a 
rigid framework. Consider, for example, the two simple frames shown 
in Fig. 81. The rectangular frame, consisting of four bars pinned together 


C D C 



at their ends as shown in Fig. 81a, obviously is not rigid but can be col- 
lapsed as indicated by dotted lines. The same conclusion holds for any 
other frame composed of more than four bars that are pinned together 
in the form of a polygon. On the other hand, three bars pinned together 
at their ends in the form of a triangle (Fig. 816) constitute a rigid frame 
that cannot be collapsed. That is, neglecting possible small changes 



in the lengths of the bars, the relative positions of the pins A, J5, and C 
cannot be changed. Thus the triangular frame alone behaves like a 
rigid body and may be considered as the simplest form of truss. 

Beginning with a rigid triangle ABC (Fig. 82a) and attaching to this 
the bars AD and RD, which are pinned together at D, we obtain the rigid 
frame ABCD, This follows directly from the fact that the rigid triangle 
ABC together with the bars AD and BD are arranged in triangular form. 
In the same way, the rigid truss A BCDD shown in Fig. 826 is obtained by 

44 ... 
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adding to the rigid portion A BCD the two bars DE and CE, which are 
pinned together at E, 

Since the procedure above may be continued indefinitely, we con- 
clude thsit a rigid plane truss can always he formed hy beginning with three 
bars pinned together at their ends in the form of a triangle and then, adding 
to these two new bars for each new pin. Any system of bars assembled 
in accordance with this rule is called a simple truss. Figure 83a, for 
example, shows a truss of this kind. The triangle ABC has been taken 
as a rigid starting unit and the remainder of the joints D, F, and G 
established in alphabetical order, each by 
the addition of two bars to the existing 
system. 

In Fig. 836, we have a simple truss 
formed in accordance with a slight varia- 
tion of the foregoing rule. In this case, 
instead of starting wdth a triangle, we 
begin directly with a rigid foundation (say 
a vertical wall) and establish the joints of 
the truss in alphabetical order, each by the 
addition of two bars to the existing s^^s- 
tem. This simple truss in Fig. 836 differs 
from that in Fig. 83a simply by the fact 
that it must be considered an integral 
part of its foundation, whereas the rigidity of the truss in Fig. 83a is quite 
independent of its attachment to any foundation. 

It can easily be shown that, for each of the two variations of a simple 
truss as shown in Fig. 83, there must exist a very definite relationship 
between the number of bars, or members, m and the number of pins, or 
joints, j. In the case of the truss in Fig. 83a, we note that, exclusive of 
the starting triangle ABC, which contains three bars and three joints, 
there are two bars for each joint. Hence, we may write 

m - 3 = 2{j - 3), 

from which 

m = 2; — 3. (4a) 

In the second case (Fig. 836) the question of the starting triangle is 
eliminated, and we have simply 

m = 2j. (46) 

In this latter case the points of attachment to the foundation are not to 
be counted as joints. 

In arranging the bars of a truss, the actual form in any situation 
will depend largely on the structural and architectural functions that 
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are to be served. There are many standardized forms of trusses for 
various types of structures, and several examples typical of roof ■ and 
bridge construction are shown in Fig. 84. For each of these examples, 
the student should verify the fact that Eq. (4a) regarding the relationship 
between number of bars m and number of joints j is satisfied. At those 



intersections where no connections are shown it is understood that the 
bars pass each other freely; such intersections should not be counted as 
joints. Welded or riveted joints as shown in (a) and (b) are the most 
common forms of connection in modern steel structures although pinned 
joints as shown in (c) and (d) are still to be found. 

Essentially the function of every truss is simply that of a large beam 
to carry loads across an open span. In Fig. 85 we see a very simple low- 



truss bridge, which will serve to illustrate this fundamental structural 
action of a truss. Here we have two identical parallel trusses supported 
at their ends on piers and carrying between them a floor system to which 
active loads can be applied. This floor system consists of crossbeams ^ 
supported between corresponding joints of the trusses, and stringers^ 
which in turn are supported on the crossbeams. It is evident from such 
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construction that all loads applied to the floor of the bridge will be trans- 
mitted to the two trusses only at their joints. 

Loads applied to the floor of the bridge as well as the weight of the 
bridge itself produce bending of the trusses principal^ in their own 
planes. Such plane bending of a truss is illustrated in Fig, 865. The 
distortion of the truss as a whole results 
from slight changes in the lengths of the 
various members, and in each there is 
induced a corresponding tension or com- 
pression, i.e.f an axial force. The stress 
(force per unit area) corresponding to this 
axial force in any bar is called the 'primary 
stress in that bar. 

In the case of a truss with riveted or 
welded connections (Fig. 86c), bending of 
the truss as a whole also induces some 
bending of the individual members due to 
the rigiditjr of the joints. Such bending 
of the bars of a truss superimposes addi- 
tional bending stresses, which are called 
secondary stresses; these must be investigated as a separate problem.^ 
However, if the bars are carefully arranged so that their center lines meet 
in one point at each joint, we shall find that the presence of secondary 
stresses due to the rigidity of the joints does not materially affect the 

magnitudes of primary stresses. 
Thus, in calculating the latter, the 
rigidity of the joints can be ignored 
and pinned joints assumed. In this 
way we dispose temporarily of the 
necessity to distinguish between 
trusses with riveted joints and those 
with pinned joints. 

Even in the case of a truss that 
actually does have pinned joints, 
there will, of course, be some bend- 
ing of the bars due to their own 
weights. This bending, however, 
is usually slight. It is common 
practice to ignore it and* to replace the distributed weight of each bar by 
two equal concentrated forces on the joints at its ends; i.e., the weight 
of the truss is assumed to be concentrated in its joints. 





^See Art, 68, p. 398. 
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Finally tlieiiy for purposes of analysis, we replace an actual physical 
truss (Fig. 87a) by a corresponding ideali 2 sed truss (Fig. 875) consisting' 
of a system of weightless bars' all 'lying in one plane and Joined together 
at their ends by frictioiiless hinges to which external forces acting only 
in the plane of the truss can be applied. Under such idealized conditions, 
each bar is under simple tension or compression without bending, and, 
consequently the two equal but opposite reactions that it exerts on the 
pins at its ends are collinear with the axis of the bar. Thus, at each 
joint of the truss we have in equilibrium a system of concurrent coplanar 
forces with known lines of action, and a determination of the magnitudes 
of these internal forces constitutes the analysis of the truss. However, 
before we can consider general methods of analysis of plane trusses we 
must first consider the question of support of a truss in its plane and the 
related problem of determination of reactions induced at such supports. 




Fig, 88. 

12* Reactions. — Any simple truss of the kind shown in Fig. 835, 
being formed as an integral part of the foundation, is, of course, com- 
pletely constrained in its own plane and can hold in equilibrium any 
system of external loads applied at its Joints. However, to complete the 
constraint in one plane of a simple truss like that in Fig. 83a, we have 
yet to attach it to a foundation, either by additional bars or by other 
suitable supports. The most common procedure will be to anchor one 
point A to the foundation by means of a fixed hinge as shown in Fig. 
86c. Such a constraint eliminates all possibility of translation of the 
truss; there remains only the possibility of rotation around point A. 
During such rotation, another point B could move only in a direction 
normal to the line AB. Hence, to complete the constraint of the truss 
in its own plane it is necessary not to fix the hinge B completely but only 
to support it on rollers that , can move freely in one direction. If this 
one degree of freedom of the hinge B is incompatible with rotation about 
A, it follows that such rollers t complete the constraint of the truss in its 
■■plane,.; 

^ 1/Ve assume that these rollers are on a special track that prevents upward as well 
as downward motion. 
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Practical means of attamiiig desired degrees .of, constraint in the 
support of actual trusses are shown in Fig. 88. Such details depend verj 
largely on the size, weight, and span of the truss; the sketches shown here 
are intended to give only a general idea of their design. 

Another general method of supporting a truss in its own plane is to 
attach it to the foundation by means of additional bars like its own 
members. The simple truss ABC shown ^ ^ 

in Fig.;.89, for example, can be attached 
■ to the foundation in this m.anner by the ■ 
three bars 1, 2, 3. In general, complete 
constraint of a truss in one plane can ^ 

always be attained with three bars so I ^ 3 

arranged that their axes neither are paral- p 

lei nor intersect in one point. This may Ym 

be proved as follows: Imagine first that { 
the truss in Fig. 89 is attached to the l 
foundation by two bars AD and BE that i/^ 
are not parallel. Then points A and B ^ 
of the truss can move, respectively, in 

directions normal to the axes of these bars. The result will be equivalent 
to a rotation of the truss around point G, where the axes of the bars AD 
and BE intersect. A third bar CF, which constrains point C to move in 
only one direction not compatible with rotation around point G (which 
means simply that the axis of the bar CF must not pass through point 
G), obviously completes the constraint of the truss in its own plane. 


The result will be equivalent 



O 

Fig. 90. 


In the special case where the truss is supported by three parallel bars 
(Fig. 90a), it is self-evident that there is freedom for lateral movement 
and the truss is not completely constrained. In the same w^ay, a truss 
supported by three bars the axes of which intersect in one point (Fig. 
906) is somewhat free to rotate about this point and is incompletely 
constrained. Thus, in general, three bars, the axes of which neither are 
parallel nor intersect in one point, are both necessary and sufficient for 
the complete constraint of a rigid truss in one plane. 
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Any supports of a rigid plane truss in excess of those both necessary 
and sufficient for complete constraint in its own plane are called redundant 
supports. For example, the' truss supported by four hinged bars as 
shown in Fig. 91a is, of. course, amply constrained in its plane; but since 
any one of these bars may be removed vdthout destroying the complete 
constraint of the truss, any one of them may be considered as a redundant 
support. Similarly, it is evident that any one of the rollers by which the 
truss in Fig. 916 is supported may be considered as a redundant support ; 
but not so with the bar DE^ since without this the truss will be free to 
move horizontally. , 

When a simple truss, completely constrained in its own plane, is sub- 
mitted to the action of a system of forces also in this plane, reactions are 



(d) 

Fig. 91. 


developed at the points of support and active forces together with reactive 
forces constitute a coplanar system of forces in equilibrium. For such a 
system of forces, we have three conditions of equilibrium as represented 
by Eqs. 2 (page 10), andffience we can determine not more than three 
unknown elements pertaining to the system of reactions. This, however, 
happens to be exactly the number of degrees of constraint required for 
completely fixing the truss in its plane. Thus, in the case of a simple 
truss supported in a manner both necessary and sufficient for complete 
constraint, we conclude that the reactions induced at the supports by any 
system of applied forces can be completely determined by equations of 
statics. For this reason, such a system of supports is said to be statically 
determinate. Methods of determining such reactions have already been 
discussed in Arts. 2, 3, and 5. 

If the system of supports of a rigid plane truss involves more than 
three degrees of constraint, i.e., if there are redundant supports as in 
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Fig. 91, the three equations. of statics will be insufficient for determininii . 
the unknowns and the >system is said to be statically mdeienninate. In 
such a case, the way in which the loads transmitted through tlie bars of 
the truss are divided among the several supports depends on the elastic 
properties of the bars, and the reactions can be determined only by 
considering these properties^ 

In special cases like those shown in Fig. 90, a s.ystem of supports in 
one plane, although involving only three degrees of constraint, will also 
prove to be statically indeterminate. Take, for example, the case 
shown in Fig. 906, and suppose that the resultant of all active forces 
applied to the truss is a force which passes through the point 0. Since 
the three reactions induced in the supporting bars must also intersect 
in this point, we have a s^^stem of concurrent forces in a plane for which 
there are only t%vo independent conditions of equilibrium [Farps. (1), 
page 2]. Thus the problem is statically indeterminate. On the other 
hand, if the resultant of all active forces applied to the truss is a couple, 
or a force that does not pass through point 0, the situation will be quite 
different. In this case, if we decide to take point 0 as a moment center, 
w^e see at once that it will be necessaiy to have infinite forces developed 
in some of the supporting bars since, with zero-moment arms, the reac- i 

tions exerted on the truss by these bars can in no other way develop a f 

finite moment with respect to point 0 by which to balance the resultant 
moment of the applied forces. In such case, what actually happens is [ 

that the supporting bars deform (elongate or contract) sufficiently to 
allow the truss to rotate into a ncAV position such that the axes of the 
three supporting bars no longer intersect in one point. Thus, the final i 

configuration of equilibrium of the s^^stem and the corresponding forces I 

developed in the three supporting bars depend on the elastic properties 
of the system, and we have again a statically indeterminate problem. 

PROBLEMS 

51. Find the reactions at .4 and B for each of the trusses supported and loaded as . 

shown in Fig, 92. 



Fig. 92. 


^ This problem is completely discussed in Chap. VII. 
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52. Find the reactions at A and B for each of the trusses supported and loaded as 

shown. in. Fig. 93. 



63. Find the reactions at A and B of the simple roof truss shown in Fig. 94: (1) 
when the truss is loaded as shown by the solid vectors and (2) when loaded similarly 
as shown by dotted vectors. 



64. Find the axial force induced in each of the supporting bars 1, 2, 3, of the truss 
shown in Fig. 95: (1) when arranged as shown in (a) and (2) when arranged as shown 
in (6). 



Ans. (a) Si - -2.45F, pSa - Ss = 4-4.46P; (6) 

... ^.2'=='^'4-2.45P,..^a.> -4.46P.;^ 

65. What axial forces will be induced in the supporting bars of the truss in Fig. 89 
by the action of a horizontal force P applied at joint K^l Assume A J ^ AT) — 12 ft., 

Am. Si ^ (},S^ -- IMPiS, ^ -IMP: ^ 
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. 13. Method of Joints.^ — We shall now. consider in detail the analysis 
of a simple truss ABC supported and loaded as shown in Fig. 96a. Owing 
to the applied loads Py vertical reactions each equal to |P are induced at 
the supports A and B, and the truss as a whole is in equilibrium under 
the action of the balanced system of vertical forces shown. As was 
pointed out in Art, 11, these external loads induce axial forces in the 
various bars of the truss, and each bar in turn exerts on the hinges at its 
ends two equal but oppositely directed reactions having for their common 
line of action the axis of the bar. The magnitude of either of these 
reactions represents the axial force in the bar; and whether it is directed 


P 



away from the hinge or toward it determines, accordingly, wdiether the 
bar is in tension or in compression. To avoid confusion in dealing with 
these internal forces, we shall number each bar of the truss as shown and 
then denote by Si the magnitude of axial force in any bar i. 

We begin the analysis of the truss in this case by consideration of the 
equilibrium of the hinge A. Taking this hinge as a free body as indicated 
by the circle around joint A, we find acting upon it the external reaction 
IP, together with the internal reactions >Si and ^2 exerted, respectively, 
by the bars 1 and 2. We shall not know at once whether these last two 
forces should be directed away from the hinge or toward it, but only that 
their lines of action are represented by the axes of the bars exerting them. 
From this fact, however, a closed triangle of forces (Fig. 965) can be 
constructed and the magnitudes of the forces Si and P 2 scaled or cal- 
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ciiiated from this. Also, from the directions of the arrows, which must 
follow tail to head around the closed triangle of forces, we see that the 
bar 1 is in tension while the bar 2 is in compression. Arrow’s indicating 
such action can now’ be placed at A . as shown. 

We are iiow^ in a position to consider the equilibrium of the hinge F, 
We first replace the bar 2 b}^ its known reaction S 2 directed tow’ard the 
hinge F. There remain then but two unknown forces at F representing 
the reactions on this hinge of the bars 3 and 4. Again we do not know 
which w’-ay these last tw^o forces should be directed; but, knowing their 
lines of action, w’e can construct the polygon of forces as showm in Fig. 
96c. From this closed polygon, the magnitudes of axial force in the bars 
3 and 4 can be found as before. In this case, w^e see from the arrow'-s on 



the polygon of forces that both bars are in compression, and arrows indi- 
cating such action can now be inserted in Fig. 96a. 

Proceeding next to a consideration of the hinge i), the reactions 
exerted on this hinge by the bars 1 and 3 are already known, and again 
there remain only two bars (5 and 6) for which the axial forces are 
unknowm. The closed polygon of forces for this hinge, from which 
and Sq can be found, is shown in Fig. 96d. This completes the analysis 
of the truss in this particular case, for, owing to symmetry, it is evident 
that each bar on the right will carry the same axial force as the corre- 
sponding bar on the left. 

If desired, the tw^o equations of equilibrium [Eqs. (1), page 2] 
can be applied successively to the joints of a simple truss instead of con- 
structing the various polygons of forces as was done above. This 
alternative will usually be preferable in cases where the angles betw^een 
the bars of the truss are such that the projections of the forces are readily 
calculated. By w^ay of illustrating this procedure, let us consider the 
simple truss supported and loaded as shown in Fig. 97. In applying 
equations of equilibrium in place of the graphical procedure above, it is 
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Gonvenient to assume at the outset that all bars are in tension as indicated 
by the reactions directed away from the hinges in the figure. Then, 
automatiGally, results with the plus sign will indicate tension, while 
those with the minus sign will indicate compression. For example, we 
imagine the hinge A as an isolated free body acted upon b}^ the three 
forces P, Sly and ^82 directed as shown. Then, equating to zero the 
algebraic sums of projections of these forces on the orthogonal axes x 
and 2/, we obtain 

-^Si-S2 = 0, 

+ = 0 , 

from which Si = +2P and S2 = — a/SP, Thus the bar 1 carries a 
tensile force equal to 2 P, while the bar 2 carries a compressive force equal 
to y/S P. In using these values in subsequent calcidations, the sign 
should be considered as an integral part of the result. 

Upon proceeding to the hinge B and projecting all forces on the same 
orthogonal axes, the equations of equilibrium become 


+^2 - S , = 0 , 

-P + Ss - 0. 

Upon substituting for S2 its previously determined valpj^ — \/3 P, these 
equations yield Sz = +P and S^ = — -x/S P (tension and compression, 
respectively). For the hinge C it will be most convenient to project all 
forces onto the orthogonal axes x' and y' directed as shown. For such 
axes, the equations of equilibrium become 


■\/3 g x/ 3 


2 


Sz = 0 , 


-Si — -^Sz + ^ S5 + >84 = 0. 


Using >83 = +P in the first of these, we find >85 == “-P, after which the 
second equation gives S4 +3 P. It is left as an exercise for the student 
to consider the hinges D and E and complete the analysis of the truss. 

The foregoing procedure in the analysis of a simple truss is called 
the method of joints. It always can be applied either graphically or 
analytically to any truss the bars of which are assembled in accordance 
with the rule given on page 45 , i.e., to simple truss. This follows 
from the fact that in any stich truss there must exist at least one joint 
(the last one added in accordance with the rule) at which only two bars 
meet. Hence the axial forces in these two bars can be determined from 
the two conditions of equilibrium existing for that joint and the two bars 
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replaced by the reactions that they exert on two other hinges of the truss. 
Tlieiij again, there must be one joint (the next to the last one established 
in accordance -with the rule) where only two bars with unknown forces 
will be encountered and these forces can be determined. Thus, by 
considering the joints of the truss one by one in the reverse order from 
which they were established, we shall find at each joint only two bars 
with unknown forces, and the analysis proceeds without diflBiculty. It 
must be pointed out, of course, that it will often be necessary to deter- 
mine the external reactions at the points of support as a separate problem 
before the analysis of the truss proper can be commenced. 

PROBLEMS 

56. Determine the axial force in each bar of the simple truss supported and loaded 
as shown in Fig. 92a. 

67. Make a complete analysis of each of the simple trusses supported and loaded 
as shown in Fig. 93. 

68. Referring to the roof truss shown in Fig. 94, make a complete analysis for 
each of the indicated conditions of loading. 

69. Make a complete analysis, by the method of joints, of the simple truss shown 
in Fig. 98. All inclined bars are at 45 deg. witl^ the horizontal. 



60. Make a complete analysis, by the method of joints, of the K-truss shown in 
Fig. 99. The inclined bars are at 45 deg. with the horizontal, and the panel distances 
are uniform. 

14. Maxwell Diagrams. — Referring to Fig. 96, in which the analysis 
of a truss has been made by constructing a separate force polygon for 
each hinge, we note.that each axial-force vector appears in two different 
force polygons. To avoid this duplication of vectors, the separate 
polygons of forces, under certain conditions, can be superimposed to 
form one composite diagram called a Maxwell diagram for the truss. 
For example, the three polygons of forces shown in Fig. 96, when super- 
imposed, make the composite diagram shown in Fig. 1006. Such super- 
position is desirable since it reduces the amount of necessary construction 
and also makes a more compact record of the final results. However, 
in order to avoid duplication of any vector the constructions must be 
carried out in a definite manner^ which we shall now consider. 



Art. 14) STATICALLY' DETERMINATE PLANE TRUSBES^ 


57' 


We begin with the simplest, case of a triangular frame ABC^ which is 
in equilibrium under the action of three external forces P, Qyand P acting 
in the plane of the triangle as shown in Fig. 101a. These three forceS; 



being in equilibrium, must intersect in one point P, and their free vectors 
must build a closed triangle abc as shown in Fig. 1015. This done, a 
closed triangle of forces for each hinge can be superimposed directly on 
this triangle as shown. For example, the vectors a5, bd, and da directed 
in accordance with the arrows inside the Aabd represent the forces that 
are in equilibrium at the hinge A. Simiiarl}^ Abed and Acad with 
vectors directed in accordance with the inside axTows are closed triangles 
of forces for the hinges B and C, respectively. Thus, in Fig. 1015, all 
triangles of forces are compactly superimposed, and no vector is dupli- 
cated. This will be possible only if each polygon of forces has its vectors 
assembled in the same order by which the forces that they represent are 
encountered in going around the corresponding hinge consistently in one 
direction (either clockwise or countei’clockmse). We may note now^ that 
the basic triangle abc assembles the external forces in the order PQP 
obtained by going around the truss in a clockwise direction. Thus, in 
the construction of the remaining force polygons that are superimposed 
on the AahCj we must go around each hinge in a clockwise direction and 
take the forces in the order in which they are so encountered. Only by 
this consistent procedure can we avoid duplication of some vectors. For 
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e.xample, if we go clockwise around the hinges B and C but counter- 
clockwise around the hinge A, we obtain the composite_diagra:^ shown 
in Fig. 101c, in which there is duplication of the vectors hd and da. 

A study of the diagrams in Figs. lOla and 1015 shows that they bear 
a definite relationship to each other. In order to define this relationship 



Fig. 101. 


between the two figures, let us visualize each one as the plane projection 
of a four-faced polyhedron. The polyhedron in Fig. 101a, for example, 
has the faces ABD, ACD, BCD, and ABC, which we designate, respec- 
tively, by the lower-case letters a, b, c, d, and the vertexes, A, B, C, D. 
Similar!}?', the polyhedron in Fig. 101b has the faces abd, acd, bed, and abc, 
designated by A, B, C, D, and the vertexes a, b, c, d. Thus, for each face 
of the polyhedron in Fig. 101a, there is a corresponding vertex to the one 
in Fig. 101b, for each vertex of the first, a corresponding face to the 
second, and their edges are mutually parallel and equal in number. Two 
such polyhedrons are said to be reciprocal, and the two plane figures 
representing their projections on a common plane are called reciprocal 
figures. It follows at once from such reciprocity that, if forces repre- 
sented in magnitude by the lines of one such plane figure are made to 
act between the extremities of the corresponding lines of the reciprocal 
figure, then the points of the reciprocal figure will all be in equilibrium 
under the action of these forces. This follows from the fact that the 
forces meeting in any one point of the second figure are proportional to 
the sides of a closed polygon in the first figure. . This observation was 
made in 1864 by Clerk Maxwell in discussing the significance of reciprocal 
figures to problems of statics.^ Because Maxwell was the first to point 
out the reciprocity between the diagrams like those in Fig. 101, the 
composite vector diagram is called a Maxwell diagram for the truss. For 
the truss in Fig. 100a, the complete Maxwell diagram is shown in Fig. 
100c. In a more complex case of this kind it is practically impossible to 
visualize the corresponding polyhedrons, but this is of no consequence so 
long as the two diagrams fulfill the requirements of reciprocal figures. 

^ See Clebk Maxwell, On Reciprocal Figures and Diagrams of Forces, Phil. Mag., 
vol. 26, p. 250, 1864. 
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■ In the construction and use of ■Maxwell diagrams for tlie,.anal 3 ^"sis of 
trusses, a system of notations called Bow^s notation is convenient. In 
this system the spaces between the lines of action of the forces acting on 
the joints of the truss are each given a lower-case letter. Then aii}* force 
is correspondingly designated the letters of the two spaces >scparate(i 
by its line of action. Consider, for example, the simple truss supported 
and loaded as shown in Fig. 102a. In accordance with Bow's system, 
we letter the spaces between the five external forces a, 5, c, d, e and tiiose 
between the bars of the truss /, h, as shown. Thus, reading clockwise 
around the truss, we refer to the first load P on the left as ah, the second 
as 5c, the external reaction at C as de, etc. Likewise, the reaction of the 



vertical bar on the hinge C is hd; that of the horizontal bar on the hinge 
A is 5/; etc. 

We are now ready to consider the construction of a Maxwell diagram 
(Fig. 1025), which begins with a closed polygon abode for the balanced 
system of forces external to the truss. With this basic pob^gon, the 
reciprocal diagram is completed simply by drawing through each of its 
vertexes lines parallel to all those which bound the corresponding space 
in the truss diagram. For example, through points 5 and e, we dray 
horizontal and inclined lines parallel, respectively, to AB and AC of the 
truss. Since these two lines also help to bound space/, their intersection 
determines the vertex/ pf the reciprocal diagram. Then, through points 
/ and c, w^e draw vertical and horizontal lines, respectively, and their 
intersection determines the vertex g of the diagram. Filially, through 
points g and e, we draw the inclined lines wdiose intersection h on the line 
ad determine the final vertex, and the diagram is completed. The student 
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will do well to identify in this diagram the separate} polygon of forces for 

each hinge of the truss. 

Bowts notation is particularly advantageous when we come to decide 
whether a given bar of the truss is in tension or in compression. Let us 
consider, for example, the force in the bar BC that is represented in 
magnitude by the length of the line hd in the Maxwell diagram. Going 
around the hinge B in a clockwise direction, the reaction that this bar 
exerts on the hinge will be read as dh. Now, in the Maxwell diagram, 
the vector dh is directed upward, indicating pressure on the hinge B, and 
we conclude that the bar BC is in compression. If, instead, we choose 
to consider the reaction of this same bar on the hinge C, then, reading 
clockwise around C, we have hd instead of dh and in the Maxwell diagram 
the vector hd is directed downward, indicating pressure on C and con- 
sequently compression, as before. 

PROBLEMS 

61. Construct a Maxwell diagram for JP jp 

the truss shown in Fig. 103, and determine 
from it the axial force in each bar. 


A 

Fig. 103. 




63. Construct a Maxwell diagram 
for the truss shown in Fig. 105, and 
determine from it the axial force in 
each bar. 



Fig. 105. 
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64., Construct a Maxwell diagram for the' truss shown in Fig. 106, and determi,ne 
from it the axial force in each bar. 



65. Construct a Maxwell diagram for the truss shown in Fig. 107, and deterniiTie 
from it the axial force in each bar. 



66. Construct a Maxwell diagram for the truss shown in Fig. 926, and determine 
from it the axial force in each bar. 

67. Construct a Maxwell diagram for each of the trusses shown in Fig. 93, and 
determine from the diagrams the axial forces in the various bars. 

68. Construct a Maxwell diagram for each of the trusses shown in Fig. 95, and 
determine from the diagrams the axial forces in the various bars. 

69. Construct a Maxwell diagram for the truss shown in Fig. 98. 

70. Construct a Maxwell diagram for the truss shown in Fig. 99. 

15. Method of Sections. — We shall now consider another method of 
analysis of trusses, the use of which makes it possible to determine the 
axial force in some chosen bar without going through successive con- 
siderations of the equilibrium, of all hinges as was done in the two pre- 
ceding articles. Eef erring to the truss shown in Fig. 108a, let us assume 
that it is required to determine the axial forces in the bars 10, 11, and 12, 
due to the loading shown. Instead of considering the equilibrium of the 
hinges A, H, B, /, C, and J in succession, as would be necessary by the 
method of joints, we imagine that a section mn cuts the truss into two 
parts and then consider the conditions of equilibrium of the part to the 
left of this section (Fig. 1085). Acting upon this free body we have the 
vertical reaction at A, three vertical loads P, and the three unknown 
forces >Sio, >Sii,. and Su, representing the axial forces in the bars that were 
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cut b.y the section mn. The directions of these forces must, of course, 
coincide with the axes of the bars so that only their magnitudes' remain 
uiikriowE* Thus we obtain altogether a system of coplanar forces in 
equilibrium, and Eqs. (2) (page 10) can be employed to determine the 
magnitudes of the three unknown forces. For example, equating to 
zero the algebraic sum of moments of all forces with respect to point D, 
we obtain ■ ' 

-Sio • ft + P • a + P • 2a + P • 3a - IP • 3a = 0, 

from which Siq == —9Pa/2h, The negative sign, of course, indicates 
compression instead of tension as assumed. In a similar manner, by 


P P P P P P P 



taking point J as a moment center, we find >Si 2 = +4Pa//?,. /Sn can be 
evaluated most readily by equating to zero the algebraic sum of projec- 
tions of all forces on a vertical axis. Thus we obtain 


rP - 3P - Sn 




0 , 


from which Sx\ = +P + h^/2h 

The foregoing procedure in the analysis of trusses is called the method 
of sections. It consists, essentially, in the isolation of a portion of the 
tiuss by a section so chosen as to cause those internal forces which we 
wish to evaluate to appear as external forces on the isolated free body. 
By this procedure, we usually obtain the general case of a coplanar 
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system of forces, in equilibriiim, and Eqs. (2) can always be used in 
evaluating the unknowns as was done above. The success or failure of 
the method rests entirely upon the choice of section. In general^ a 
section should cut only three bars, since only three unkiiowns can be 
determined from three equations of equilibrium. However, there are 
occasional exceptions to this rule, some of which are illustrated below. 

Sometimes, in order to obtain the desired results, it may be necessary 
to make more than one section or to use the method of sections in con- 
junction with the method of joints. Suppose, for example, that it is 


P P P P P 



required to find the axial force in each of the bars 1, 2, 3, 4 of the simple 
K-truss shown in Fig. 109a. To accomplish this, w^e consider two sections 
and one joint as indicated by the free-body diagrams (5), (c), and (d). 
Beginning with Fig. 1096 and using points D and C successive^ as 
moment centers, we obtain = —YPajh and Sa = +4Pa//u Then, 
considering the equilibrium of the hinge E (Fig. 109c) and projecting all 
forces onto. a horizontal a:-axis, we conclude that the forces in the bars 2 
and 3 must be of equal magnitude but opposite sign, i,e.,y S 2 = —Ss. 
Keeping this condition in mind and proceeding to Fig. 109d, wu have 
only to project all forces onto a vertical axis to find S3 = — S2 = tF csca. 

It is sometimes advantageous to be able to emplo}^ the method of 
sections in a purely graphical manner; this can be done with very little 
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trouble. By way of illustration, we take the truss shown in Fig. 110a 
and assume that we wish to evaluate graphically the axial forces in the 
bars 1, 2, and 3. Then as a first step we consider the equilibrium of 
the entire truss and make the polygon of forces (Fig. 1106) and the 
corresponding funicular polygon (Fig. 110c) from wdiich we find the 
reactions at the supports A and B as showm. This done, we isolate that 
portion of the truss to the left of the section mn and consider its conditions 
of equilibrium. It will be remembered from the discussion of Art. 8 
that the resultant of all external forces to the left of section mn is a 
vertical force J? acting through the intersection q of the sides 3 and 9 of 
the funicular polygon as shown. This follows from the fact that the 
rays 9 and 3 in Fig. 1106 are components of R and must intersect on its 
line of action. Since the internal forces Si, S 2 , and >83 must hold the force 



(dJ 

Fig. 110 . 

E in equilibrium, we see that our problem is simply one of resolution of a 
given force R' (the equilibrant of R) into three components having specified 
lines of action (the axes of the bars 1, 2, and 3). This is a completely 
determinate problem and may be carried out graphically as follows: In 
Fig. 110a, we extend the line of action of /Si to its intersection C with the 
resultant force R. At this point the equilibrant of R can be resolved into 
two components acting along the lines CD and CE, respectively, and 
having the magnitudes Si and Q as shown in Fig. llOd. Then, in turn, 
the force Q can be transmitted to point E and there resolved into com- 
ponents S 2 and Sz coinciding with the axes of the bars 2 and 3. Finally, 
ignoring the force Q, we have in Fig. llOd the closed polygon of forces for 
that portion of the truss to the left of mn. 

Sometimes the analysis of a truss can be made in a very simple manner 
by considering it as a beam and using conventional bending-moment and 
shearing-force diagrams as discussed in Art. 4. Consider, for example, 
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the simple truss, with parallel top and bottom- chords loaded as .shown .in 
Fig. 111a. /Making, a vertical . section ' and writing equations of 
equilibrium for that portion of the truss to the left of this sectioiq we 
obtain , 




jBa • 4a — Pi • 2a 



sin a ^ 


(h) 


/Ss = + 


Ra * 3a — Pi • a 


An examination of these equations now shows that the numerators repre- 
sent, respectively, the bending moment at point E, the shearing force at 


m 



Fig. 111. 


the section mn, and the bending moment at point P, when we consider 
the truss as a beam. The corresponding axial forces Si, and Ss are 
seen to be proportional to these quantities. Since similar conclusions 
may be reached for any section other than mn, we conclude that a bending- 
moment diagram and a shearing-force diagram are all that are needed for 
a complete analysis of the truss. 

In such cases it is expedient to work graphically. First, we determine 
the reactions as shown in Fig. 1116 and thereby 'we obtain the desired 
bending-moment diagram as represented by the closed funicular polygon 
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ill Fig, 111c. A shearing-force diagram (Fig. lllrf) can always be con- 
structed without difficulty. As was shown in Art. 8, the bending moment 
for any , point on the truss is obtained simply by multiplying the corre- 
sponding ordinate of the closed funicular polygon by the pole distance .H, 
ThuSj for example, the ordinate ei (Fig. 111c) when multiplied by H 
(Fig. 1115) gives the bending moment with respect to point E, i.e,, 
the numerator of expression (a). We conclude then that the force H 
when multiplied by the factor ei/h gives directly the axial force 8%, 
Similarly, the force H multiplied by ez/h gives the axial force Sz, etc. 
We obtain the force S 2 simply by multiplying the ordinate /2 of the 
shearing-force diagram by the factor esc a. 



Fig. 112. 


The bending-moment and the shearing-force diagrams for a truss are 
sometimes helpful in distinguishing between tension and compression 
members. In general, for trusses with parallel chords, it may be observed 
that, for positive bending moment, top chord members will be in com- 
pression and bottom chord members in tension like the extreme fibers 
of a beam. For negative bending moment, these conditions are simply 
reversed. For positive shear, web members sloping down to the right 
will be in tension, and those sloping up to the right will be in compression. 
For negative shear, these conditions also are reversed. An example, 
illustrating the foregoing remarks, is shown in Fig. 112. Here compres- 
sion members are shown by heavy lines and tension members by fine 
lines. With the aid of the bending-moment and shearing-force diagrams 
shown below the truss, the student should verify these results for himself. 
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, Another, example is shown in Fig. 113. ’ For a uniform loading of this 
truss, we see from the shearing-force diagram (Fig. 113l>) that for the 
arrangement of web members shown in Fig. 113a we shall have tension 
in each diagonal and compression in each vertical, whereas, for the 
arrangement shown in Fig. 113c, these conditions will be reversed. For a 
steel truss, the arrangement in Fig. 113a is better because the short 



verticals can carry compression more eflaciently than the longer diagonals, 
which may have a tendency to buckle. On the other hand, for a wooden 
truss, with respect to which the question of buckling is not likely to be 
significant, the arrangement of web members in Fig. 113c is ideal, espe- 
cially if steel rods are used for the verticals. 

PROBLEMS 

71. Referring to Fig. 108 and using the method of sections, find the axial forces in 
the bars 2, 5, and 8. Assume P = 10,000 lb., a — 9 ft., h = 12 ft. 

Ans, 82 - “1.875P, Ss - -2.5P, Bs = 4-1.875P. 

72, Using the method of sections, compute the axial forces in the bars 1, 2, and 3 

of the truss shown in Fig. 114. Ans, Bi ~ -j-2.25P, = — 0.75P, >83 ~ --2.25P. 



73. Construct bending-moment and shearing-force diagrams for the tniss in 
Fig. 114, and distinguish between tension and compression members accordingly. 
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74. Make a complete analysis of the tower in Fig. 115 by the method of sections. 



75. Using the method of sections, make a complete analysis of the truss in Fig. 103. 
All triangles are equilateral. 

76. Referring to Fig. 116, prove that the axial force in the nth vertical from the 
free end is Si — — [(n ~ 1)/2]P. 



77. Analyze the truss in Fig. 99 by the method of joints and sections combined. 
The panel distances are uniform, and all inclined bars are at 45 deg. with the horizontal. 

78. Referring to the tower in Fig. 115, show that the tension in the left-hand ver- 
tical of the nth panel from the top is Si ~ n(n — l)(F/i/2a). 



79. With the aid of bending-moment and shearing-force diagrams, distinguish 
between tension and compression members in the bridge loaded as shown in Fig. 117. 
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80, With the aid of bending-moment and shearing-force diagrams, distingiiish 
between tension and compression members for the two trusses in Fig. 1 i 8. 




16. Compound Trusses. — In preceding articles we have considered 
only simple trusses formed in accordance with the rule given on page 45. 
Another kind of plane truss, called a compound truss, can be formed by 
interconnecting two or more simple trusses in aGCordance vith the 
requirements for complete constraint of a rigid body in one plane (see 
page 49). The trusses in Fig. 119, for example, are of this kind. In 



la) 


C D 



Fig. 119a two simple trusses ADC and CEB (shaded in the figure) are 
hinged together at C and otherwise interconnected by the bar DE. 
Likewise, in Fig. 119f>, the same t^vo simple trusses are interconnected by 
three bars so arranged that their axes neither are parallel nor intersect 
in one point. Although such interconnection of two simple trusses 
always makes a rigid and statically determinate system, it frequently 
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happens that such a truss cannot be completely analyzed by the method 

of joints alone.. 

Consider, for example, the ■ compound truss shown in Fig. 120a, 
'which consists of two shaded simple trusses hinged together at C and also 
connected b}^ a bar DE. As a first step in the analysis of this truss, 
determine the external reactions at A and B as shown in Fig. ,1206. 
This done, we can find the axial forces in the bars 1, 2, 3, 4, without 
difficulty by the method of joints, but beyond this no progress can be 
made by this method because there is no joint where we encounter less 
than three unknown internal forces. Thus the shaded portion DFCGE 
(Fig. 1206) does not lend itself to analysis by the method of joints, and 





to proceed further we must resort to the method of sections. Making 
a section mn as shown and considering the equilibrium of that portion 
of the truss to the right of this section, we take C as a moment center 
and wuite 

(P sec a + tP)3a cos a — Pa cos a — 2Pa cos a — S 5 ’ h = 0, 

from which Ss == +(3Pa//i) (1 + i cos a). As soon as Bs is known, 
the analysis may be completed by the method of joints without further 
difficulty. 

If we undertake to construct a Maxwell diagram for this truss loaded 
as shown in Fig. 121a, we shall, of course, encounter the same difficulty. 
As soon as the constructions indicated by heavy lines in Fig. 121c have 
been completed, we shall be unable to finish the reciprocal figure in the 
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usual manner. , Consequently, to proceed further,, we introduce the 
section mn as shown and complete the potygon of forces ^gM5e for 
that portion of the truss to the right of this section. These constructions, 
indicated by dotted lines, are carried out as explained in connection ^\ith 
Fig. 110 (see page 64) and serve to establish the apex 5 of our reciprocal 
diagram. Point 5 having been established, the remainder of the diagram 
as indicated by fine lines can be constructed in the iisiial manner without 
further difficulty. 



In Fig. 122a we have a compound truss for which the method of 
joints fails at the very beginning because there is no joint to which less 
than three bars are attached. It also appears at first glance that there 
is no possibility of using the method of sections since we cannot make any 
section that cuts only three bars that do not meet in one point. However, 
if we note that the truss consists essentially of two triangles AEF and 
^CD, which are interconnected by three bars that neither are parallel 
nor intersect in one point, we see at once how to proceed with the analysis. 
After the external reactions at A and B have been found as shown, we 
isolate the triangle 50D as shown in Fig. 1225. In this way we obtairt 
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a statically deterniinate system of coplanar forces in equilibrium and by 
using Eqs. (2) (page 10) can find the three unknown forces ;Si,, S 2 , and 

Ss without difficulty. As soon as 
these forces are known, the remain- 
der of the analysis can be made by 
the method of joints. 

Another method of forming a 
compound truss, different from 
those considered above, is illus- 
trated in Fig. 123. Here we have 
several simple trusses (shaded in 
the figure) that together with single 
bars are arranged in accordance 
with the rule for assembling the 
bars of a simple truss. It is obvi- 
ous that any such arrangement of 
bars and simple trusses must con- 
stitute a rigid and statically deter- 
minate system. However, such 
compound trusses usually require 
special methods of analysis. We 
have already seen that compound 
trusses like those in Fig. 119 cannot 
be completely analyzed by the method of joints alone but that it is 
necessary to employ also the method of sections. Similarly, for a com- 
pound truss like that shown in Fig. 123, it may happen that the method 
of joints and the method of sections, even when used in conjunction, will 

€ 


JFig, 123. 

be inadequate for a complete analysis. A general method of analysis 
applicable to all such cases will now be considered. 

Referring to Fig. 123, we note that the simple truss elements in this 
system, really serve two functions. They act as single bars in the main 
truss, and at the same time>-they function as secondary trusses to transfer 
their own loads to the joints at their ends. By separating these two 




Fig, 122. 
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functions,. we always can make a complete analysis of the system without 
difficulty. In Fig. 124a, for example, suppose that ADE is a portion of a 
truss that has within it a secondary truss CE as shown. In the analysis 
of this system then, we first replace 
bar CE and the system of loads Pi, 

P 2 , . . . acting upon it by a stati- 
cally equivalent system consisting of 
two parallel forces Pi and P 2 at C 
and E as shown in Fig. 1 246. ^ These 
substitutions will not affect any of 
the bars outside the secondary truss, 
and we may now proceed with the 
analysis of the main truss by any 
of the methods already discussed, 
thereby obtaining the axial force S 
in the fictitious bar. Now, from a 
study of Fig. 1245, it is evident that 
the forces shown at the hinges C and 
E must represent completely the ac- 
tion of the secondary truss on the 
remainder of the system. Hence, by 
reversing these forces, ive obtain the 
reactions for the secondary truss as 
shown in Fig. 124c and can now make 
a complete analysis of this system. 

If there are other secondary trusses 
within the main truss, they ma}^ be 
handled in the same manner. 

A specific application of the foregoing procedure is illustrated in 
Fig. 125, in which we have a roof truss with secondary trusses for top 
chord members. We begin our analysis by replacing the actual system 
of loads (Fig. 125a) by the statically equivalent system shown in Fig. 
1255. This leaves the secondary trusses free from all loads so that they 
function simply as single bars, and w^e obtain a simple truss as shown. 
A Maxwell diagram for this system, from which the axial forces in all 
major members can be scaled, is showm in Fig. 125c. Thus we are ready 
to consider the secondary trusses. Taking AF as a typical example, we 
see that the external forces can be broken down into two balanced 
systems, (1) the loads P together with their vei'tical reactions at A and 
P and (2) the equal, opposite, and collinear forces iSi found from the 
Maxwell diagram in Fig. 125c. Under the action of this latter system, 

^ Any coplanar system of forces can always be resolved into two parallel com- 
ponents applied at two given points in tlieir plane of action. 


the secondaiw truv<s by a fictitious 
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only the top chord members will be active, and we already -have the 
corresponding axial force in this chord from Fig. 125c., Hence, in the 
remairiiiig anatysis of the secondary truss, we ignore the forces /Si and 
make a Maxwell diagram for the vertical loading only, as shown in Fig. 
125c. To obtain the total force in any bar of the compound truss (Fig. 


P 



Fig. 125 . 


125a) we simply superimpose the results from the two separate Maxwell 
diagrams. 

The foregoing method of analysis of a compound truss is sometimes 
useful even in cases where it is not strictly necessary. Consider, for 
example, the truss shown in Fig. 126a. Although not necessary in this 
case, the notion of secondary-truss action can be used to advantage. 
Proceeding on this basis, we regard ABC, loaded as shown in Fig. 1265, 
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as. the basic truss. Superimposed ' upon this are the two seeondarj 
trusses ADE and loaded as shown in Fig, 126c. Each of these 

secondaiy trusses again can be regarded as consisting of a main truss 
ADE (Fig. 126(f) that has within it two smaller . trusses as shown in 




E 



/ 



2 P E 
(e) 


Fig. 1266. Finally, then, by making a simple analysis by inspection of 
each of the trusses in (fe), (d), and (c) and superimposing the results, we 
obtain a complete analysis of the compound truss in (a). 

PROBLEMS 

81. Make a complete anabasis of the compound truss shown in Fig. 127. The tri- 
angles ABC and 1}EF are equilateral. 


C 



Fig. 127 . Fig. 128 . 

82. Make a complete analysis of the compound truss shown in Fig. 128, 
ABCDEFGH is a portion of a regular duodecagon. 
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83. Make a complete analysis of the compound truss shown in Fig. 129. Assume 

T = 10 Idp. 



84. Make a complete analysis of the compound truss shown in Fig. 130a, and 
compare "with that in Fig. 1306. 


PPPPPPPPP 



85. Make a complete analysis of the compound truss shown in Fig. 1306, and com- 
pare with that in Fig. 130a. 

17. General Theory of Plane Trusses. — We return now to the general 
problem of assembling a system of bars in one plane so as to form a rigid 
truss. In Art. 11 we have already seen that this can be done in two 
ways. In one case we begin with three bars pinned together at their 
ends in the form of a triangle and attach each joint thereafter by means 
of two additional bars. By this procedure we obtain a simple truss 
(Fig. 83a) for which there will always exist, between the number of 
members m and the number of joints j, Ah.e relationship 
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The rigidity of such a truss is, of course,' entirely independent of any 
■attachment, to a foundation. In another .case, we begin directly with a 
foundation and establish each joint by means of two intersecting* bars 
as shown in Fig. 836. In tliis way, we obtain a simple truss tiie rigidit,y 
of .which,, depends on its interconnection with points of the foundation 
and for which, instead of Eq. (4a), \ve have 

m = 2j. (46) 

As we have already seen in A.rt. 12, any simple truss of the first kind 
requires, for the completion of its constraint in one plane, three addi- 
tional bars or their equivalent, while for any simple truss of the second 
kind the constraint is already com- 
plete. Thus in either case we come 
finally to the same conclusion: name- 
ly, for the complete constraint of 
j-pins in one plane we must inter- 
connect them between themselves 
and the foundation by m = 2j bars 
or equivalent constraints. 

A great variety of plane trusses 
satisfying the foregoing general 
requirement of rigidity can be ob- 
tained by variously rearranging the 
bars of a simple truss in such a way 
that neither the total number of 
bars nor the total number of joints 
is changed. Consider, for example, 
the simple truss shown in Fig. 131a. 

Regarding this as a system of two 
simple trusses that are intercon- 
nected by three bars that neither 
are parallel nor intersect in one point, 
we conclude that we can substitute 
for the bar CF a bar Bli and obtain the rigid truss shown in Fig. 1316. 
By this substitution we change neither the number of bars nor the 
number of joints, but we now have a compound truss instead of a simple 
truss. 

As a second example, consider the simple truss shown in Fig. 132a. 
Replacing the bar (7(j by a bar AD, we obtain the truss shown in Fig. 
1326. This arrangement of bars and external constraints still satisfies 
the relationship m = 2y but otherwise fails to fulfill either the definition 
of a simple truss or that of a compound truss. Such a system is called 
a comvlex truct 
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It must not be concluded from the foregoing discussion that we can 
iiidiscrimiiiatel}" interconnect 2j bars with j joints and expect to obtain 
■a rigid system. That is, the condition m = 2j is not alone a complete 

criterion of rigidity. Consider agamy 
for example, the simple truss shown in 
Fig. 131a. If we remove the diagonal 
FC from the middle panel, we destroy 
the rigidity of the system and introduce 
the possibility of relative translation 
between the two rigid shaded portions. 
A bar BH as shown in Fig. 1315 prevents 
such distortion and is therefore a legiti- 
mate substitute for the bar FC. In 
fact, as already noted, we now have a 
compound truss. On the other hand, 
if we replace the bar FC by a second 
diagonal CH in the end panel, as shown 
in Fig. 131c, we do not restore the 
rigidity of the truss; there is still the 
same freedom for relative translation be- 
tween the two shaded portions. Thus, 
notwithstanding the fact that m = 2j, 
the system in Fig. 131c is not a rigid one. Accordingly, we conclude that 
we must modify our criterion of rigidity and say that 2j bars are necessary 
and, when properly arranged, sufficient for the rigid interconnection 
between themselves and the foundation of j joints in one plane. 




We shall now consider a further significance of the relationship m = 2j. 
In Fig. 133, we take any completely constrained plane truss (simple, 
compound, or complex) comprised of m bars and j joints and load it in 
Its own plane and at the Joints only as shown. Then, to make a complete 
analysis of the truss, we must determine the axial force in each of the m 
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bars. Replacing, each bar hy the two equal but opposite reactions that 
it exerts on the pins at its ends, we obtain j systems of coneiiiTent coplanar 
forces for each of which there exist two conditions of equilibrium [Eqs. 
(1), , page 2]. . Hence we have -.altogether 2j s,imiiltaiieoiis equations 
involving m unknown axial forces; and we see “that, if m = 2j, there, are 
exactly as, many unknowns as there are equations of statics. Thus,, in 
all .but exceptional cases to be considered later, these equations give a 
definite solution to our problem. For this reason an}^ completely con- 
strained plane truss that satisfies the condition m = 2j is said to be 
statically determinate. That is, the axial forces in the bars can be found 
from equations of statics alone; it is unnecessary to take account of the 
elastic deformations throughout the system. Consider, for example, 
the system shown in Fig. 134a, for which m = 2j. Under the action of 
a load P applied as showm, w-e see that the bars AC and AD are inactive, 
while BC and BD carry, respectively, tension and compression the mag- 



Fig. 134 . 

nitrides of which can be found from statical considerations of the hinge B. 
Owing to these internal forces BC will be slightly elongated, wdiile BD 
will be shortened; consequently the joint B moves slightly dowuiward 
and to the right, while the joint A remains stationary. Thus the dis- 
tance AB m greater after loading than before; but this small elastic dis- 
tortion of the system does not affect the internal forces, and we need 
take no account of it. 

If m > 2j, there will, of course, be more unknowm axial forces than 
there are independent equations of statics and these equations fail to 
yield a unique solution. Accordingly, the truss is said to be statically 
indeterminate. Such a case is shown in Fig. 1346, which is identical with 
Fig. 134a except for the extra bar AB, In this case, owing to the presence 
of the bar AP, the joint P cannot move relative to the joint A, as before, 
without stretching the bar AP and thus inducing some movement of A, 
also. Thus part of the load P will be transmitted to the joint A , and the 
bars AC and AJ) also become active. The way in which P is divided 
between P and A in this case depends on the relative rigidities of the bars. 
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For example^ if rlB is very flexible in comparison with the other four bars, 
.tlieri most of the load will' be carried at 5 ; in the extreme case where IS 
has no rigidity, all the load is carried at B as in Fig. 134a. On the other 
hand, if AB is relatively very rigid, it will remain practically constant in 
length and A and B will have to move about the same amount. Accord- 
ingly, the load will be about equally divided between these two joints. 
Thus we see that when a truss is statically indeterminate (m > 2j) the 
distribution of internal forces depends on the elastic deformations 
throughout the system and, to make an analysis, these deformations 
must be taken into account.^ 

If m < 2j (Fig. 134c), the system is not rigid and can be in equilibrium 
only under ceitain conditions of external loading. That is, since there 
are more equations of statics than unknown axial forces, it follows that 
these equations will determine the unknowns and, in addition, impose 
certain limitations on the system of external loads. In Fig. 134c, for 
example, we can have equilibrium for vertical loads as shown, but any 
lateral loads will cause the frame to collapse. 

In following the various rules of formation of plane trusses, already discussed, 
there is always the possibility of accidentally obtaining a so-called critical form, i.e., a 

B 

CEB C B 



(a) (d) (c) 


Fig. 135. 

certain configuration of the truss that is nonrigid, whereas adjacent configurations are 
rigid. Sometimes these critical forms are self-evident; sometimes they are not. We 
consider first the obvious example of a critical form of the simple truss shown in Fig. 
136. The configurations (a) and (c) of this truss are completely rigid but between 
them lies the possibility of the critical form (5). Here the bars CE and BE are col- 
linear, and appreciable movement of the joint relative to the other joints can result 
from the most minute changes in the lengths of the bars or from slight play in the 
hinges. In short, such a truss is not completely rigid. In the same way, the com- 
pound truss shown in Fig, 136a has a critical form when the bars 1, 2, and 3 are parallel 
as shown in Fig. 1366 or intersect in one point as shown in Fig. 136c. In each of these 
latter cases, there is a limited freedom for relative lateral translation between the tw'O 
shaded portions, and we must regard them as nonrigid forms. Such critical forms in 
the case of a compound truss are, of course, completely similar to the incompletely 
rigid systems of support illustrated in Fig. 90. 

^ Various methods of analysis of statically indeterminate trusses will be discussed 
in Chap. Vn. 
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, Another peculiarity of the critical form is thatit is always statically indetermimite 
notwithstanding the fact that the condition ?n == 2j:h satisfied. Considta-, for exam- 
ple, the critical form of simple truss shown in Fig. 135&. Loaded as shown in Fig. 
137a, this system behaves like the truss in Fig. 1345, and we conclude .a(‘('onlingiy 



fa) (b) (c) 


Fig, 136. 



Ca) (b) 


Fig. 137. 


that it is statically indeterininate. That is, the portion of the load F that is trans- 
mitted to CD (wdiich functions as one bar in this case) depends on the relative elastic 
deformations of the bars. When loaded as shown in Fig. 1376, we see, by making a 
free body of the hinge D, that the bars CE and DE 
must carry infinite tensions in order to balance the 
vertical component of the external force P ; and this, 
of course, is physically impossible. Actually, upon 
application of the load P, all bars of the system will 
deform slightly, allowing the hinge E to assume an 
appreciably low’^er position whereby CE and DE be- 
come sufficiently inclined to balance the load P with 
finite tensions. However, these elongations and con- 
sequently the final configuration of equilibrium of the 
system depend on the elastic deformations of the bars, 
and these deformations must be taken into account in 
the analysis of the truss. Thus again the truss is 
statically indeterminate. 

In the more general case of a complex truss, it is 
not always possible to detect a critical form by inspec- 
tion. The complex truss in Fig. 1385, for example, has 
a critical form,^ while the one in Fig. 138a has not. 

In such cases a general method of detecting a critical 
form of truss can be based on a consideration of the determinant of the system of 
2/ equations of equilibrium for its j joints. If this determinant is different from 
zero, the equations yield a unique solution, namely, there is one and only one set of 

1 The student should find it interesting to demonstrate the incomplete rigidity pf 
this truss by direct experiment. 



fb) 


Fig. 138 . 
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values for tlie axial forces that can satisfy the conditions of equilibrium at each joint, 
and the truss is rigid and statically determinate. ■ On the other hand, if the determinant 
happens to be zero, the equations of equilibrium fail to yield a unique solution and this 
will always be an indication that the truss has a critical form. This suggests, then, a 
convenient method of testing for critical form, generally known as the zero-load test. 
With no loads on the truss, we see at once that one possible solution satisfying the 
conditions of equilibrium at each joint will be obtained by assuming all bars to be 
inactive, le., with zero axial force. Hence, if under the same condition of loading, 
we can find another set of values different from zero that also satisfy the conditions of 
equilibrium at each joint, we shall know that the truss has a critical form. 

Consider, for example, the truss in Fig. 135b. With no external forces at the 
joints, we assume a tension S in the bar CE and an equal tension in the bar DE. 
Then, with the same tension S in each of the bars AC, BD, and AB and with a com- 
pression S in each of the diagonal bars, we can satisfy the conditions of equilibrium 

at all joints. Thus, under zero load, we may have forces in the bars different from 
zero, and this indicates that the truss has a critical form. Since the determinant 
mentioned above depends only on the configuration of the truss and not at all upon 
how it is loaded, we conclude that a truss of critical form will always be statically 
indeterminate regardless of how it may be loaded. 


PROBLEMS 


86. The plane truss in Fig. 139 has one redundant member; i.e., m = 2y — 3 + 1. 

If BE is removed, we shall have a simple truss. 
\Wiat kind of truss shall we have if AB is re- 
moved; CD, BD, etc., for each bar in turn? 

87 . Using the zero-load test, prove that the 
complex truss in Fig. 132b is statically 
determinate. 

88. Test each of the compound trusses in 
Fig. 136 for critical form by the method of zero 
loads. 

89. Apply the zero-load test to each of the 
complex trusses shown in Fig. 138 and prove that (b) has a critical form while (a) 
has not. 

90. Demonstrate that any plane truss of the general form shown in Fig. 138 will 
have a critical form if its six hinges lie on the circumference of an ellipse. 



18. Complex Trusses: Henneberg’s Method. — In previous articles, 
we have considered the analysis of simple and compound trusses by the 
method of joints and the method of sections. These are very useful 
methods of analysis for trusses and are applicable in the majority of 
practical cases. However, in the case of a complex truss,' it usually 
happens that these elementary methods of analysis are not directly 
applicable. In such cases, of course, we can always proceed with the 
solution of 2j simultaneous equations of equilibrium for the j joints of 
the system, but this will usually prove highly impracticable. The first 
workable method of analysis for complex trusses was developed by L. 
Henneberg^ and will now be explained. 


1 See L. Henneberg, ^‘Statik der Starren Systeme,” Darmstadt, 1886. 
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As a specific example, let us consider 'the complex truss supported and 
loaded as shown in Fig. 140a. We note at once that, the reactions at A. 
and B having been found, no further progress with the analysis can be 
made by either the method of Joints or the method of sections. We 
observe, however, that, by substituting for the bar AD a bar we 
obtain a simple truss as shown in Fig. 1405. A complete analysis of 
this simple truss under any given condition of loading can be made by 
the method of joints. Let us assume then that this simple truss, cor- 
responding to the given complex truss, has been completely analyzed for 
two particular conditions of loading, as follows: (1) the same loading as 
that on the given complex truss (Fig. 1405) and (2) two equal and oppo- 
site unit forces acting between A and D (Fig. 140c). Let S/ denote the 
axial force in any bar of the simple truss due to the loading of the first 
case (Fig. 1405) and s/ the corresponding axial force due to the loading 
of the second case (Fig. 140c). In the second case, if we have forces of 


P P p 



magnitude X instead of unit forces, it is obvious that the axial force in 
any bar will be simpl}?- s/X instead of s/. Finally, then, by superposition ^ 
of these two cases, we conclude that for the combined loading shown in 
Fig. 140d the axial force in any bar of the truss will be 

+ s/X (a) 

and that in the particular case of the substituted bar BE^ for which we 
shall use the subscript a, it will be 

>S. = &' + s/X. (5) 

Now, if we choose X of such magnitude that Sa from Eq. (5) becomes 
zero, the substituted bar BE becomes inactive and may be removed and 
the truss in Fig. 140d is then identical with the given truss (Fig. 140a) 
except that the action of the bar AD on the rest of the system is replaced 

by the forces X. Hence we conclude that that value of X which makes Sa 

equal to zero in Eq. (5) represents the true axial force in the bar AD. 
Proceeding in this manner we write 
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from which 





(d) 


With the value of X froQi Eq. (d), the force in any other bar of the given 
complex truss can be found by using Eq. (a). 

A similar procedure ma.y be used in the analysis of a complex truss 
like that in Fig. 141a, where, to arrive at a simple truss, it is necessary 
to replace two bars AH and BG by fictitious bars GC and HD, respec- 
tively, as shown in Fig. 1416. Considering three conditions of loading 


I I 



of this simple truss as shown in (6), (c), and (d), the corresponding axial 
forces Si, s/, and s/' in each bar of the truss can be found without 
difficulty by the method of joints. Denoting then by X and F the 
unknown forces in the bars AiJ and BG, respectively, of the given complex 
truss and using the idea of superposition, w’-e find for the axial force in 
any bar of the fictitious truss loaded as shown in Fig. 141e the following: 

+ S/X + s/'F. (e) 

For the fictitious bars GC and HD, denoted, respectively, by the sub- 
scripts a and 5, w^e have 


Sa = Sa + S/X + Sa ' F, 
Sb Sb Sft^X + sd'Y, 


Setting these values of Sa andhSb equal to zero, as before, in order to 
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realize .by the superimpo-sed s^^-stems the case of the given complex truss, 
we obtain 

Y ^ \ 

ShSa!' ~ . 

„ _ S,'Sa' - Sa'S,' ( 

SaV — / 

As soon as the values of .X' aiid Y have been found from Eqs. (g), the axial 
force in any bar of the complex truss is found from Iilq. (c). 

In the case of a complex truss of critical form we shall find that the denominator 
of expression (d) or of expressions (g) becomes zero. This, of course, indicates that tlie 
system is statically indeterminate. 

As a specific application of the Henneberg method, let us consider 
now a complete analysis of the complex truss in Fig. 142a. Assuming 





P = 1,000 lb., a == 5 ft., h = 9 ft., we begin with the corresponding 
simple truss and make a complete analysis, (1) for the loading shown in 
Fig. 1426 and (2) for the unit forceps acting along the line AD in Fig. 
142c. These anal^^ses can readily be made by the method of joints, and 
the results are recorded in columns (2) and (3), respectively, of Table 1. 


Table I 


(1) 

■ Bar 

(2) 

s/ 

(3) 

Si' 

(4) 

(5) 

Si 

1 

“ 500 

-0.574 

- 546 

-1,046 

2 

0 

-0.749 

- 714 

- 714 

3 

+ 455 

+0.522 

+ 498 

+ 953.' 

4 ' 

- 391 

-0.488 

- 427 

- ■ 818. ■' 

, 5 

0 

-0.749 

- 714 

, -'714 ' ■ 

6 

+1,000 

-0.191 i 

■ - 182^ 

, ■ + 818 : 

.. 7 

. : O'' 

-0.858 1 

- 818 

" -"'• ■•818" ' 

8 

•'■■■-.'O' 

-1.098 

-1,046 

'-1,046,' 

a 

■ -■■•872 

+0.915 

.' :• + .872 
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Using the values of Sa and sj in Eq. (d), we find 

Having the value of X we may now fill in column (4) of the table, and 
then from Eq. (a) the axial force for each bar of the given truss may be 
calculated and recorded in column (5). It will be noted that we obtain 
zero for the force in the fictitious bar a, which serves as a partial check 
on the calculations. In this particular case, we obtain a further check 
by observing that the results in column (5) satisfy the conditions of 
symmetry in Fig, 141a. 

PROBLEMS 

91i Determine the axial forces in the bars of the complex truss supported and 
loaded as shown in Fig. 143. Each inclined bar makes an angle of 30 deg. with the 
horizontal. 


F' G 



92, Using Henneberg’s method, make a complete analysis of the complex truss 
supported and loaded as shown in Fig. 144. 

P 



Hint: Only the portion CDEF oi this truss is of complex form. 

93. Using Maxwell diagrams in conjunction with Henneberg^s method, make a 
complete analysis of each of the complex trusses supported and loaded as shown in 
:'Fig.;l45. 
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Fig. 145. 


94. Make a complete analysis of the complex truss supported and loaded as shown 
in Fig. 146. To reduce this S 5 ’'stein to a simple truss, remove the bar x and substitute 
a bar a as indicated by the dotted line. 



Fig. 146. 


96. Make a complete analysis of the lattice truss supported and loaded as shown in 
Fig. 147. All diagonals are inclined at 45 deg. with the horizontal, and the small 
subdivisions are squares. 
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Method of Virtual Displacements. — In many cases, the principle 
of virtiml displacements, as discussed in Arts. 9 and 10, ' can be used to 
advantage in the analysis of statically determinate trusses. To find the 
axial force in a given bar of a truss by this method, we imagine that 
bar to be removed and its action on the rest of the truss represented by 
two equal and opposite forces S, In this way, we obtain a nonrigid 
system with one degree of freedom to which the principle of virtual dis- 
placements can be applied.^ 

As a first example, consider the simple truss shown in Fig. 148a, and 
let it be required to find the axial force in the bar AD. Replacing this 
bar by collinear forces S at A and D, we obtain a nonrigid system with 
one degree of freedom as shown in Fig. 1486. A virtual displacement of 
this system can be defined by an infinitesimal horizontal displacement 5 
of the upper portion of the truss. We see from the figure that under this 




displacement, each of the applied loads Pi, P 2 , Ps, . . . produces a work 
Pi * while the force /S at P produces a work The force S 

at A produces no work because its point of application does not move. 
Thus the equation of virtual work for the system becomes 

(Pi + P2 + P3) ’ d — S • 8 cos a = 0 , (a) 

from which we find S = (Pi + P2 + P3) sec a. 

To obtain the force S in the vertical bar PP, we proceed in a similar 
manner, replace this bar by collinear forces ^ at P and P, and obtain the 
nonrigid system shown in Fig. 148c. In this case, a virtual displacement 
of the system is best defined by the infinitesimal angle of rotation 5(9 of 
the upper portion of the truss as shown. The corresponding displace- 
ments of points (j, E, and P, respectively, are 2h 86, h 80, and a 36, and 
the equation of virtual work becomes 

Pi • 2A 8d A' P % ' ^ 86 -A E ’ d 86 = 0, (6) 

from which S = — (/i/a)(2Pi -f- P 2 ). 

^ The use of the principle of virtual displacements in the analysis of trusses was 
introduced Otto Mohr. See his papers, Beitrage zur Theorie des Faehwerks, 
Z. Architekten~Ingenieur-Ver. Hannover, 1874, p. 5G9, and 1875, p. 17, also Beitrag 
zur Theorie des Faehwerks, Zivilingenieur, 1885, p. 289. 
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From the preceding examples, we' see that, in general, tlie determina- 
tion of the axial force in any one bar of a truss by the method of virtual 
work necessitates the evaluation of the wtuah displacements of the 
points of application of all active forces. If there are foi‘(fes at almost 
every joint of the truss, the amount of calculation required to determine 
analytically all necessary virtual displacements may be considerable. 
In such cases, displacement diagrams as discussed in Art. 10 will be found 
helpful. 

While there is usually little advantage in emplo 3 dng the method of 
virtual work in the analj^sis of simple or compound trusses, it is often 
valuable in the case of a complex truss. By wa^^ of iilustration, let us 
consider the complex truss shown in Fig. 149a. If we succeed in finding 
the force in any one bar of this truss by the method of virtual work, the 


B B 




(c) 


remainder of the analysis can be made without difficult.y by the method 
of Joints. In this case, we select the bar FC, replace it by collinear forces 
& dX ¥ and C, and obtain the nonrigid s^^stem shown in Fig. 1495. A 
displacement diagram for this s^^stem (constructed as explained in Art. 
10) is shown in Fig. 149c. Using this diagram as a Joukowski lever 
hinged at o (see page 42), we write 

/S • c - Pi • a ~ P 2 * 5 = 0, 

from which 

^ ^ Pia + Pjy 


The displacement diagram must, of course, be constructed to scale and 
the moment arms a, 5, and c measured from it. 

Besides displacement diagrams of the kind shown in Fig. 149c, there 
is another graphical method for determining a set of compatible dis- 
placements for the hinges of a truss from which one bar has been removed. 
To demonstrate this method, we consider first the simple example in 
Fig. 150. Here we have a rigid triangle APC supported by two hinged 
bars so that the system has one degree of freedom. In such a case, a 
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Firtiial displacement of the 'system can be defined by an infinitesimal 
angular displacement d$ around the instantaneous center 0, The 
coiTespoiidiiig linear displacements AAij BBi, and CCi of the hinges A, 
B, and C are proportional to the radii OA, OB, smd OC and perpendicular 
to them, respectively, as shown. If we rotate each of these displacement 

vectors clockwise by 90 deg., we obtain 
points A', B'^ and C' on the corre- 
'C spending radii as shown. The figure 

A'B'C'j so obtained, is geometrically 
\ y similar to the figure ABC since by virtue 

y ^ of the ratios AA ^ : BW : CC' == OA : OB : OC, 
corresponding sides of the two figures are 
V 7 7y?m^/m/// p77 r/77 ? , parallel. This conclusion holds for the 

!/ virtual displacement of any rigid plane 

figure with one degree of freedom. Re- 
versing the above procedure, we conclude 
that a set of compatible virtual displace- 
ments for the joints of any rigid plane system having one degree of 
freedom can be obtained by assuming the magnitude of the displacement 
of one joint and then constructing the proper similar figure like A'R'C' 
in Fig. 150. 

Take, for example, the simple truss already considered in Fig. 148, 
and suppose that the vertical bar BD is removed as shown in Fig. 151a. 



Fig. 151. 


In such a case the truss can rotate around the hinge Ay and we can define 
a virtual displacement of the system by any arbitrary linear displacement 
bSd of the hinge D normal to AD. Rotating this displacement vector clock- 
wise by 90 deg., we obtain the point D' on the line AD. \ Corresponding 
displacements of the other joints are now obtained simply by construct- 
ing on AD' the figure with its sides parallel, respec- 

tively, to those of the given truss. Thus, GG' represents bn magnitude 
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.tlie" displacement of . point G, HH' that 'of point if, etc. If the bar AD 
of the truss is removed .(Fig. 151??), the virtual displacement (>f the 
system is defined by an arbitrary horizontal displacement of point I); 
and, proceeding as before, we obtain the similar figure ABCD'WF^GIL 
■■as shown.' ■ 

The foregoing procedure can be applied also in the case of a complex 
truss. .For the truss shown in Fig. 1496, for example, we can define a 
virtual displacement of the system by an 
arbitrary linear displacement at right 
angles to AB as shown in Fig. 152. Rotating 
this displacement vector by 90 deg., we ob- 
tain the point B^ on the line BE being 
a rigid body, the corresponding displace- 
ment of E, as defined by EE' ^ will be obtained 
by drawing the dotted line B'E' parallel to 
BE. Then, having the displacement of E 
corresponding to the assumed displacement 
of R, we obtain the corresponding displace- 
ment of R, as defined by RI)', by drawing 
E'D' parallel to RR, since ED also is a rigid 
body. Finally, the displacement of C, as 
represented by CC' is found by drawing B'C' and D'C' parallel, respec- 
tively, to RC and RC. 

Having compatible displacements for all joints of the truss, the 
unknown force S can now be found by writing the equation of virtual 
work for the system as before. In this case, however, it can be noted 
from the figure that, since the displacements have all been rotated by 
90 deg. from their true directions, the corresponding w-orks of the various 
forces acting on the joints can be obtained by taking their moments with 
respect to the points R', R', Cfi Thus, for example, the work of the 
force Pi on the true displacement of the joint E is identical with the 
moment of P, with respect to point R', etc. Upon using this conclusion, 
the equation for determining S becomes 



- SPi • di + R • d = 0, 

from which 

d 


(c) 

id) 


It should be noted that the value of R as given b}^ Eq. (d) is not changed 
if all the distances such as BB'^ EE', , . . are decreased or increased 
in the same proportion. Thus any figure AB'C'D'E'F with sides parallel 
to those of the figure ABCDEF cm be used in waiting Eq. (c) above. 
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Tiie grapliical constructions illustrated in Fig. 152 are also lielpfiil in detecting a 
critical form of complex truss (see Art. 17). Referring to Eq. (d), we see that the truss 
of Fig. 152 can have an indeterminate form only if the distance d is zero, i.e., if the line 
F€^ coincides with the line FC. We can generalize this observation as follows: If, 
upon removal of one bar of a complex truss, a figure such as AB'C'D'E'F (Fig. 152), 



Fig. 153. 


defining compatible virtual displacements of the joints of the remaining system, has all 
its sides (including the one corresponding to the removed bar) parallel to those of the 
given figure, then the truss has a critical form and is statically indeterminate. Two 
such examples are shown in Fig. 153. 

PROBLEMS 

96. Using the method of virtual displacements, find the axial force S^ in the bar x 
of the complex truss supported and loaded as shown in Fig. 154. 


P 



97. Using the method of virtual displacements, prove that the complex truss in 
Fig. 138a is completely rigid, while the one in Fig. 1385 is not. 

98. Test each of the complex trusses shown in Fig, 155 for rigidity, and identify 
those which have a critical form. 
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99. Stiiciy the lattice truss shown in Fig. 156, and prove that it lias a critical 
form as shown but that, if pins are introduced at all intersections, it will become 
statically determinate. 



100. Prove that the statically determinate complex truss shown in Fig. 138a will 
become statically indeterminate if a hinge is introduced at the center. 



CHAPTER III 
INFLUENCE LINES 


20. Moving Loads and Influence Lines. — Engineering structures in 
general and bridges in particular are frequently submitted to the action 
of various systems of moving loads such as trucks, trains, automobile 
traffic, etc. These loads are called live loads to distinguish them from 
dead loads such as the weight of a structure itself, etc. Dead loads are 
always fixed in magnitude and position, whereas live loads, although 
fixed in magnitude, can have a variety of positions on the structure. 
One of the most common examples of live load with which we have to 
deal in the design of railroad bridges is represented by the wheel loads 
from a pair of 213-ton locomotives, followed by a uniform train of 3 tons 
per lineal foot, as shown in Fig. 157. This particular system of loads is 
known as a standard train or Cooper^ s E-QO loading. The wheels are 
numbered consecutively from left to right, and the distances between 




JO JO 30 Ja 19.5 m 19.5 19.5 .. 

@@ - 


30 30 30 30 19.5 19.S m 19.5 3 per foot 
@@ <J%(j9) 


wmim. 




Fig. 157. 


them are as shown. It must be understood that these distances between 
wheels are fixed so that the system can move only as a unit. The 
numbers directly above the wheels represent the load concentrations in 
kips per rail or tons per track. 

A tabulation of useful numerical data pertaining to the standard train above and 
known as a moment table for Cooper’s E-60 loading is shown on page 95. Besides the 
information given in Fig. 157, the first two horizontal lines of this table give the dis- 
tance of each wheel from either end of the locomotive system, while the third and 
fourth lines give successive summations of loads up to and including any chosen wheel 
from either end of the system. The fifth horizontal line gives the sum of moments, 
with respect lo wheel ®, of all loads back to and including any chosen wheel. Thus, 
for example, the sum of moments, with respect to wheel ®, of ail loads back to and 
including wheel ®, is 4,040 kip-ft. The remaining lines of the table give sums of 
moments, with respect to each wheel, of all loads between that wheel and my other 
chosen wheel ahead of it. Thus, for example, the sum of moments of wheels ® . . . 
® with respect to wheel @ is 12,500 kip-ft. To find this figure in the table, we follow 
vertically downward, under wheel @, to the bottom of the table and then move hori- 
zontally to the left and read 12,500 under wheel Examples illustrating the use of 
the moment table will be discussed later. 

94 ,■ ' , . ■ 
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Thf? analysis, of structures under the action of liA^e loads presents two 
major problems not encountered in connection with dead loads. First, 
the moving loads may have a d^mamicai effect on the structure, tending 
to produce vibrations, shock, or other undesirable effects. Second, 
even the purely statical effect of a system of moving loads is continually 
changing owing to change in position of the loads, and it becomes neces- 
sary to consider the problem of how to place them on the structure in 
order to realize the most severe stresses. It is only this latter aspect of 
the problem that we shall consider here.^ 

Sometimes we are able to determine by inspection how to place a 
given system of loads on a structure so as to realize the most severe 
p stresses. In other cases, it may be 

necessary to resort to mathematical 
criteria for maxima and occasionally 
to trial-and-eiTor procedures. In all 
cases, however, the problem can be 
greatly simplified by the use of in- 
fluence lineSj which show graphically 
just how changing the position of a 
single load on a structure influences 
various significant quantities such as 
reactions, bending moments, shear- 
ing forces, and deflections. Con- 
sider, for example, the cantilever 
beam shown in Fig. 158a. In the 
design of this beam, we shall be 
especially interested in the bending 
stresses at the built-in end since this 
is the dangerous section. Thus a 
diagram showing how the bending 
moment at A varies with change in 
position of a load P on the beam 
will be helpful in deciding the most 
critical position of that load. Such a diagram may be constructed as 
follows: First let the load have any position on the beam as defined by 
the distance a; from the free end. Then the bending moment at the 
built-in end A is 

Ma — —P(l — x)j 

and the factor —{I — x) by which the load P is multiplied is called the 
influence coefficient for Ma, Being a linear function of a; it can be repre- 
1 For discussions of the dynamical action of live loads on structures, see S. Timo- 
shenko, ^‘Vibration Problems in Engineering/" and C. lE. Inglis, Mathematical 
Ireatise on Vibrations in Railway Bridges,"" Cambridge Univei'sity Press, 1934. 
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sented grapHically by the .straight line ab as shown in Fig. 1586.* and this 
line is called the influence line for bending moment at FI. Correspond- 
ingl 3 r; the diagram a 6 o is called the influence diagram. The infiiience 
diagram for bending moment must not be confused with a bending- 
moment diagram for the beam. Whereas the latter shows by each 
ordinate the bending moment at the corresponding section due to Ji^zed 
Zoa&v the influence diagram shows by each ordinate that factor by which 
a correspondingly placed load P must be multiplied to give the bending 
moment at a fixed cross section. The ordinates of a bending-moment 
diagram have the dimension of force X length; the ordinates of an 
influence diagram for bending moment, as shown in Fig. 1586, have the 
dimension of length. Thus only when multiplied b^^ the load P do the}" 
give the proper dimension for bending moment. Kumerically, however, 
the ordinates in Fig. 1586 may be considered as representing the bending 
moment at A due to a correspondingly placed unit foad, and we shall 
often use them in this sense. 

We see at once from the influence diagram in Fig. 1586 that for maxi- 
mum bending moment at A the load P should be placed in correspondence 
with the largest ordinate, i.e., at the free end of the beam, and that the 
corresponding bending moment at A is —PL In this particular case 
such conclusions, obtained with the aid of the influence diagram, are 
rather obvious; but, for more complicated systems, we shall find that 
this diagram can be of more substantial help. For example, if we have 
a system of concentrated loads as showm in Fig. 158c and if yi, *^ 2 , and ys 
are the ordinates of the influence line corresponding to a certain position 
of this system of loads on the beam, then it follo^vs from simple statical 
considerations that the corresponding bending moment at A is 

Ma —iPiyx + P2y2 + PzVz). (a) 

Since the ordinates ^i, ^ 2 , and yz will all be increased by moving the 
system of loads to the right, we conclude that the most critical condition 
of loading in this case will be obtained by placing the load Pz at the free 
end of the beam. Using the corresponding values of yi, y^, and ya, we 
obtain the desired maximum bending moment at Fl from Eq. (a). 

If E is the resultant of the loads Pi, P 2 , and P 3 and yc is the correspond- 
ing ordinate of the influence line, we have 

E • Vc == PiVi + Piy% + P 32 / 3 . (6) 

To prove this, we meed only recall that the moment of the resultant wdth 
respect to any point is equal to the algebraic sum of the corresponding 

* We take the ordinates of the influence line down if the influence coefficient is 
negative. ■ 
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momeiits of its components. Equation (6) follows ■ directly from this 
stateiiient together with the fact that the ordinates yi, y 2 , yz, and y, 
are proportional to their distances from the built-in end of the beam. 
Such replacement of a system of loads by their resultant, as in Eq. (&), 

always holds if the influence line is 
rectilinear and is very useful in estab- 
lishing criteria for the most critical 
position on a structure of a compli- 
cated system of loads like the standard 
train in Fig. 157. 

The influence diagram also can be 
used to advantage in dealing with 
uniformly distributed live load. Sup- 
pose, for example, that we wish to 
calculate the bending moment at the 
^ built-in end of a cantilever beam partly 
covered by a uniform load of intensity 
q as shown in Fig. 159a. Considering 
such loading as a series of infinitesimal 
concentrated loads each of magnitude 
qdx and at the distance x from the 
free end of the beam, we conclude, by 
the same reasoning as used above for 
the case of three loads, that the total bending moment at A is 



where y is the ordinate of the influence line corresponding to x. Since 

qydx = q jj ydx = g[area]?, / 

we conclude that the bending moment at A due to any partial distribution 
of uniform load on the beam is obtained simply by taking the area of i 

the corresponding portion of the influence diagram and multiplying it 
by the intensity of load q. This fact is useful because it enables us to 
ascertain by inspection of the influence diagram just what portion of 
the beam should be uniformly loaded to obtain the most severe bending 
moment at a chosen section. In the case illustrated in Fig. 159, of course, 
we obtain the greatest negative bending moment at A by loading the 
entire span. 

As mentioned above, we can construct an influence line for any 
quantity that varies with change in position of load on a structure. 
Consider, for example, the beam AS supported as shown in Fig. 160a. 
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If a single load P acts on this beam as shown, the tension induced in the 
tie rod CD will be 

S = P--seea. 
a 

Here, again, the influence coefficient (x/a) sec a, b}^ which the load P must 
be multiplied to give the corresponding tensile force S in the tie rod, is a 
linear function of x, and the corresponding influence line has the form 
shown in Fig. 1606. We see that as x varies from zero to I, the influence 



coefficients, which in tliis case are pure numbers, vary from zero to 
(I /a) sec a. 

In the two preceding examples, the influence lines happened to be rectilinear, but 
they may not always be so. Consider, for example, an influence line for deflection 5 
at the free end of a cantilever beam of uniform flexural rigidity El (Fig. 161). For 
a load P at the distance x from the built-in end, this deflection is 

and the influence coefficient obviously is not a linear function of x. Accordingly, the 
influence line has the curvilinear form shown in Fig. 1616.* It will be noted that the 
ordinates of this line have the dimension of length force j e.g,, inches per pound. 
Thus -when multiplied by the load P they give the proper dimension (length) for 5. 
Since, for small deflections, the effects of several loads on the beam will be inde- 
pendent of each other, we can conclude at once that, for the loading shown in tig. 161c, 
the deflection at the free end will be 

5 Pi2/l + p2y2 .+ PsI/Sy (d) 

* This influence line for the deflection d at the free end must not be confused with 
the elastic line of the bent beam itself. 
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.where |/i, and ys are the ordinates of the influence line corresponding to the posi- 
tio.iis of the loads Pi, P2, and Ps, respectively. Equation (h) must not be used in this 
case because of the nonrectilinear character of the influence line. 

21. lafluence Lines for Beam Reactions. — Influence lines can often 
be used to advantage in the determination of simple beam reactions. 
Consider, for example, the simply supported beam shown in Fig. 162a. 



If a load P acts on this beam at the distance x from the right support, 
the vertical reactions at A and B are 



which we shall consider positive when directed upward. The factors 
x/l and (1 — x/T)j by which P must be multiplied to give the correspond- 
ing reactions, are the influence coeflScients and can be represented 
graphically by the influence lines oa and ba as shown in Figs. 1626 and 
162c, 

By using these influence lines and proceeding as explained in the 
previous article, we can obtain the reactions for any given system of 
loads on the beam. For example, if there are several loads Pi, P 2 ; . . . 
acting on the beam and ^ 1 , 2 ^ 2 , . . . s,re the corresponding oi’dinates of 
the influence line for Ra (Fig. 1626), then we may write 
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111 . the, sa,me-way,, de.notirig by ijv, y-i , . . . the corr.espo,ii€li,iig ordinate.^' 
of the influence line for (Fig. 162c) we have 

If a portion of the span carries a uniformly distributed load of in tensit}' 
q, each reaction will be obtained by niultipdyiiig by q the corresponding 
area of the proper influence diagram. Thus for a uniform Ioa<l that 
extends from B to mid-span (Fig. T62d), we obtain 

p 3 Z 3 , 

Rb ^ * 4 * 2 "" 8 

wdiere \l/2 and 1 1 [2 are the shaded areas shown in Figs. 1626 and 162c, 
respectively. 



Fig. 103. 


In the case of a simply supported beam with overhang (Fig. 163a), 
expressions (a) for the reactions due to a moving load P still hold. How- 
ever, since the value of x can now vary from zero to I + a, we obtain the 
influence lines shown in Figs. 1636 and 163c. For values of x between 
I and I + a, we see that the influence coefficient for becomes greater 
than unity, while that for Rb becomes negative. Thus their sum remains 
constant and equal to unit}^ The negative ordinates for Rb simply 
indicate that when the load is on the overhang this reaction is directed 
downward. 

Since the influence coefficients x/l and (1 — x/l) in expressions (a) 
can be regarded numerically as the reactions that would be produced 
at A and P hj a imit load in place of the load P, we can devise a very 
simple method of construction of influence lines for reactions. As a 
first example, let us reconsider the influence line for the reaction Pa in 
Fig. 163c. If we imagine Sb unit load placed at P, the reaction P& obvi- 
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B 


D 



ously lias the Biagnitude of unity; when the unit load is at it is zero. 
ThiiSj having the key points b and a and keeping in mind that the reac- 
tion is a linear function of r, we constivict the straight line hac through 
these ke}^ points and the diagram is completed. 

The procedure above can be used also in more complicated cases 
where the waiting of analytical expressions for the reactions may become 

involved. Consider, for example, 
the compound beam ACD supported 
as shown in Fig. 164a. To con- 
struct the influence lines for the 
vertical reactions at A, B, and D in 
this case, we proceed as follows: 
Beginning with the reaction at A, we 
note that this force must have mag- 
nitudes of unity and zero, respec- 
tively, as a unit load successively 
takes positions at A and B. Thus 
through the key points a and b (Fig. 
1646) we can construct the straight 
line abc. When the load is at D, the 
reaction Ra is again zero and we com- 
plete the influence diagram with the straight line cd. The same procedure 
is used in the construction of the influence lines for Rb (Fig. 164c) and Rd 
(Fig. 164d). 

Although influence lines for reactions are hardly necessary for such 
simple beams as those shown in Figs, 162 and 163, they may prove very 
helpful in more complicated cases like that 
shown in Fig. 164. In such a case, we 
can see clearly from the influence diagrams 
just how to place given loads on the beam 
in order to obtain maximum values of 
the reactions. For example, under uni- 
form load, w^e see that the most severe 
uplift on the reaction at A will be obtained 
when only that portion of the span be- 
tw^een B and D is loaded. Again, it is 
evident at a glance that loads on the beam 
AC have no effect on the reaction at D. 

For the maximum reaction at B, we must put as many loads as possible 
on the entire span, etc. 

The principle of virtual displacements as discussed in Art. 9 can be 
used to advantage in the construction of influence lines for reactions. 
Consider, for example, the simply supported beam ABC with overhang 
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loaded as shown in Fig. 165a. ■ To find the reaction by the method 
of virtual displacements, we remove the constraint, at 4 and replace it 
by' a ,ve,rtical force Ea as shown in 'Fig. 1655. This leaves the rigid bar 
AG free to rotate around the fixed hinge B. Defining such a virtual dis- 
placement of the, system hj a linear' displacement XF* of point 4,, we 
see that all other points on the axis of the beam must have displacements 
as shown by the ordinates to the dotted line iFC'. Thus the equation 
of virtual work becomes 

Ra'TA' = 0 , 

from which 



where y is the displacement of the point of application of the load P. 
From expression (c), we conclude that by taking .4.1' = unity, we can 


M m r\ tr* T7r 
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(c) 

Fig. 166. 

consider the dotted line A'C' as the influence line for the reaction 
The negative ordinates to the left of B indicate that this reaction will be 
directed downward when the load is on the overhang. 

The procedure above can be used also in more complicated cases 
like that shown in Fig. 166a, where we have a statically determinate 
compound beam AG on four supports. To obtain an influence line for 
the vertical reaction at C, we simply remove the constraint at C and make 
a positive (upward) displacement CC' of this point as shown in Fig. 1665. 
By taking CC' equal to unity, the ordinates to the dotted lines defining 
the new configuration of the system wfill represent the corresponding 
influence coeflficients for Pc. In the same manner, removal of the con- 

* Actually tiie displacements are infinitesimal circular arcs that we can consider 
as coincident with their own vertical tangents; thus the tangent 'A A' for the arc A A*' 
etc. 
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straiiit at G and a subsequent positive unit displacement of this point 
as shown in Fig. 166c leads to the influence line for Rg as shown by dotted 
lines. Thus we see that to obtain an influence line for any statically 
determinate reaction, it is necessary only to remove the corresponding 
constraint and make a positive unit displacement of its point of applica- 
tion. Then the new configuration of the system defines the required 
influence line. It is left as an exercise for the student to construct 
influence lines for the reactions at B and F by this procedure. 

We have now discussed several methods of constructing influence 
lines for reactions. Their application in the analysis of beams under 
various systems of live loads can best be illustrated by an example. For 
this purpose, \ve take the simple beam with overhang as shown in Fig. 
167a and assume that we wish to evaluate the maximum reaction which 
can be induced at B by the standard train shown in Fig. 157. With the 



Fig. 167. 


aid of the influence line for Ri, (Fig. 1675), Ave see that in this case the most 
critical position of the train will be obtained by placing wheel ® at C 
as shown. That is, as the train moves slowly across the bridge from right 
to left, the reaction Rb Avill have its largest value after the wheel © leaves 
the bridge and just as wheel @ reaches the end. Thus, the question of 
placement of the loads having been disposed of, we are ready to consider 
the numerical calculation of Rb for the chosen condition of loading. This 
calculation can be made in two A\'ays: In one case, we scale the influence 
coeflacients yt, yz, y^, , multiply each by the corresponding wheel 

load, and use the formula 

Rb = S(P<2/i), (d) 

as explained on page 97. An easier and more accurate method, however, 
will be to discard the influence diagram completely as soon as the critical 
position of the loads has been selected and to calculate Rb simply by equat- 
ing to xero the algebraic sum of moments of all forces with respect to 
point A. Thus, denoting by SMa the sum of moments of all loads on 
the beam with respect to A, we have 



(e) 
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The numerical calculations indicated by Eq. {e) can be made in a 
very simple manner by using ih& moment table for Cooper’s E-QQ loading 
as shown on page 95. To use this table, we first write expression (» 
in the equivalent form 

R. . mi±fm ■? . 


where denotes the sum of moments of all loads on the beam with 

respect to wheel @ and XPi denotes the summation of all loads on the 
beam, x being the distance between A and wheel Taking the numeii'- 
cal values of and directly from the moment table and using 

I = 30 ft. and x = 2 ft. as shown in Fig. 167a, we have 


R’b 


4,520 + 198 • 2 
30 


163.5 kip. 


This discussion assumes that the bridge consists of two parallel beams 
\ and that there is a single track, f.e., that the load on each girder is the 
same as that for one rail. 


PROBLEMS 

101. Construct an influence line for the axial force in the strut CD supporting the 
horizontal beam AB as shown in Fig. 168. 



102. Construct influence lines for the axial forces developed in the bars AF, BF, 
and PD, which support the beam ABC as shown in Fig. 169. 

P 


C B 


A 



F 

r~€l y-->' 


Fig. 169. 
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im. Construct influence lines for the reactions at A and ^ of the simply supported 
beam shown in Fig. 170. ■ Using a standard train (Cooper’s E-QO), calculate the 
greatest possible value of j56if Q> =* 10 ft.j I = 30 ft., and 5 = 12 ft. 

Ans. Max. Bb = 322 kip.. 



Fio. 170. 

104. Construct influence lines for the reactions at J., C, and D of the compound 
beam shown in Fig, 171. How should a standard train be placed to make iSa a 
maximum? What is this maximum value of Ra if a, and I have the same numerical 
values as in Prob. 103? Ans. Max. Ra — 189.1 kip. 


P 



Fig. 171. 


106. Construct influence lines for the reactions Sit A, B, and C of the system shown 
in Fig. 172. 



Fig. 172. 


22. Influence Lines for Shearing Force. — In the case of a simply 
supported beam (Fig. 173a), an influence line for shearing force at a giyen 
section mn can be obtained as follows: When a load P is to the right of the 
section mn, we note that the shearing force at the section is positive and 
numerically equal to the reaction Ra, Likewise, w^hen the load is to the 
left of the section, the shearing force is negative and numerically equal 
to the reaction J2&. Hence we obtain the influence diagram for shearing 
force at mn simply by taking the shaded portions of the two influence 
diagrams for the reactions Ra and —Rh as shown in Fig. 1736. Any 
ordinate of this diagram is numerically equal to the shearing force at; the 
fixed section mn when a unit load has that position on the beam cor- 
responding to the chosen ordinate. As this load crosses the section from 


Sii 
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right to left, the shearing force changes abruptly from a maximum positive 
value 6/r to a maximum negative value a/L 

■ ' From the^ influence diagram (Fig. 1735), it is evident that under the 
action of a single load P the maximum shearing force at any clioscm s(^c~ 
tion will occur with the load at that 
section (theoretically, an infinitesi- 
mal distance to one side). Likewise, 
under uniform load, the numerical 
maximum of shearing force at a given 
section] occurs when the distribution 
is continuous between that section 
and the more distant support. The 
magnitude of such shearing force 
will be obtained as the product of 
the intensity of load q and that area 
of the influence diagram correspond- 
ing to the loaded portion of the 
beam. For example, in the case 
represented in Fig. 173, the uniform 
load should extend from the section 7Jin to the support S, and the 
corresponding shearing force at 7nn is 



F. 


5 5 
l' 2 


qV 

2f 


The principle of virtual displacements can be used also in the con- 
struction of influence lines for shearing forces in beams. To illusti*ate, 
we consider the simply supported beam with overhang as shown in Fig. 
174a. Assuming that we are interested in the shearing force at the section 
mUj we imagine the resistance to transverse sliding at this section to 
be destroyed and replace it by shearing forces V as shown. At the same 
time, the resistance to bending at the section mn is assumed to remain 
intact. To realize such conditions, we imagine that at the section mn 
one element of the beam of length dx is replaced by two links mm' and 
nrd as shown in Fig. 1745. This preserves the resistance against relative 
angular displacement between the twn portions of the beam and yet 
allows a small relative transverse displacement as shown in Fig. 174c. 
Thus we introduce one degree of freedom into the system and can define 
a corresponding virtual displacement by a small relative displacement 8 
as shown in Fig. 174d.* Noting that the two portions of the beam have 
to remain parallel, we conclude that the displaced system must satisfy 

* It should be kept in mind that we are discussing displacements of infinitesimal 
magnitude and that we exaggerate the distortion only for the sake of clarity in the 
figure. 
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tile condition om:on = a:b, and the configuration is completely deter- 
mined. , Since only the'shearing forces V and the applied load F produce 
work dining the displacement, the equation of virtual work becomes 


from which 


F • a - F • 2/ = 0, 



(a) 


We see now that the numbers represented by the ratios y/d are influence 
coefficients for shearing force at the section mn. Thus the diagram in 

P 



Fig. 174. 


Fig. 174d has the shape of an influence diagram, and to use it as such we 
need only select a vertical scale that makes 5 = 1. 

The above procedure is perfectly general and applicable to more 
complicated cases. Consider, for example, the compound beam shown 
in Fig. 175a, and assume that we require an influence diagram for shearing 
force at the section mn. To obtain this by the usual methods of statics 
will involve considerable labor because of the necessity of first finding 
all reactions. Only the principle of virtual displacements offers a method 
of approach by which we can ignore the reactive forces. By this method, 
we simply induce a unit transverse sliding displacement at the section mn, 
keeping all other constraints (both external and internal) intact. The 
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GoiTesponding configuration of the system as shown in .Fig. ' 175 defines 
an influence diagram for shearing force at the section nuh With the aid 
of such a diagram it is eas3rto see how to place given loads on the I)eam 
in order to obtain .maximum shearing force at this .section. The dis- 
tribution of uniform load illustrated in Fig. 17e5c, for example, is selected 
to give maximum negative shearing force at mn. 

In the case of a beam submitted to the action of a series of concen- 
trated loads like the standard train in Fig. 157, the condition of ioadiiig 
for maximum shearing force at a given section is not always self-evident. 
However, with the aid of an influence diagiam, it is possil:)ie to de\"elop 
general criteria to determine the most critical position of the loails in 



an}^ given case. These criteria follow directly from a consideration of 
the fluctuations in shearing force at a given section as a series of con- 
centrated loads moves across the span. To illustrate, let us suppose 
that a standard train moves from right to left across the simply'’ supported 
beam shown in Fig. 176a. As it does so, w^e see from the influence line 
that the shearing force at the section mn increases steadily until wheel 
(i) reaches this section, since the influence coefficients under the loads 
■will be increasing both in number and in magnitude. As wheel (T) crosses 
the section, there will be an abrupt drop in the shearing force by an 
amount equal to the load on this wheel; but, wdth further movement to 
the left (Fig. 1766), the positive shearing force at mn. continues its gradual 
increase since the positive ordinates of the influence line are increasing 
and the negative ordinate under the wheel (T) is decreasing. This con- 
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ditiGn prevails until wheel ( 2 ) crosses the section, when there is again a 
corresponding abrupt drop in the shearing force, followed by, another 
gradual rise, etc. These fluctuations in the shearing force at mn are 
represented graphical^ in Fig. 176c, where, for each position of the 
leading wheel ®, the corresponding shearing force at mn is plotted as an 
ordinate. The diagram obtained in this manner, of course, extends 
beyond the end A of the beam because, even after wheel ® leaves the 
span, we continue to have maxima of shearing force at' mn every time 
a new wheel comes up to this section. The graphical representation 



Fig. 176 . 


shows clearly that there will be as many maxima of shearing force as 
there are wheels and that each maximum occurs Just as some wheel 
reaches the section. Thus, as a first criterion for maximum shearing 
force at a chosen cross section, we conclude that the system of loads must 
be placed so that one of the wheels is at this section. 

To determine which load of the series should be placed at the given 
section in order to obtain a maximum shearing force, we begin with the 
first wheel at the section and consider the c/ian^c in shearing force as 
each new wheel is moved up. From Fig. 176c, we note that this change 
in shearing force between any two successive peaks consists of two parts: 
(1) a sudden drop equal to the load Pn that crosses the section and (2) a 
gradual rise equal to the increase Ai?a in the reaction at A as the next 
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load Pn+i comes up to the section. Denoting the total change in shearing 
force by AY, we have then 

AF = ABa-P„. (5) 

If expression (5) is positive, this indicates that the shearing force at the 
section has been increased by advancing the loads. Hence the procedure 
is repeated until there is a change in sign of expression (5), which indicates 
that the greatest peak in Fig. 176c has been passed. Thus, we may regard 
a change in sign of expression (5) as the second criterion for ma.ximum 
shearing force. 



Fig. 177 . 

If no loads enter or leave the span during one of the advances dis- 
cussed above, the change ARa may be calculated in a very simple manner. 
Suppose, for example, that we are advancing the loads from the position 
shown in Fig. 177a to that shown in Fig. 177c. From the influence line 
for Ra (Fig. 177&), we see that, if W is the resultant of all loads on the span 
and a the distance the loads are advanced, then the change in Ra vdll be 

TFo 

X’ 


ARa = Wa tan a 


where tan a = l/l is the slope of the influence line, 
expression for ARo in Eq. (b) we obtain 

I 


Substituting the 


AF = 


P„. 


(5a) 
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Loads entering or leaving the- span complicate the calculation, of ARa. 
In such case, (Fig. 178), let W be the resultant of all loads, on the span 
■before the advance, Q' a load that enters the span a distance b, and P' 
j p / ^ l^hat goes beyond ^4 a distance 

9 c. Then, for the change in Ra as the 
4“ — , 1 loads are advanced from the position 


Fig. 178r, we have 



faJ 

/ .. 



, Pn 

*• K 

(b) 

Q’ 

m 


W)(S) ®(7)(^(S 


In this expression, the first term 
IF a/ 1 represents the increase in Ra, if 

— ^ we assume that there is sufficient o ver- 

hang at the left to carry the load P' 
pf , Pjn which has gone be37-ond A, while the 

1^ ^ "1 second term simply corrects for the 

®(7) overhang. 

cz±::=^“ ^ The third term represents the in- 

crease in Ra due to the appearance 
on the span of the load Q', which 
was not included in W. Substitut- 
ing the foregoing expression for ARa m Eq. (5), we obtain 


A7 =. - (P' +Pn) -~+ Y* . 

Now, since the ratios c/l and b/l are usually small compared with unity, 
the last two terms in this expression can be safely neglected and we have 


(P' + P.). 


Thus we see that the effect on AV of a load Q' entering the span a small 
distance b can be completely neglected, while the effect of a load P' 
leaving the span can be approximately accounted for by adding it to the 
load Pn, which crosses the section. If no load leaves the span, P' == 0 
and Eq. (56) coincides with Eq. (5a). For all cases, then, we may, with 
good accuracy, consider a change in sign of Eq. (56) as the criterion for 
maximum shearing force at a chosen section. 

As an application of the above criterion, we shall now determine the 
maximum shearing force that a Cooper- s P-60 loading can induce at the 
section mn of the simple beam shown in Fig. 179. Beginning with wheel 
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® ,at the section , and moving up wheel ©, we have^ by Ecp (56), 

A7 = - 15 = +9.34 kip. 

This being positive, the shearing 'force has been increaserl, and we start 
again \rith .w^heel @ at the section and move up wheel Then, by Eq. 

( 5 &), 

AF = - 30 = -13.7 kip. 

This being negative, the shearing force- has been reduced by the .second, 
advance, and we put wheel ® at the section for maximiini shearing force 



Fig. 179, 


there (Fig. 1796). Now, to calculate this maximum shearing force, we 
use the formula^ V ^ Ra — 15. Calculating Ra with the aid of the 
moment table (page 95) as explained in the preceding article, this 
becomes 

7 = m \P.:1 _ 15 = 6.^950 + 4^ _ 15 = 90.8 kip. 

'■ ,70 ./u 

It must be emphasized here that the procedure above, ie., the use of 
Eq. (5) as a criterion for maximum shearing force, is applicable only to 

^ We assume that wheel ® is just to the right of the section . 


THEORY OF STRUCTURES 


[Chap, 11.1 


the case of a simply supported beam without overhang. In more com- 
plicated cases, the influence line should always be drawn and used as a 
guide ill selecting the most critical condition of loading. 

PROBLEMS 

106. A simply supported girder has a clear span of 20 ft. What maximum shear- 
ing force can be induced by a standard train (Cooper's L?-60), and at what cross section 
does such shearing force occur? Ans, ymax. = 75 kip. 

lOT. A simply supported beam has a clear span of 90 ft. Construct the influence 
line for shearing force at a cross section 20 ft. from the left support. How should 
Cooper's H-60 loading be placed on the beam to give maximum shearing force at this 
section, and what is this maximum shearing force? Ans. VmB.x. = 126.9 kip. 

108. A simply supported beam wuth, an over-all length of 44 ft. has a clear span of 

32 ft, with a 12-ft. overhang on one end. Construct an influence line for shearing 
force at a cross section that is 22 ft. from either end of the beam. How should 
Cooper's H-60 loading he placed on the beam to give maximum shearing force at this 
section? Evaluate this shearing force. Ans. Fmax. = 57.1 kip. 

109. Assuming a uniform live load of 6 kip per lineal foot and a uniform dead load 
of* 2 kip per lineal foot, what maximum uplift must be provided for at the support D 
of the compound beam shown in Fig. 171? Assume I — 30 ft., a = 10 ft., and 
5 « 20 ft. 

110. Construct an influence line for shearing force on the pin B of the system 
shown in Fig. 171. What maximum shearing force can be induced in this pin by a 
Cooper's H-60 loading? By a uniform live load of 6 kip per lineal foot? Use the 
same numerical data as in Prob. 109. 


23. Influence Lines for Bending Moment. — The question of variation 
in bending moment at a chosen section of a beam or girder with change 


b — — 1 



Fie. 180. 


in position of a system of moving 
loads is one of great practical impor- 
tance. Consider, for example, a sim- 
ply supported beam AB under the 
action of a moving load P as shown 
in Fig. 180a. In such a case, we con- 
clude that, so long as the load is to 
the right of a given section mn, the 
bending moment at this section will 
be Ra • a. Likewise, when the load 
has any position to the left of the 
section, the bending moment at the 
section will be Rb ' b. In both cases, 
the bending moment is positive. 
Thus, as in the case of shearing 
force, we obtain the influence line for 
bending moment at the given section 


mn directly from the influence lines 


for the reactions Ra and Rb, For the portion of the beam to the right of the 


section, we use the influence line for Ra and simply multiply each ordinate 
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by the length a. Siniilarb^, for the portion of the beam to the left of tlie 
section, we use the influence line for Rb and muttipbr each ordinate by the 
length Thus the complete influence diagram f<')r ))ending moment 
at, the section mn is. represented by the shaded; triangle acb shown in Fig. 
1,806. We see that the ordinates' of an influence '.line for bending moment 
always have the dimension of length. Thus the product between one 
of these ordinates and the load P has the proper dimension {force X length) 
for bending moment. 

.From the constructions indicated in Fig. 1806, it can be seen that the 
maximum ordinate of the diagram occurs under the section mn and lias 
the magnitude ab/L Thus, for maximum bending moment due to a 



>single concentrated load P, the load should be placed at the section, and 
the corresponding bending moment is Pab/L For maximum bending 
moment due to uniformly distributed load, the entire span should be 
covered. Since the area of the diagram is ab/2, the corresponding 
magnitude of this maximum bending moment will be qahf2j where g is 
the intensity of load. If we take a = 6 = 1/2, this reduces to the well- 
known expression ^P/8. 

The influence line for bending moment in a beam can also be obtained 
by using the principle of virtual displacements. Consider, for example, 
the simply supported beam with overhangs as shown in Fig. 181a. To 
construct an influence line for bending moment at the section mn, we 
imagine that an element of the beam at this section is replaced by an 
ideal hinge as shown in Fig. 1816. This allows relative rotation between 



116 


THEORY OF STRUCTURES 


[Chap. Ill 


the. two portions of the beam, as shown in Fig. 181c but at the same time 
keeps the resistance to shear and direct tension intact. Thus, we obtain 
a s 3 ^steni with one degree of freedom as shown in Fig. ISld. Now to 
this movable system we apply at any point a load P and at the hinge two 
equal and opposite couples M as shown. Obvioushq the relation 
between P and ilf for equilibrium of this fictitious sj^stem represents the 
desired relation between P and the bending moment at the section mn 
of the original beam in Fig. 181a. This relation is found by assuming a 
virtual displacement of the system as shown in Fig. 181d and equating to 
zero the coinesponding virtual work. Thus 

M • dS — Py ~ 0, 

where hd is the total angular displacement between the two parts of the 
beam and y is the vertical displacement of the point of application of the 
load P. From this equation of virtual work, we find 



and we see that the lengths y/bd are the influence coefficients for bending 
moment at the section mn. Hence the diagram in Fig. 18 Id has the shape 



of an influence diagram, and to use it as such we need only magnify the 
vertical scale in the ratio 1 : bd. Thus, ii bB = -^ radian, we use a mag- 
nification factor of 10. 

The conclusion above is general and can be used to great advantage 
in more complicated cases. Consider, for example, the compound beam 
shown in Fig. 182a, and let it be required to construct an influence line 
for bending moment at the section mn. To accomplish this, we simply 
introduce an imaginary hinge at this section (Fig. 182?>) and make, 
between the two portions of the beam a relative angle of rotation in 
such a direction that positive bending moment at mn will do positive work. 
The corresponding configuration of the system, compatible with all 
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remaining constraints, defines the reqiiimd influence line froiii wliicdi any 
desired influence coefficient can be scaled directly* 

With the aid of the influence line- in Fig. 1826, we can see at once liow’ 
to place given loads on the structure so as, to obtain the rnaxiiniiin bending 
moment at the section mn. The maximum negati\"e bending inonient 
under the action of a single load P, for example, occurs with the load, at 
tb.e hinge B* Again, under uniform live load, the worst condition w.ill 
be realized when the spans AC and DF of the system are loaded, and this 
condition of loading also induces negative bending moment at the section 
mn, , 

We shall consider now the question of how to place a series of con- 
centrated loads such as a standard locomotive on a simpl}^ supported 
girder so as to induce the greatest possible bending moment at a given 
section. We begin with the influence line ACB for bending moment at 


C 



a section mn as shown in Fig. 183 and allow the system of loads Pi . . . P» 
to move onto the span from right to left. Then, for any position of the 
loads as shown in the figure, the bending moment at the section will be 
obtained simply by taking the sum of moments produced the individ- 
ual loads. Thus, 

AI = Pityi + P2^2 + Piljz + ’ • * Pnljn, («) 

where yij 1 / 2 , • . . are the influence coefficients as shown in the figure. 
Now imagine that the loads are moved a short distance dx to the left. 
Then the corresponding change dM in bending moment at the section 
can be expressed as the algebraic sum of the individual changes in the 
terms Piyi of expression (a). Denoting b}^ Ri the resultant of all loads 
to the left of the section and by R 2 the resultant of all loads to the right, 
we can express the change as follows, 

dM = 5x(i22 tan ag — Ri tan ai), (6) 

where ai and are the slopes of the lines AC and BC, respectively, as 
shown. Since tan ai — h/l and tan ^2 = a/I, expression (6) can be 
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written in the form 

(«) 

I Lb a j 

In this expression, the terms R^/b and Ri/a represent, respective^, the 
average loads on the right and left portions of the span. Thus, we com 
dude from expression (c) that the bending moment at the section will 
continue to increase with movement of the loads to the left so long as 

R2 s. Ri fa\ 

IT > — ^ (o) 

ha , ^ 


Z.C., so long as the average load on the right portion of the span is greater 
than that on the left. As soon as this condition is reversed, the bending 
moment will begin to decrease. 

If, during movement of the loads to the left, a new load enters the 
span from the right, J? 2 /?> will be increased, while Ri/a will remain 
unaffected. Hence, to reach a maximum bending moment at mn, 

further movement to the left is in- 

^(7) \^J CO dicated. Likewise, if a load leaves 



(a/ decreased and R^/h will be un- 

^ affected, so that in this case also 

,5 — /Q — 20 >- further movement to the left is 

indicated. W e conclude, then, that 
the entrance of a load on the right 

CO CO CO CO Ce) ^ 

.y. \J cannot invalidate the conclusion of 
rj^ the preceding paragraph and is 
Om not significant in determining the 

Fig. 184. position of the loads for greatest 

bending moment at the section mn. On the other hand, each time 
a load crosses the section mn there will be a sudden increase in Ri/a 
and a corresponding decrease in R 2 /bj which may reverse condition (6). 
From this we conclude that the maximum bending moment at mn will 
occur with some load at the section. The proper load will be that one 


which, when moved across the section, reverses condition (6). 

As a full series of loads moves from right to left across the span, 
there may be several reversals of condition (6) . This simply means that 
the bending moment at the section passes through several maxima, as 
we have already seen for shearing force (page 110). In such a case, each 
maximum (with some load at the section) must be evaluated, and then 
the one that is numerically greatest will be used as a basis for design. 
An example will serve to illustrate these remarks. 
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.. In Fig. 184, we have a short girder AB for which it is required to 
determine the maxi,miim bending moment at the third-point under the 
action of a Cooper's F-CiO loading (see Fig. 157, page 94). With wheel 
.(DJust to the right of the section (Fig. 184/i),- expression ,(6) becomes, , 

120 IB 
20' ^ 10' 

while, with the same wheel just to the left of the section, we have 

^ ^ 45 
20 10 * 

This condition of equality indicates that the bending moment remains 
.constant as wheel @ crosses the section and up to the time when wheel @ 
leaves the span. As wheel (?)_ comes up to the section (Fig. 1845), con- 
dition (6) becomes 

m5 30 

20 ^ lo' 

which indicates that the bending moment is still increasing; but as this 
wheel crosses the section, condition (6) drops to 

79.5 60 
20 lO' 

and the bending moment begins to decrease. Hence, for maximum bend- 
ing moment at the third-point, we place the loads as shown in Fig. 1845. 
The corresponding bending moment M = 556.5 kip-ft, can be found 
very easily with the help of the moment table (page 95). 

PROBLEMS 

111. Construct influence lines for bending moment at the sections pq and si of the 
compound beam shown in Pig. 182a. 

112. Construct influence lines for bending moment at the sections mn and pq of 
the compound beam shown in Fig. 166. 

113. A simply supported girder AB has a clear span of 60 ft. Under the action of 
a standard Cooper's E~Q0 loading, what is the maximum bending moment that can 
occur, (a) at the mid-point of the span, (5) at a third-point? 

Ans. (a) 1907.5 kip-ft. (6) 1738.7 kip-ft. 

114. A simpb^ supported beam 30 ft. long has a clear span of 24 ft. with a 6-ft. over- 
hang at one end. What maximum bending moment can be produced by a standard 
train, (a) at the mid-point of the 24-ft. span, (5) at the overhung support? 

Ans. (a) 412.5 kip-ft. pp —210.0 kip-ft. 

115. How should Cooper's F-60 loadings be placed on the compound beam shown 
in Fig. 175 to produce maximum bending moment at the cross section mn, and what is 
this maximum bending moment? Assume 5= 30 ft., c = 10 ft., d == 20 ft., and 
a ==:,10ft.,' 

Hint: Use two trains, one approaching from each end of the beam. 
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24. Absoiiite Maximtim Bending Moment. — In the preceding ' article, we have 
considered the question of how to place a given system of, concentrated loads on a 
beam in order to realize the maximum bending moment at some chosen section. We 
shall now consider a method of determining that particular cross section of the beam 
for which the maximum bending moment is greater than for any other cross section. 
That is, as a given system of loads moves across the span, what is the maximum bend- 
ing moment that occurs in the beam and at what cross section does it occur? This 
particular cross section is called the 
dangerous section, and the maximum 
bending moment occurring there is called 
the absolute rnaximmn bending moment. 

It is, of course, for the case of a beam of 
uniform cross section the bending moment 
that should be used as a basis for design. 

In the case of a single concentrated 
load P moving across a simply supported 
beam (Fig. 185a) the question is a simple 
one. From the bending-moment dia- 
gram for this case (Fig. 1856), we see that 


Fig. 185. Fig. 186. 

for any position of the load as defined by the distance x from the right support the 
dangerous section is that section under the load; and here the bending moment is 

(a) 

Considering M p as a continuous function of x, we find the value of x for which it will 
be a maximum by setting dMp/dx — 0. This gives 

J (Z - 2a:) = 0, 

from which we obtain x — If 2. Thus the absolute maximum bending moment 
occurs at the middle cross section when the load is at that section. The value of this 
absolute maximum bending moment is P^/4. 

Now let us consider the more general case where we have a simple beam carrying a 
series of concentrated loads as shown in Fig. 186a. Since all loads on the span produce 
positive bending moment at ah sections, we can conclude at once that to obtain an 
absolute maximum bending moment we should place as many heavy loads on the beam 
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as possible. Then, for any assumed position of these loads, we knon- that ihv fiirixi- 
mum bending moment will occur under that load where the shearing force in the beam 
changes sign. Let us assume in Fig. 186 that this load is Pi, and Ivt P dcaiotc the 
resultant of ail the loads on the span and x its distance from th(‘ support B. Also, lot 
If denote the sum of moments of all loads to the left of /A with r{‘sp(M*t to t lie p<n'nt of 
application of Pi; and, finally, let a denote the distance between R and P, as shown. 
With these notations, the bending moment under' the load IR can l)e expressed as 
follows: 

Mp - (I a) -- M. (h) 

We assume now that we can vary x slightly without any loads going on or off 1 he >paii. 
Then, within these limits, dMp/dx can be regarded as a continuous fuuet ion of .r ami 
can be treated in the same manner as expression (a). Setting this d(?rivative (‘qual 
to zero, we find 

j {I — 2:r — a) == 0, 

from which 

I — X — a == X, (c) 

This expression shows that Mp will be an absolute maximum when, the load Pi and the 
resultant of all the loads on the span are equidistant from the ends (,)f the b(‘am. The 
foregoing conclusions can be summarized by the following criterion: .7Vic Ntaxinium 
bending 'moment in a sim/ply supported beam wider a series of concentrated loads occurs 
under that load where the shear changes sign and is an absolute tvheji the loads 

are so placed that the mid^-point of the span bisects the distance a between this load and the 
resultant R of all the loads on the beam. 

In using the criterion above for absolute maximum bending moment, it must be 
kept in mind that, as a given series of loads moves across the beam, there may be 
several absolute maxima of bending moment as different w'heels occupy the middle 
region of the span. However, experience shows that the section of absolute niaximum 
bending moment, i.e., the dangerous section, is never far removed from the middle 
cross section. Thus we can often reduce the amount of labor in calculation by first 
determining, in accordance with the method of iVrt. 23, the position of the loads for 
maximum bending moment at the middle cross section. This done, the loads can be 
shifted slightly to satisfy the criterion for absolute maximum bending moment, and 
then the moment can be evaluated., For all practical purposes it can be taken for 
granted, without further investigation, that this will be the greatest possible absolute 
maximum bending moment. 

A graphical method of determining the absolute maximum bending moment in a 
beam under a given series of concentrated loads is sometimes useful. This method is 
based on the fact, as shown in Art. 8, that a funicular pol 3 ^gon can, with a proper 
closing line, be used as a bending-moment diagram. Suppose, for exam})le, that u'o 
have the series of loads Pi . . . Pg as shown in Fig. 187a, for wliich abcdffghijk (Fig, 
1876) is a funicular potygon corresponding to an arbitrarily chosen polo 0 (Fig. 187c). 
Then, for a beam of span 1 to which these loads can be applied, we can study the effect 
of change in position of load simply by holding the loads stationary and shifting the 
beam to the left or right under them. Thus, for example, if the beam has the position 
AiBi relative to the loads, we obtain the corresponding bending-moment diagram 
simply by drawing to the funicular polygon the closing side aibi. Similarly, for the 
position I 2 P 2 of the beam relative to the loads, the bending-moment diagram is 
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obtained by drawing the closing side a2h2j etc. In each case it is easy to locate by 
inspection the maxinmm ordinate of the diagram; and, of course, the corresponding 
bending moment is obtained by multiplying this ordinate by the pole distance H, 



Fig. 187. 


Px 

P2 

P3 

P4 

P5 



(c) 


With a little practice one can determine the absolute maximum bending moment by 
this method with sufficient accuracy for all practical purposes. 


PROBLEMS 


116. Find the absolute maximum bending moment in the simple beam loaded as 



Fig. 188. 


shown in Fig. 188. How does this compare 
with the maximum bending moment at the 
mid-point of the span? 

117. (a) Determine the absolute maxi- 
mum bending moment in a simply sup- 
ported beam having a clear span of 46 ft. 
if the live load is a standard train (Cooper’s 
J^-60). 

(6) Construct a funicular polygon 
for one locomotive, and use it to check 


graphically the results of the preceding calculation. 


118. Compute the maximum bending moment in a 28-ft. highway bridge span 
during the passage of a 20-ton motor truck having a 14-ft. wheel base and 80 per cent 
of its load on the rear wheels. 


119. Determine the absolute maximum bending moment induced in the beam AS 
loaded as shown in Fig. 189. The crane CDE can roll freely along the beam. 



Fig. 189, 
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120. Determine the absolute inaxim.um bending inoment induced in tl:ie beam CD 
of the system shown in. Fig. 190. . 




2fo/7S Sions 
Fig. 190. 


'-"" 25. Girders with Floor Beams.— In those cases where long-span 
girders are used in bridge construction, the live loads are rai-ely applied 
directly to the girder. Instead, as illustrated in Fig. 191a, the main 
girders AB cany several crossbeams at a, 6, c, . . . which are called 
floor beams, and these in turn carry a series of stringers ab, be, cd, . , . by 
which the floor system of the bridge is supported. Those portions of the 





main girder between the floor beams are called panels, n^nd the points 
a, b, c, . . . are called panel points. It follows from such construction 
that a load P applied to an}^ stringer will be transmitted to the main 
girder only at the two corresponding panel points. Such division of the 
load between two panel points has no effect upon the reactions at A and 
B, and the influence lines for these quantities will be the same as for a 
girder without floor beams. In the construction of influence lines for 
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slieariiig force and bending moment, .however, it. becomes necessary to 
modify slightly our previous discussions. 

We begin with the question of influence lines for shearing force. Since 
loads can be transmitted to the girders only at panel points, we conclude 
at once that, for any condition of loading on the stringers, the shearing 
force ill a girder will be constant throughout any one panel. Thus, 
without ambiguity, we may speak of the shearing force in a panel instead 
of the shearing force at any particular cross section of that panel. With 
this idea in mind, we shall now consider the construction of an influence 
line for shearing force in the panel cd of the girder shown in Fig. 191a. 
For an}’- position of the load P to the left of panel point c, the shearing 
force in the panel cd is negative and numerically equal to while, for 
any position of P to the right of d, it is positive and equal to Ra- Thus, 
for the portions de and ac of the span, we use directly the corresponding 
portions d'e' and a'P of the influence lines for Ra and fib, respectively, 
as shown in Fig. 1915. 

Now let the load P have any position within the panel cd as defined 
by the distance x. Then, at c and d, the corresponding panel-point loads 
are, respectively. 

Pc = P I and Pd = P (a) 

where d is the panel distance as showm. Using the corresponding 
influence coeflBLcients yc and yd, we find that the shearing force in the panel 
is 

V yc'P~^~\~yd’P ^ * ( 5 ) 

This expression is a linear function of x and reduces to Pya when x = 0 
and to Pyc when x = d. Hence, to obtain that portion of the influence 
line corresponding to positions of the load within the panel cd, we need 
only connect the established points c' and d' by a straight line as shown 
(Fig. 1915). By the same procedure, we obtain the influence diagram 
for shearing force in the panel ah as shown in Fig. 191c. 

To construct an influence line for bending moment at some given 
cross section mn of a girder with floor beams (Fig. 192a) we proceed in a 
similar manner. Again w^e note that, for any position of the load P 
to the right of d, we have at the section mn the bending moment fi® - a, 
while, for any position to the left of point c, we have a bending moment 
fib * 5. Hence, as for a girder without floor beams, we obtain the portions 
<i'c' and c'd' of the desired influence diagram (Fig. 1925) simply by multi- 
plying by a and 5, respectively, the corresponding ordinates of the 
influence lines for fia and fib. Nowq let the loa;d have any position 
within the panel as defined by the distance x. Then, as before, the panel 
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point loads at c and/d are given by expressions (a); and using these, 
together with the established influence coefficients yc and yd. v"e find for 
the, bending moment at the section mn 

+ (c) 

Like expression (6), this is a linear function of reducing to Pyd when 
0 and to .P'ljc when x = d. Accordingly, we conclude that the 
straight line chi' in Fig. 1925 completes the influence diagram for bending 
moment at the section mn. 

P 



In general, we can state that, in the case of a girder with floor beams, 
any influence line can be', obtained directly from the corresponding 
influence line, for a girder without floor beams. It is necessary only, to 
connect by a straight line the points of ' the' latter infl.uence line cor- 
responding to the ends of the panel 'under conside,ration. This follows 
from the fact that if the load is applied at any panel point it is trans- 
mitted directly to the girder, while, for any position of the load within 
a panel, the shearing force and bending moment at a given section vary 
linearly with change in position of the load. 

In the case of a girder with floor beams the development of criteria 
for the placement of concentrated load systems to produce maximum 
effects does not require much additional discussion. Since the shearing 
force 111 an end qianel will always be greater than in any intermediate 
panel and since the influence line (Fig. 19Ic) in such a case has the same 
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form as an influence line for bending moment, we may use the criteria 
already developed in Art. 23 for maximum bending moment at a given 
section. Again, in the case of actual bending moment, the maximum 
will occur at one of the panel points since loads are transmitted to the 
girder only at such points. Thus, in this case, also, the criteria already 
developed for maximum bending moment at a given section are applicable, 
and the question of absolute maximum moment as discussed in Art. 24 
need not be considered. 

As an example illustrating the numerical calculation of maximum 
live-load shearing force and maximum live-load bending moment in the 
ease of a girder with floor beams, we assume that Fig. 193a represents a 
single-track plate-girder railroad bridge having a span of 88 ft. and sub- 
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Fig, 193. 




divided into four equal panels as shown. We assume also that the live 
load is a standard Cooper^s E'-GO loading. 

For shearing force in an end panel, we have the influence diagram 
shown in Fig. 191c and can use, as a criterion of maximum, the reversal 
of condition (6) as discussed on page 118. With wheel @ Just to the right 
of panel point & (Fig, 193a), expression (6) becomes 

273 75 

66 22 ' 

while, with this wheel Just to the left of 6, we have 

243 105 

66 22 ‘ 

Thus there is a reversal of condition (6) as wheel ® crosses the section, 
and we place this wheel at 6 for maximum shearing force in the end panel 
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ah, ;The corresponding value of this shearing force is 

Vah == Ra Pay 

where Ra is t'he reaction at A and Pa is the panel-point load at a. losing 
the moment table for Cooper^s ' j&- 60 loading (page 95)^ we find 


Ra 


13,100 + 348-5 
88 " 


168.5 kip, 


Pa — 29 — ^2- i kip, 

so that 

Vab = 168.5 - 32.7 = 135.8 kip. 



Fig. 194. 

For maximum bending moment, which will occur at the panel point c, 
we put wheel © at this point (Fig, 1935) because, as this wheel crosses 
mid-span, condition (6) changes from 

180 m 150 ^53 

44 > 44 44 ^ 44" 


The corresponding value of the reaction at A is (see moment table) 

11,700 + 291-4 + 12-2 , • 

gg = 146.3 kip, 


and the bending moment at c then becomes 

Me = 146.3 • 44 - 2,605 = 3,840 kip-ft. 

With the foregoing maxima of shearing force and bending moment, 
a trial section can be chosen for the girder on the basis of which more 
detailed investigations of stresses can be made. 

Sometimes the maximum live-load shearing force in an intermediate 
panel of a girder with floor beams will be required. For such cases, a 
criterion for placing the loads can be developed as follows: Referring to 
Fig 194 and assuming that we require the maximum shearing force in the 
panel 5c as a standard train moves from right to left across the span, 
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we denote by W the resultant of all loads on the girder and by x its dis- 
tance from B as shown. Likewise, let W' be the resultant of all loads 
within the panel he and x' its distance from the panel point c. Then by 
statics the shearing force in the panel be is 


„ Wx W'x' 

~ 1 T' 


(d) 


If the loads are now advanced a distance Ax to the left, the shearing force 
becomes 


W 

Vu = y (g + Aa;) 


W 


(x' -f- Ax) 


(e) 


and we see that the change in shearing force is 



As long as this expression is positive, i.e., as long as 

W ^ W 
I ^ d’ 


(/) 

( 7 ) 


the shearing force in the panel be continues to increase as the loads 
advance from right to left. Thus a maximum value of F&c will be reached 
only when there is a reversal of condition (7), and from Fig. 194 we see 
that this will occur just as some wheel enters the panel be. Consequently, 
for maximum shearing force in the panel be, we place at panel point e 
that wheel which upon entering the panel be reverses condition (7). 

PROBLEMS 

121, How should a standard train be placed on the girder in Fig. 193 to produce a 
maximum shearing force in the panel 6c? Evaluate this maximum shearing force. 

Ans. 65.9 kip. 

122. Evaluate the maximum bending moment at the panel point 6 of the girder in 
Fig. 193 if the loading is a tandard CoopeFs E-60 train. Ans. 2,990 kip-ft. 

123. Determine the greatest floor-beam reaction {i.e., panel-point load) produced 
by the passage of a Cooper’s E-60 train across the girder shown in Fig. 193. 

Ans. 105.3 kip. 

124, Evaluate the maximum live-load bending moment at the center of the span 
in Fig. 194 if Z = 50 ft. and d = 10 ft. Assume a Cooper’s E-60 loading. Compare 
this with the maximum bending moment at c or d. 

126. Referring to Fig. 195, find the maximum live-load shearing force and bending 
moment produced in the girder AB as a standard train (Cooper’s E-60) crosses the 
span. 



Fig. 195. 
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26. Influence Lines for Three-hinged Arch Ribs.— Iii clisciissiiig 
influence , lines for tliree-iiinged arches^ we begin with the case of a non- 
symmetrical arch,.AC5 ^Fig. 196<^) and assume that a moving vertical 
load, P acts. directly upon the rib as shown. This load induces reactions 


at the supports A and B, each of 
which we resolve into two compo- 
nentSy , one' vertical and the other 
directed along the line AB as showm. 
TheBj by equating to zero the alge- 
braic sum of moments of all forces 
with respect to the points A and P, 
we conclude that the vertical com- 
ponents Ra and i?& of the reactions 
are the same as for a simple beam 
of span 1. Denoting by IB the com- 
ponents in the direction of AB and 
projecting all forces onto a hori- 
zontal axis, we conclude that these 
components are equal in magnitude 
and opposite in direction. The 
horizontal projection of H' is called 
the horizontal thrust of the arch, 
and ^ve denote it by H, that is, 
H = cos cY. To determine the 





Fig. 196 . 


magnitude of H, we consider the portion AC of the arch as a free body 


and equate to zero the algebraic sum of moments of all forces with respect 


to the hinge C. Thus we write 


Ra' a — IB • / cos a = 0, 


where / is the vertical rise of the arch as shown in the figure. From this 
equation we find 

H' cosa == H == Ra-J (a) 

Observing that Ra * a is the bending moment that would be produced 
at the distance a from the left end of a simple beam of span I, we conclude 
that, during motion of the load P along the arch, the horizontal thrust 
is always proportional to this simple-beam bending moment. Hence, 
to obtain the influence line for J/, we simply divide by / the ordinates of 
the corresponding influence line for bending moment at C in a simple 
beam, as 'shown, ill Fig. 1966. ; 

If a system of vertical loads acts on the arch and it is required to find 
their position to make H a maximum, we simply use the criterion already 
developed for maximum bending moment at point C in a simple beam 
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[see Eq. (6) page 118]. To obtain the horizontal thrust il when vertical 
load is distributed along the span of the arch, we simply mul- 

tiply the area ach of the influence diagram by the intensity q of this load. 
Since the ordinates of the diagram are pure numbers in this case, the area 
ach h&s the dimension of length and its product with intensity of load q 
has then the dimension of force. 

Let us consider now the construction of an influence diagram for 
bending moment at some chosen cross section D of the unsymmetrical 


P 



arch in Fig. 197a. If the position of this cross section is defined by its 
distance c from the reaction Baj the bending moment for the loading shown 
may be expressed as follows: 

Md = EaC — Hya^ (b) 

The first term on the right side of this expression represents the cor- 
responding bending moment in a simple beam of span while the second 
term represents the moment contributed by the horizontal thrust H. 
Hence the influence diagram for is obtained by subtracting, from the 
ordinates of the influence line for bending moment in a simple beam, 
the ordinates of the influence line for H (Fig. 1966) multiplied by yd. The 
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result of .such subtraction is 'shown by the shaded areas in Fig. 197&. 
This influence diagram can be represented in a somewhat simpler form 
by plotting the, ordinates from, a hori 2 ;ontal base as shown in Fig. 197c. 
To,' obtain ;, this simplified diagram, we note that the zero point e nuist 
lie on the 'Vertical through E (Fig. 197a) where the Tines BC and AD 
intersect. This follows from the fact that, ' when the load P passes 
through point F, the total reaction at A evidently passes through point 
D and 31 d vanishes. Observing, further that the points d an<l c arc on 
verticals through D and C and that at the left end of the diagram the 


P 



ordinate of the straight line ced must be equal to c, we can readily make 
the simplified constructions shown in Fig. 197c. 

The shearing force produced at the cross section D (Fig. 198a) by a 
vertical load P on the arch is given by the equation 

~ rr sin — Of), ■ / x:. 

Yd =, cos <f» - JF.sm (<j) — a) = Ba cos ^ — JJ — — 

where <l> is the angle that the tangent to the center line at D makes with 
the horizontal and a is the angle between the horizontal and the line AB 
as shown. The first term on the right side of expression (c) represents 
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the coiTespondiiig simpie-beam shearing force at D multiplied by cos 
.while 'the second term represents the contribution to shearing force made 
■ by' the horizontal thrust l/r . Thus the ordinates of the influence diagram 
for shearing force at D are obtained as differences between corresponding 
ordinates for shearing force in a simple beam multiplied by cos and for 
thrust iJ multiplied by sin (<p — a)/cos a. These differences are shown 
by ordinates of the shaded areas in Fig. 1985. Here, again, the influence 
diagram can be presented in simpler foim b}?- plotting the ordinates from 
a horizontal base line ab as shown in Fig. 198c. In this case, we obtain 
the simplified diagram by noting that the zero point e must lie on the 
vertical through E obtained as the intersection between the line BC 
and the line through A which makes the angle 4> with the horizontal. 
This follows from the fact that the total reaction at A is parallel to the 
tangent at D when the load P passes through E. Having the zero point e 
and noting further that the straight line ced has the ordinate 1 * cos <^> at 
the left end of the span, we can make the constructions in Fig. 198c 
without difficulty. 

Arches are usually so designed that there can be no direct trans- 
mission of live load to the rib as assumed throughout the preceding 
discussion; instead, the loads are applied to a system of floor beams sup- 
ported by the arch as showm in Fig. 199a. Under such conditions, 
forces can be transmitted to the arch proper only at the panel points 
J, J, if , . , . , and in the construction of influence lines we must proceed 
in the same manner as for a girder with floor beams (see Art. 25). That 
is, we construct first the influence lines as for an arch without floor beams 
and then connect by straight lines those points which correspond to the 
extremities of the panel under consideration. For example, to obtain 
the influence line for horizontal thrust il of the arch in Fig. 199a, we 
begin in Fig. 1995 with the influence line ac5, which assumes direct 
transmission of the load P (see Fig. 1965), and thep join by a straight line 
the points j and k corresponding to the panel points J and K as shown. 
Thus the ordinates of the line aj/c5 represent the required influence coeflS.- 
cients for horizontal thrust H. The correctness of this procedure follows 
directly from the fact that H, as we already have seen from Eq. (a), is 
proportional to the simple-beam bending moment at C, and G is con- 
tained within the panel JK. If the floor beams are so arranged that the 
hinge C becomes a panel point, the influence line for H will be the same 
as for direct transmission of the load P, 

The influence diagram for bending moment at the section D of the 
arch is obtained in a similar manner as shown in Fig. 199c. The portions 
acb and adb of this diagram are first constructed on the assumption of 
direct transmission of live load (compare with Fig, 1975) and then the 
points J, k and i, ii corresponding to the panel points /, J, K, are con- 
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nected by straight lines as shown. The ordinates of the shaded portions 
of the diagram represent the required influence coefficients for Itending 
moment at D. • 

The influence diagram for-shearing force at the cros.< section D, 
obtained by the same general procedure, is shown in Fig. 1 9i)</. It should 
be noted in connection with this latter diagram that, owing to the 


P 



curvature of the arch rib, the shearing force is not constant throughout 
the panel IJ as in the case of a girder with floor beams. 

Expressions (a), (6), and (c), developed for the case of a simple three- 
hinged arch, hold also for the arch t\dth overhangs as shown in Fig. 200a. 
Accordingly, from Eq. (a) we conclude that the influence line for hori- 
zontal thrust H in this arch will be obtained by dividing by / the ordinates 
of an influence line for bending moment at C in a corresponding com- 
pound beam P'F'G'E', supported as shown in Fig. 2006. To obtain this 
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iniliieiice line, we use the method of virtual displacements and make at 
c (corresponding to C) such a relative angular displacement n • as 
shown in Fig. 200c that aa' = a/f and bb' = b/f. The ordinates of the 
shaded diagram so obtained represent the required influence coefficients 
for horkontal thrust H of the arch. - The influence diagram for bending 
moment at N is obtained in a similar manner as shown in Fig. 200d. 


P 



Here dfiuigie represents the influence line for bending moment at N' 
of the corresponding compound beam (Fig, 2006), while dfcge is simply the 
foregoing influence line for iZ” with all ordinates multiplied by y^. In 
accordance with Eq. (6), the differences in ordinates obtained by super- 
position of these two diagrams represent the required influence coeffi- 
cients for bending moment at N in the arch of Fig. 200a. An influence 
diagram for shearing force at A can be obtained in a similar manner. 
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PROBLEMS 

,126. . Construct an influence line ior- horizontal ■ thrust II in a symmetrical three- 
hinged arch for which Z = 60 ft. and / = 8 .ft. (a), Using this line, determine the 
magnitude of If produced by a uniformly distributed load of intensity q - 1 kip per It. 
and extending over the entire span, (5) Find the maximum value of II prodin^ed l)y a 
standard train (Cooper’s E-60) assuming that the crown C is a panel point. 

Ans. (a) 56.25 kip. (b) 239.8 kip. 

127. Assuming that the arch in Fig. 197a has the form of a parabola with vertical 
axis and vertex at C and that a ^ h ^ 1/% that is, that the arch is synirnetricai, find 
the maximum positive bending moment at D due to a uniform live load of intensity q 
per unit length of span. Note that only the portion AE of the span shouhi i>c loaded 
and that for a symmetrical parabola the length ae (Fig. 197c) is equal to F/(M — 2c), 
where c defines the position of point D as shown in Fig, i97a. 

128. Referring to Fig. 198 and assuming, as in the preceding problem, that the 
arch is a sjmimetrical parabola of span I = 60 ft. and rise/ = 15 ft., find the niiinericai 
maximum of shearing force at the quarter point D (c = Z/4) under the action of a 
uniform live load of intensity <7 = 1 kip per ft. of span. 

Assume a direct transmission of load to the arch rib. 

A 71 S. 3.35 kip. 

129. Construct influence diagrams for horizontal 
thrust II, bending moment Md, and shearing force Vd 
in the case of a symmetrical semicircular three- 
hinged arch of span I as shown in Fig. 201. Assum- 
ing direct transmission of a uniformly distributed 
live load of intensity g = 1 kip per ft. of span, find 
the maximum numerical value of each of the fore- 
going quantities. Where do these maxima occur, 

130. Construct influence diagrams for shearing force at N and for bending moment 
at M of the arch shown in Fig. 200. 

27. Influence Lines for Simple Trusses. — In the design of a truss we 
must find for each member the most unfavorable position of live load and 
then evaluate the corresponding axial force in that member. For such 
investigations, we shall see that influence lines can be used to advantage. 
We begin, for example, with the simple truss shown in Fig. 202a and 
assume that all loads are transmitted by means of floor beams to the 
Joints A, C, D, . . . of the lower chord. Then, to construct an influence 
line for the axial force in an upper chord member such as EF, we assume 
a vertical load P acting on the truss and make a section rnn as shown. 
Considering that portion of the truss to the left of this section as a free 
body and writing an equation of moments with respect to Joint D, we 
obtain 

Rad + Sihi “ 0} 

from wdiich 




i.e,, for what values of 


(a) 
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Froni tills expression, we see that the, compressive force' Si is propor- 
tional to the bending moment Raa which would occur at the cross section 
D of a corresponding loaded simple beam of span 1. The same observa- 
tion' holds also if the load P is to the left of D. Hence, we conclude that 
the influence line for Si will be obtained by dividing by '—hi the ordinates 
of an influence line for bending moment at the cross section D of a simple 



beam AB. This construction is shown in Fig. 2025, and ad5 is the 
desired influence line for axial force in lE/F. Multiplying the load P 
by the ordinate y of this line, which is a pure number, we obtain the 
corresponding value of Si, In the same way, if a uniformly distributed 
load extends over the entire span, the corresponding axial force Si is 
obtained as the product of the intensity g of this load and the area abd 
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of .the infiiieiice diagram. To find' the maximum value of Ai that <*ari be 
induced by a system of loads like the standard t.rain in Fig. I “>7, Wi- pro- 
ceed, in the same' manner as- to find the maxiniiim bending moment at J) 
of a simple beam (see page, 118). 

An influence line for the axial force in a lower eliord member such as 
CD can be obtained in a similar- manner. In this case, we use E as a 
moment center and note t,hat the force is proportional to the simple- 
beam bending moment at this point. Hence the desired iiifiuenee liiie 
will be obtained by dividing by /ig the ordinates of an infiuem‘e line for 
bending moment at E of a simple beam of span 1. This eonstnietioii 
is shown in Fig. 202c, and we note that the infliieaice cocdflcieiits are 
positive, indicating tension in the bar CD. 

We shall now consider the construction of an influence line for axial 
force in the diagonal ED of the truss in Fig. 202o. Assuming first that 
the load P acts to the right of joint D and equating to zero the algebraic 
sum of moments of all forces to the left of inn witli respect to point G, 
we obtain 


Thus, so long as P is to the right of D, the ordinates of the influence line 
for S 2 can be obtained simply l>y multiplying by c//u> the ordinates of 
the influence line for Ra. In this way we obtain the portion of the 
required influence line as shown in Fig, 202d. When the load P is to 
the left of joint C, we consider the equilibrium of the right portion of the 
truss ; and an equation of moments with respect to point G then gives 


S2 


Rbil + c) 




(c) 


Thus, for positions of the load to the left of C, the ordinates of the 
influence line for S 2 can be obtained by multiplying by —(l + c) fht the 
ordinates of the influence line for Rh. This construction is shown in 
Fig. 202d by the straight line ac, having at h the ordinate —{I +■ c)Jli 2 - 
Now, when P is between C and D, we follow the same reasoning used in 
the case of a girder with floor beams (see page 124) and conclude that to 
complete the diagram we need only connect the established points c and d 
by a straight line as shown. We see that this influence diagram for a 
diagonal has a form similar to that for shearing force in an intermediate 
panel of a girder with floor beams (see Fig. 1916) and that the axial force 
S‘2 may be either tension or compression depending 011 the placement 
of the live load. For example, to realize the maximum tensile force in 
PD due to uniformly distributed live ^ of intensity g, we must load 
onl 3 ?' the portion g6 of the span. Then the corresponding magnitude of 
S 2 is obtained as the product between g and the area of the triangle g6d. 
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Siiiiiiarlyj tJae maximum compressive force in ED occurs when the dis--' 
tributed load extends only over the portion ag of the span. In finding 
the maximum value oi S a due to a series of concentrated loads like a 
standard train, we proceed in a manner similar to that used in finding 
maximum shearing force in an intermediate panel of a ^ girder with floor 
beams (see page 128 ). 

The influence lines for vertical members of a truss will usually be con- 
structed in a manner similar to that discussed above for diagonal members. 



Fig. 203 . 


For example, if we require an influence line for the axial force S in the 
vertical bar DF of the truss in Fig. 203a, we make the section mn as shown 
and then, with G as a moment center, write equations of equilibrium for 
the left and right portions of the truss as P is successively to the right of 
I and to the left of D, This gives 

s=-^ and S = rJ-^, 
a a 

from which we conclude that the required influence line for /S will be 
obtained from the influence lines for and Ri modified as shown in 
Fig. 2031). 
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■ The above procedure is not applicable in the case of the middle \Trtieal 
HL To construct the influence line for axial force in this !:iar, we must 
consider the equilibrium of the joint H. Denoting by Si tln^ forec^ in HI 
and by S 2 the force in each of the ehord'members FH and HJ^ we see that 

= -- 2 S 2 COB a, (d) 

where a is tne angle that each chord member makes with the ^’ertical 
as shown. Thus the reciuired influence line for Si is obtained by niiilth 
plying by —2 cos a the ordinates of. an influence li:ne for S 2 as sliown .in. 
Fig. 203c. The influence line for S 2 in an upper chord ine.inber is con- 
structed in the manner already shown in Fig. 2026. 

Throughout the preceding discussions, we have assumed the live load 
to be transmitted to the joints of the lower chord of the truss. Let us 
consider now the case in which loads are transmitted to the joints of the 
upper chord. Repeating the previous reasoning regarding infiiieiice 
lines for chord members and diagonals, we shall find that such change in 
the application of live load does not alter the diagrams in Fig. 202. (3n 

the other hand, the influence lines for verticals as shown in Fig. 203 will 
be somewhat changed. Considering first the vertical I)F and making 
the section mn as before, we see that the ordinates of the line bi of the 
diagram in Fig. 2036 can still be used so long as the load P (now applied 
to the upper chord) is to the right of joint F. Thus this line can be 
extended to point /. In the same manner, yve find that the ordinates of 
the line ad can be used so long as the load P is to the left of joint E. 
Hence, the portion ae of this line also can be used. Then connecting the 
points e and/ as shown by the dotted line, we obtain the influence dia- 
gram aefb for the vertical DF when the live load is applied to the upper 
chord of the truss. We note flnall}' that changing the live-load applica- 
tion from the lower to the upper chord results only in replacing the line di 
by the line ef as shown. In the case of the middle vertical JJJ, we assume 
first that the load P acts at IL Then, from the equilibrium of this joint, 
we find 

Si = — 2^2 cos a — P, (e) 

Comparing this expression with expression (d), we conclude that, in the 
case of application of live load to the upper chord, we obtain the middle 
ordinate of the influence diagram for axial force in HI simply by sub- 
tracting unity from the corresponding ordinate of the diagram alb in 
Fig. 203c. In this manner, we obtain the point h as shown. Now if P 
is to the right of J or to the left of F, the condition of equilibrium of the 
joint H is represented by expression (d) instead of expression (c). Hence 
the portions a/ and 6/ of the diagram in Fig. 203c are still x^alid, and to 
complete the modified diagram we simply connect the points /, h and 
/, A as shown by dotted lines. 
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Tlie method -of virtual displacements can often be used to advantage 
in the construction of influence lines for truss members. Consider, for 
example, the truss shown in Fig, 204a, and assume that live load is trans- 
mitted to the joints of the lower chord. Then, to obtain the influence 
line for a member EF of this truss, we imagine this bar to be removed and 
its action on the remainder of the truss represented by two equal but 
opposite forces >Si as shown. In this way, we obtain a system with one 
degree of freedom, as represented by the possibility for relative rotation 
about joint D between the two shaded rigid portions. A virtual dis- 



Fig. 204. 


placement of this system can be defined by the line adb (Fig. 2046), the 
ordinates of which represent the vertical deflections of points on the 
lower chord corresponding to a small relative angular displacement 5$ 
between the two rigid portions. If y denotes the deflection of the point 
of application of the load P and A the shortening of the distance EF 
during the assumed virtual displacement, the equation of virtual work 
becomes 

;SiA+P2/ = 0, 

and we obtain 

We see from this expression that 8i is proportional to y, and hence the 
deflection line ad6 gives us the general shape of the required influence 
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diagram. To obtain the influence coefficients to .scale, we need only 
divide the ordinates y of this diagram by - A. To do t Ids, we* not e from 
the figure that for the portion hd of the line we cati wi'ile // = xa 5B,L 
and also that N = SB ■ hi. Hence, for positions of tlie loml P to the right 
of D, the influence coefficients are 

y _ xa 
A ~ hil 

In Fig. 204c, then, the corresponding portion h'd' of the true influence 
line for Si must have the ordinate a/hi when x = I as shown. In the 



same manner, we can show that for the left portion of the truss the line 
a'd' must have at V the ordinate h/hi. The same procedure can be used 
in constructing the influence line for any lower chord member. 

To obtain an influence line for the diagonal ED by the method of 
virtual displacements, we first replace this bar by forces S 2 as shown in 
Fig. 205a. Then a virtual displacement of the system can be defined 
by a relative angular displacement 55 between the two rigid shaded 
portions. This relative rotation must take place about the instantaneous 
center (? in such a manner that the supported points A and B of the truss 
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do not move vertically. To accomplish this, we assume first that the 
support at B is removed and rotate the entire truss as a rigid body about 
the hinge .4 . Small vertical displacements of the lower chord correspond- 
ing to this rotation are indicated in Fig. 2055 by the straight line abi, 
and we see that, while 5 goes to hi, the instantaneous center g goes to 
Now, keeping the left portion of the truss stationary, we rotate the right 
portion about gi by such an angle SO that point B comes back to its 
original position, i.e., in Fig. 2055, point 5i comes back to 5. The final 
configuration of the bottom chord then is represented by the line acdb 
as shown. Denoting by y the vertical displacement of the load P cor- 
responding to the assumed virtual displacement of the system, the equa- 
tion of virtual work becomes 


from which 


>§2 • A + Py = 0, 



(^) 


where A, as before, is the shortening of the distance ED corresponding to 
36. Again, we see that S 2 is proportional to y and conclude that the 
line acdb gives us the general shape of the required influence line for 0 S 2 . 
To get the influence coefiicients —y/ A to scale, we note from Fig. 2055 
that 

— ^ == c • 50 • y and A = 50 • h^. 


Hence, for the right portion of the truss, the influence coefficients are 

y __ X c 
A I h2 

and the corresponding portion Vd^ of the true influence line has, at x == ^, 
the ordinate c/h^ as shown in Fig. 205c. In the same manner, we 
conclude that the line a'c' must have at 5' the ordinate — (Z + c)//i 2 as 
shown. Comparing Fig. 205c with Fig. 202d, we see that the influence 
line obtained by the method of virtual displacements is identical with 
that previously obtained by the method of sections. 

. In the analysis of trusses, we often use influence diagrams only to 
find the most unfavorable positions of live load and then calculate the 
corresponding axial forces in the members without further reference to 
these diagrams. For such purpose, it is evident that we do not need the 
actual magnitudes of the influence coefficients but only the general shapes 
of the diagrams, which, as we have Just seen,%an be obtained very easily 
by the method of virtual displacements. 
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PROBLEMS 

131. (a) Assuming that live load is transmitted to the joints of the lower chord, 

construct influence diagrams for the mem.bers AE and AC of the truss in h'ig. 202 «. 
( 6 ) Fin,d the maximum force that can be induced in the bar CD of this truss, due to a 
uniformly distributed live load of intensity q = 1 kip per ft. (c) AHSurning a C'ooper’s 
A'-60, loading, find the maximum tensile force in. the diagonal ED of this truss. Assuiik? 
I =,120 ii.yJh = 18 ft., and c — 30 ft. An,?, (b) 66.7 kip. (cj 80.2 kip. 

132. Using the method of sections, construct influence diagrams for the axial forc*es 
Si, ^ 82 , and Ss in the truss shown in Fig. 114. Assume that the live load is tninsmitted 
to the joints of the upper chord. Flow must these diagrams Ik:* changed if tlie live 
load is applied to the lower chord? 

133. Using the method of virtual displacements and assuming the live lojid appli<*d 
to the joints of the upper chord of the truss in Fig. 206<z, we obtain, for the diagcmal 


P 



CD^ the influence diagram adfb shown in Fig. ‘2065. Following the same procedure, 
construct the influence diagram for axial force S 2 in the vertical bar DE. What is the 
maximum tension in CD due to a uniformly distributed live load of intensity g? 

134. Assuming that live load is transmitted to the joints of the lower chord, con- 
struct an influence diagram for the middle vertical of each of the simple trusses shown 
in Fig.'''118.', , ' 

135. Construct influence diagrams for /Si, 82 , and S3, in each of the simple trusses 
shown in Fig. 207. At those intersections where no joints are indicated, the bars are 
understood to pass each other freely. How will each of these diagrams be changed if 
the live load P is transmitted to the joints of the lower chord? 
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28. Influence Lines for Compound Trusses. — A compound truss with 
subdivided panels like that showm in Fig. 208a may be considered as 
consisting of a basic simple truss (Fig. 2085) on which are superposed 
several secondary trusses (Fig. 208c). In the analysis of such a system 
under dead load, we determine first the axial forces in the bars of the 
basic truss and then add algebraically the forces in the corresponding 
bars of the secondary truss (see Art. 16). The same procedure can be 
used in the construction of influence lines for the compound truss. We 
begin with the influence lines for the bars of a secondary truss as shown 
in Fig. 208c. These are shown, respectively, in Fig. 208d for the vertical 
member. Fig. 208c for the horizontal member, and Fig. 208/ for either 
inclined member. With these secondary diagrams, the influence diagram 
for any bar of the compound truss can easily be obtained. Consider, 
for example, the member CD. For the corresponding member of the 
basic truss (Fig. 2085) the influence diagram is represented by the tri- 
angle aiCi5i shown in Fig. 208^. Now on the ordinates of this diagram 
we must superpose the ordinates of the diagram in Fig. 208c. Since 
i tan ^ = ^d/hj this is accomplished simply by extending the line UiCi 
to point Cl and then connecting points Ci and di by a straight line as shown. 
The shaded figure aieidihi obtained in this way represents the required 
influence diagram for the member CD of the given compound truss. 

To obtain the influence diagram for the lower portion FD of a diagonal 
of the compound truss, we construct first the influence diagram a^c^d^h^ 
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(Fig.,,208A) for the coiTespoiiding diagonal of the f:iasic trusB. Then, 
on' the ordinates of this diagram, we superpose the ordinates of the 
secondary diagram iU' Fig. 208/ as 'shown. . In this way, we obtain the 
shaded; diagram a 2 C 2 d 2&2 (Fig... 208/i), the ordinates of whicli represent 
the required influence coefficients for the member FI) of the gi\*en com- 
pound truss. The upper portions of the diagonals as well as the verticals 


m 



and upper chord members of the compound truss will, of course, have the 
same influence lines as the corresponding members of the basic ti'uss. 
Thus in Fig. 208/q for e^xample, the- line' a 2 C 2 ^ 2 & 2 . niay be used as the. 
influence line for the me.mber GF of the compound, truss. ■ 

In the case , of a compound truss - like that in .Fig. 208a, the in.fi.uence 
diagrams in Figs. 208g and 208/i can also be constructed by. direct appliea-. 
tion of, the method, of sections as in the preceding article-. If the load P 
is to the right of joint D, we consider the equilibrium of that portion of 
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the truss to the left of the section mn (Fig. 208a) and find that the lines 
bidi and 62^2 must be the same as for the basic truss (Fig. 2086). Like- 
wisG; if the load P is to the left of joint E, we consider the equilibrium of 
that portion of the truss to the right of the section mn and find the lines 
aiCi and ^ 2^2 as shown. Then, to complete the constructions, it remains 



only to draw the straight lines eidi and 62^2 corresponding to positions 
of the load within the panel l&D. 

As a second example of a truss with subdivided panels, let us consider 
the compound truss shown in Fig. 209a, the corresponding basic system 
for which is shown in Fig. 2096. If it is desired to construct influence 
diagrams for various members within the portion Cl) jBF of this truss, 
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we have to consider first the. secondary frames CJD and CID sliown in 
Figs. 209c and 209cl, respectively. To obtain mflnein^e diagrams for the 
bars of these secondaiy frames, we assume that the Imid P a(*ts o!i the 
lower joints J and I as shown. Then the axial forces in a.li ineiiibc^rs are 
given hy the force diagram shown in Fig. 209e. From this tiiagrarn wo 
find 

Si = ,+ sec Sh = S 3 = ^ tan 

2 P P 

Si = + ^ P sec <i), S 5 = + -^ CSC 4>i, S% = - cot 4 >i.. 

Noting now that the secondary truss CJD (Fig. 209c) is inactive except 
when the live load is within the panels GH and IIF of the gi\'en corn pound 
truss, we conclude that the influence diagram for each bar of this second- 
ary truss is a simple isosceles triangle as shown in Fig. 209/ and tliat the 
maximum ordinate of this triangle, depending on which bar we are 
interested in, is given by the corresponding influence coefficient from one 
of expressions (a) above. For example, taking the height of this triangle 
equal to i sec we obtain the influence diagram for Si. Again, if the 

height is taken equal to — i tan 4>, we obtain the influence diagram for 

Ss, etc. In the same manner, we conclude that for each bar of the 
secondary truss CID (Fig. 209d), which is inactive except when live load 
is within the panels EG and GHj the influence diagram is also an isosceles 
triangle as shown and that the maximum ordinate is given by the cor- 
responding influence coefficient from one of expressions (a). 

We are now ready to consider the construction of an influence diagram 
for any member of the portion CDEF of the given compound truss. Let 
us take, first, the upper chord member CK. For the corresponding 
member of the basic truss (Fig. 2095), the influence diagram is repre- 
sented by the triangle a/5 in Fig. 209^. On the ordinates of this diagram 
we must now superpose the ordinates of the diagram for S3 (Fig. 209c) 
and the ordinates for S& (Fig. 209<i), since the member CK belongs to 
both secondary frames. The superposed diagram for Se is represented 
in Fig. 209^ by the triangle egh and we note from the figure that its height 
ggi = 2d/h = i cot <t>i, which agrees with the last of Eqs. (a). Like- 
wise, the diagram for S3 is represented by the triangle ghf^ for which the 
height hhi = d/h = -g- tan <t>. Finally, then, the ordinates of the dia- 
gram aegb represent the required influence coefficients for the bar CK 
of the, given compound truss. 

To construct the influence diagram for the middle portion IJ of the 
diagonal CF, we begin in Fig. 209/i with the diagram ae/5 for the cor- 
responding member of the basic truss. Then, on the ordinates of this 
diagram, we must superpose the ordinates of the diagram for Si of the 
secondary truss CJD shown in Fig. 209c. This diagram is the isosceles 
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triangle in Fig. 209/ with the maximum ■ ordinate i sec Hence; the 
required superposition is accomplished in Fig. 209/i by extending the 
line bf to h and connecting g and h by a straight line as shown. ; This 
follo^vs from- the fact that such construction makes hhi == f sec as 
can easily be seen from a study of the figure. Finally then; for we 
have the influence diagram aeghb. 



The influence diagram for the vertical FD of the given compound 
truss is shown in Fig. 209f. In this case the corresponding member of 
the basic truss is completely inactive for live load transmitted to the 
joints of the lower chord of the truss so that FD serves only as a support 
for the secondary frames. ThuS; putting the load P successively at 
Ej Gy Hy and F, we conclude that FD carries compressive forces equal to 
0, iPy iPy and 0, respectively; and that the corresponding influence 
coefficients are 0, — — f, and Q as shown. 

Influence diagrams for various members of the cantilever truss shown 
in Fig. 210a can be readily constructed by considering the compound 
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beam in Fig. 2106 as the corresponding basic system. Let us consider, 
for example, the influence diagram for the upper chord member <7D 
of this truss. Making a section wn as shown and writing an equation of 
moments with respect to the joint E, we conclude that for any position 
of the load P on the lower chord the axial force S in the bar CD is obtained 
by dividing by —A the corresponding bending moment at F' of the 
compound beam shown in Fig. 2106. Hence, the desired influence dia- 
gram for >S is obtained by dividing by h the ordinates of an influence dia- 
gram for bending moment at E' as shown in Fig. 210 c. Influence 
diagrams for members of the lower chord of the cantilever truss can be 
constructed in a similar manner. 

In the case of a diagonal member DE, the axial force aSi is obtained by 
using the same section mn and writing an equation of moments with 
respect to point G (Fig. 210a). If the load P is to the right of joint Jf, 
this equation gives 

and we see that the corresponding portion of the influence diagram for 
Si can be obtained by multiplying by — c//ii the ordinates of an influence 
line for the reaction Ra of the compound beam in Fig. 2106. This con- 
struction is represented by the line jlibh in Fig. 210d. If the load P 
is to the left of joint P, we consider the equilibrium of the portion of the 
truss to the right of the section mn and obtain 

= (c) 

Thus, in Fig. 210d, we obtain the portion ife of the required diagram by 
multiplying by {I + c)/hi the ordinates of an influence line for the 
reaction Rh of the compound beam in Fig. 2106. Finally, for positions 
of the load P within the panel EK, we draw the straight line cA, and the 
required influence diagram ifekhj for Si is completed. 

The influence diagram for the axial force S^ is shown in Fig. 210e, 
This diagram is obtained by dividing by 6-2 the ordinates of an influence 
line for bending moment at the support A' of the compound beam in 
Fig. 2106. 

As another example of a cantilever truss, let us consider the com- 
pound system shown in Fig. 211a. We see that the middle portion CP 
of this structure is supported at each end by two bars attached to the 
overhanging ends of the two cantilever portions. Such construction is 
equivalent to having hinged supports at the intersection points A and P. 
Hence, we conclude that in this case the corresponding basic system can 
be taken as the compound beam shown in Fig. 2116. Then, if the 

* For methods of constructing the influence diagram for bending moment in a 
compound beam, see Art. 23, p. 116. 
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influeace diagram for axial force Si in the bar Fil of the upper chord is 
required^ we make a section mn as shown and write an equation of 
inoiiients with respect to the hinge E, From this equation it can be 
concluded that the required influence diagram will be obtained by divid- 
ing by -“/ii the ordinates of an influence diagram for bending moment at 
E' of the compound beam in Fig. 2116. This construction is shown in 



Fig. 211 . 


Fig. 211c. If the influence diagram for axial force S 2 in the diagonal EF 
is required, we use the same section mn and write equations of moments 
with respect to point (Fig. 211a). When the load P is to the right of Hy 
this equation gives 

& - w 

while, when P is to the left of F, we obtain 



Rh{l c) 
6-2 


(^) 
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Thus, in Fig. 21ld, we obtain the portion ndh of the required diagram by 
multiplying by c/hi the ordinates of an influence line for the reaction 
of the compound beam in Fig. 2116. Similarly, the portion me/ of this 
diagram is obtained by multiplying by —{1 + c)/h^ the ordinates of an 
influence line for Bi of the compound beam. Finally, for positions of 
the load P within the panel FH, we complete the diagram by joining the 
established points / and hhy a. straight line as shown. It is left as an 
exercise for the student to show that the hnes cf and hd of this diagram 
intersect at point g corresponding to the moment center G above. 

PROBLEMS 

136. Construct influence diagrams for the axial forces Sij S 2 , and Ss in each of the 
compound trusses shown in Fig. 212. 



152 THEORY OF STRUCTURES [Chap. Ill, 

137. Construct influence diagrams for Si, S 2 , Ss, and Si of the' cantilever bridge 
shown in Fig- 117 (see page 68 ).. 

138. Construct influence diagrams for the axial forces /Si, /So, and /S 3 in each of the 
trusses with subdivided panels as shown in Fig. 213. 


P 



Fig. 213 . 

139. Assuming live load transmitted to the joints of the lower chord, construct 
influence diagrams for the vertical members of each of the complex trusses shown in 
Fig. 145 (see page 87). 

140. Construct influence diagrams for the axial forces Si, S 2 , S^, and /S 4 in the 
cantilever bridge shown in Fig. 214. The panel distance d is uniform throughout the 
structure as shown. 



Fig. 214 . 


29. Influence Lines for Three-hinged Arch Trusses.— In the case 
of a three-hinged arch under vertical load as shown in Fig. 215a, we note 
that the reactive forces at A and B differ from those for a simply sup- 
ported truss A B only by the presence of the horizontal thrust H. Hence, 
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we conclude that the axial force /S,- in any bar of the system can be 

obtained by superimposing on the axial force calculated as for a simply 



supported triisSj the additional axial force induced by the thrust action H, 
Thus, for the system in Fig. 215a, 

S^=$i + Hk 
111 

From these expressions, we see now that to obtain an influence diagram 
for the axial force Si in aiiy bar of the three-hinged arch, we need only 
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to construct tile corresponding grinfiuence line, as for a simply supported 
truss, and tlieii superimpose on it a certain modification of the fT-influence 
line shown in Fig. 2156.=* ** In Fig. 215c, for example, the line adb with 
negative ordinates is the influence line for the axial force gi in a simply 
supported truss, and ach is the influence line for H with all ordinates 
multiplied by fd/hi. The shaded areas obtained by superposition of 
these two diagrams represent the desired influence diagram for the axial 



force in the three-hinged arch. The influence diagrams for ;S 2 and 
Sz are obtained in a similar manner as shown in Figs. 215d and 215e, 
respectively. 

As a second example, let us consider the compound truss shown in 
Fig. 216a. In the construction of influence lines for the various bars of 
this system, we can proceed in the same manner as for the three-hinged 
arch in Fig. 216a. We begin with a consideration of the horizontal 
thrust H in the arch ADB, Making a section mn as shown and writing 
an equation of moments with respect to point C, we find that for any 

* See Art. 26 for the construction of the influence line for H and Art. 27 for the 

construction of influence lines for simply supported trusses. 
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position of the load P to the right of C the horizontal thrust (numerically 
equal to the horizontal projection of Si) is 

H = (a) 

Likewise, when the load P is to the left of C, we obtain 

H = ( 6 ) 

Thus the influence line for H is obtained from the influence lines for Ra 
and p 6 , modified as shown in Fig. 2166. Knowing H, we can readily 
find the corresponding forces ^i, > 82 , . . . in the bars of the arch and also 
the forces Fi, 72 , ... in the vertical hangers. A graphical deter- 
mination of these forces is shown in Fig. 216c, and we conclude that the 
corresponding influence lines will be obtained from the il-influence line 
simply by multiplying its ordinates in each case by a proper factor. 
In the case of Sz, for example, the proper factor, obtained from Fig. 216c, 
is —Sz/H. The negative sign simply indicates that Si is a compressive 
force. Likewise, for the vertical V 2 the proper factor is +V 2 /HJ etc. 

Let us consider now the axial force /S in a lower chord member of the 
simple truss AC, Making a section miUi as shown and writing equations 
of moments with respect to the joint P, we find, for positions of the 
load P to the right of P, that 

while, for positions of P to the left of P, 

From these expressions, we conclude that 

s-a-af. 

where, as before, § is the axial force as for a simply supported truss AB, 
Accordingly, in Fig. 216d, we obtain the required influence diagram for /S 
by constructing first the influence line aeh as for a simply supported truss 
and then superimposing the P-influence line with ordinates multiplied 
by “-/ 2 A as shown. Influence diagrams for other members of the 
system can be obtained in a similar manner. 
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Iiifliieiice lines for three-hinged arches can also be constructed by the 
iiietiiod of virtual displacements. Consider, for example, the arch in 
Fig. 217a, and suppose that an influence line for the axial force Si in a 
bar of the upper chord, is required. Then, to apply the method of virtual 
displacements, we remove this bar and represent its action on the rest of 
the structure by two equal but opposite forces, as shown. In this way, 
we obtain a movable system consisting of the three rigid shaded portions 


P 



hinged together at D and C and to the supports at A and B. Such a 
system has one degree of freedom, and a virtual displacement can be 
defined by giving to the portion AD a small angle of rotation ddi about 
the hinge A. Under such rotation, any point M at the distance r from 
A suffei’s a linear displacement r Bdi perpendicular to A Af, and the ver- 
tical component of this displacement is r' ddi. Thus vertical displace- 
ments of all points in this portion of the system are proportional to their 
horizontal distances from A and are represented by the ordinates of the 
line ad in Fig. 2175. Now, let us consider displacements of points within 
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the portion DC of the system. During the assumed virtual displacement, 
as defined by Wi, this part of the arch rotates about its instantaneous 
center 0 obtained as the intersection of the lines 4 D and DC as shown. 
Thus the point 0 remains stationary, and vertical displacements of other 
points within DC are proportional to their horizontal distances from 0 
as represented by ordinates of the straight line doc in Fig. 2176. Finally, 
since BC rotates about the fixed hinge D, Ave obtain vertical displace- 
ments of points within this portion of the arch by drawing the straight 
line c6 in Fig. 2176. Ordinates y of this diagram, considered positive 
downward, now represent vertical displacements of all points of the 
system corresponding to the assumed virtual displacement. Also, the 
angle 50, as sh-OAvn between ad and dc, represents the decrease in the angle 
EDFj and we^.see that the correvsponding decrease in the distance EF is 
hidS, Thus the equation of virtual work becomes 


from which 


Sihidd -h Py = 0, 


Si — 


Py 

hide 


(e) 


Noting that Di is proportional to y, we conclude that the diagram adch 
in Fig. 2175 gives us the general shape of the I'equired influence diagram 
for Si, from which we can always decide the question of most unfavorable 
position of live load without consideration of verticail scale. If numerical 
values of the influence coefficients are required, we must divide each 
ordinate of the diagram in Fig. 2176 by the constant factor —6i50 
[see Eq. (e)]. To do this, we note from Fig. 2176 that oo' = c 66. 
Hence the corresponding diagram in Fig. 217c for which 


OiOi = 


c 50 _ c 

hidd hi 


gives the influence coefficients to scale. It is left as an exercise for the 
student to show that the ordinates of this diagram are identical with 
those of the diagram obtained in Fig. 215c by another method. t 

Referring to Fig. 218a, we shall now consider the construction of an 
influence diagram for the axial force S% in a diagonal of the three-hinged 
arch by the method of virtual displacements. Removing this diagonal 
and representing its action on the remainder of the arch by two equal 
but opposite forces D 2 , we obtain a movable system with one degree of 
freedom and consisting of three rigid shaded portions interconnected 
between themselves and the foundation as shown. The connections at 
A, B, and (7 are simple hinges, while the bars EF and HD, which con- 
nect the rigid portions AD and FD, are equivalent to a hinge at D obtained 
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as the intersection of their axes. Hence, in our further discussion, we 
shall consider point <? as a hinge common to both the parts AE and FC 
of the system. Thus it follows that the instantaneous center for the 
middle portion of the system is obtained by extending the lines AG and 
BC to their intersection 0. Keeping these points in mind, we may now 
define a virtual displacement of the entire system by giving to the portion 


P 



Fig. 218. 


AE a small angle of rotation 50i about the fixed hinge A. Corresponding 
vertical displacements of points within this portion will then be pro- 
portional to their horizontal distances from A and can be represented by 
the ordinates of the line ae in Fig. 2186. Prolonging this line to point g, 
we obtain the vertical displacement g'g ot the imaginary hinge G. Since 
this hinge belongs also to the middle portion FC of the system and since 
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the point 0 of this portion remains stationary, the straight line gof in 
Eig. 2186 will give the vertical displacements of points between E and G, 
Extending this line to point c and then connecting points c and 6 by a 
straight line as shown, we obtain vertical displacements for all points 
between and B, Finally, connecting the established points e and /, 
we obtain the complete diagram aefcb defining vertical displacements of 
all points corresponding to the assumed virtual displacement bdi. Also, 
the angle dd between the lines ag and /c represents the relative rotation 
between the portions AE and FC of the system. Corresponding to this 
relative rotation, the distance ED is diminished by the amount so 
that the equation of virtual work for the system becomes 

S 2 h 2 he + Py = 0, 


from which 



(/) 


Again we note that, for any position of the load P on the structure, the 
axial force is proportional to the corresponding ordinate y of the dia- 
gram aefcb in Fig. 2186. Hence this diagram gives the general shape of the 
required influence diagram for > 82 . To obtain the influence coefficients 
—y/h 2^6 to scale, we note from the figure that the ordinate 00 ' = d 66 . 
Thus, in Fig. 218c, we make the ordinate oiof = —d 66 / 1 x 266 = '—d/h 2 
as shown; and then, magnifying all other ordinates in the same propor- 
tion, we obtain the true influence diagram aieifiCibi for 82 ^ By geo- 
metrical considerations, it can readily be shown that the ordinates of 
this diagram are identical with those of the diagram in Fig. 215d. 

As a last example, let us consider the complex truss shown in Fig. 
219a. This statically determinate system is obtained from a simply 
supported simple truss ABhj removing the bar EF from the truss proper 
and substituting an additional external constraint as represented by the 
support at C. As we have already seen in Art. 19, the method of virtual 
displacements is helpful in the analysis of such a system, since, in the 
calculation of reactions, the ordinary methods of statics do not apply. 
The same observation holds in the construction of influence lines for 
complex systems. Let us begin, then, with an influence line for the 
reaction at C. Replacing the external constraint here by a vertical 
force Pc as shown, we obtain a movable system with one degree of 
freedom. This system consists of the two rigid shaded portions of the 
truss, which are connected between themselves by a hinge D and to the 
foundation by a fixed hinge at P and a rolling hinge at A. To this sys- 
tem, the joint C is attached by two bars EC and FC as shown. Defining 
a virtual displacement of the system by a small angle of relative rotation 
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35 between the two rigid units AD and BD, we conclude that points along 
the upper chord will have vertical displacements as represented by the 
ordinates y of the line adb in Fig. 2195, the middle ordinate being I 86. 
At the same time, the vertical diagonal DC of the rhombus DEFC 
diminishes by the amount (d/2)8e, since the sum of its interior angles 
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from which 


Rc = 


Py 


(I - d/2)se 


(?) 


From this expression, we conclude that the influence coefficients for R^. 
are obtained by dividing the ordinates y of the line adb in Fig. 2195 
by the constant factor (I — d/2)Sd. Thus the middle ordinate of the 

I 86 I 

influence line for Rc must have the magnitude 7 ^ 7 7 ^ 7 -" = j -. — 

Cl/ Jij ou {It ’ u/ ju) 


as shown in Fig. 219c. 

Knowing the magnitude of Rcj we can I’eadily find, by ordinary 
methods of statics, the other reactions as well as the axial force Si in 
any bar of the system. The reaction at A, for example, is 


= § - 5 Rc (h) 

Hence, to obtain an influence diagram for Ba (Fig. 2I9(i) we construct 
first the line b 2 a 2 as for a simply supported truss AB. Then from the 
positive ordinates of this line we must subtract the corresponding 
ordinates of the i 2 c-influence line multiplied by the constant factor i. 
In this way we obtain the influence diagram for Ba as represented by 
the shaded areas in Fig. 219d. Likewise, for the axial force >Si in the bar 
JK, we begin in Fig. 219c with the influence line ajhb as for a simply 
supported truss AB and then superimpose the i?p-influence line with all 
ordinates multiplied by the factor —cl2hi. This follows from the fact 
that 

s. = S. - g, (i) 


where §1 is the axial force in the member JK of a simply supported truss 
AB, The same procedure can be used in the construction of influence 
diagrams for other members of the system. In each case we first con- 
struct the gi-influence line as for a simply supported truss AB and then 
superpose on it a certain modification of the i^c-influence line in Fig. 219c. 
Thus the reaction Rc of the complex system in Fig. 219a is analogous to 
the thrust H in a three-hinged arch (see influence diagrams in Fig. 215). 

PROBLEMS 

141. Referring to Fig. 215, find the maximum horizontal thrust H that can be 

produced in the arch by a uniformly distributed live load of intensity g = 1 kip per ft. 
Assume i = 120 ft. and / = 20 ft. What maximum thrust can occur in the same 
arch under the action of a standard train? Ans. 90 kip, 344.5 kip. 

142. Construct an influence diagram for the vertical of the three-hinged arch 

shown in Fig. 215a. What maximum compressive force can be induced in this 
member by a uniform live load of intensity q - ^ kip per ft.? Assume Z - 120 ft,, 
/ = 20 ft,, = 30 ft,, and tan a = L Ans, 54,7 kip. 
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143® Construct influence diagrams for 'the axial forces Si^ S 2 , and S 3 in the struc- 
ture shown in Fig. 220. 


P 



Hint: Construct first the influence lines for Si, S2, and S3 as in a cantilever truss 
(see Art. 28), and then modify for the effect of the horizontal thrust H as was done in 
Fig. 215c. 

144. (fl) Construct influence diagrams for axial forces in the bars JH and HK of 
the complex truss shown in Fig. 219a. Assume that the triangle JHK is equilateral. 
(b) HI — 120 ft. and d = 15 ft,, what is the maximum uphft that can be produced 
on the support at A by a standard train (Cooper^s ^-60) ? 

146. Construct the influence diagram for axial force in the bar EF of the structure 
shown in Fig. 216a. Assuming I — 250 ft., / = 50 ft., and h — 12.5 ft., find the 
maximum compression S in the bar FG of this structure under the action of a uniformly 
distributed live load of intensity g = 1 kip per ft. The vertical hangers are evenly 
spaced, and the joints of the arch ADB he on a parabola with vertical axis and vertex 
at H. 



CHAPTER IV 

STATICALLY DETERMINATE SPACE STRUCTURES 


30. Concurrent Forces in Space. — If several forces in space have the 
same point of application, they can always be reduced to a single resultant 
force by using the principle of the parallelogram of forces as discussed in 
Art. 1. Consider, for example, the three concurrent forces Fi, F2, and F3, 
represented by the vectors OA, OB and OD in Fig. 221a. Considering,, 
first, only the vectors OA and OB and using the principle of the parallelo- 
gram of forces, we find their resultant OC as shown. Now taking this 
partial resultant together with the remaining force Fz and again applying 
the principle of the parallelogram of forces, we find their resultant as 
represented by the diagonal OE oi the parallelogram ODBC. Obviously, 
this force OF, which we denote by R, is the resultant of the three given 
forces; and we note that it is obtained as 
the diagonal of the parallelepiped formed 
on the three given vectors. The same 
resultant R can also be obtained as the 
closing side O'E' of the space polygon of 
forces O'A^C^E' shown in Fig. 2216. This 
follows from the fact that the space figure 
O'A'C'E' is identical with the space figure 
OACE in Fig. 221a. Since the construc- 
tions shown in Fig. 221 can readily be 
extended to any number of concurrent 
forces in space, we conclude that the resultant of such a system can 
always be obtained as the geometric sum of the given forces and that 
its line of action will always act through the point of concurrence of the 
given forces. 

It may be noted here that if a system of concurrent forces in space 
(Fig. 221a) and the corresponding space polygon of forces (Fig. 2216) 
are orthogonally projected onto any plane, we obtain in the plane of 
projection a polygon of forces the sides of which are equal to the cor- 
responding projections of the given forces. From this fact, we conclude 
that any projection of the resultant of the given forces is identical with 
the resultant of the corresponding projections of the forces themselves. 
In the particular case where the given system of forces in space is in 
equilibrium, it follows that their orthogonal projections on any plane will 
represent a coplanar system of forces in equilibrium. As we shall see 

’ 163 . 




[Chap. IV 


164 ■ THEORY OF STRUCTURES 

' later, this observation can often be used to advantage in dealing with 
eqiiiiibriiim of space systems. 

From the foregoing discussion, we can conclude at once that the 
projection on any axis of a resultant of several concurrent forces in space 
will be equal to the algebraic sum of the projections of the given forces 
on the same axis. From this it follows that, if the given forces are in 
equilibrium, the algebraic sums of their projections on mutually ortho- 
gonal axes Xj y, and s must vanish. Thus we arrive at the well-known 
equations of equilibrium 

= (8) 

where X,:, F^, and Zi are the orthogonal projections of any force Fi 
and the summations are understood to include ail forces in the system. 

On the basis of Eqs. (8) several general observations can be made 
that will prove useful in later discussions. (1) Three concurrent forces 
that do not lie in one plane cannot be in equilibrium unless ail three forces 
are ^ero. To prove this statement, consider the three forces in Fig. 221a, 
and equate to zero the algebraic sum of their projections on an axis normal 
to the plane AOB, Then since Fs is the only force that has such a 
projection different from zero, we conclude that Fz = 0. In the same 
way, by successively projecting the forces onto axes that are normal, 
respectively, to’ the planes AOD and BOD, we conclude that F 2 = 0 
and that Fi = 0. (2) If two of four concurrent forces, that are not all 

in one plane are collinear, equilibrium can exist only if the other two forces 
are zero. The two collinear forces, of course, must be equal in magnitude 
and opposite in direction. This statement may be proved by projecting 
the system onto a plane normal to the line of action of the two collinear 
forces. Then in this plane of projection there are only two forces that 
are not collinear, and two such forces cannot be in equilibrium unless 
they are both zero. (3) If all but one of any number of concurrent 
forces in space are coplanar, equilibrium can exist only if this odd force 
is zero. This is proved by equating to zero the algebraic sum of the 
projection of all forces on an axis normal to the coplanar forces. (4) If 
the known lines of action of all but two of any number of concurrent 
forces in equilibrium are coplanar and the magnitude of one of these two 
is known, the magnitude of the other can always be found by projecting 
all forces onto an axis normal to the coplanar forces. 

In dealing with space systems, the notion of moment of a force with 
respect to an axis is often useful. To obtain the moment of a force Fi 
with respect to an axis ^ (Fig. 222), we first project the force onto a plane 
MN that is normal to the axis ^ and then take the moment of this projec- 
tion F' with respect to the point 0 where the axis pierces the plane. 
This moment of the projection F' with respect to the point 0 is equal to 
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the doubled area of the triangle A, 'Oj5' and is considered positive when 

directed as shown in the figure. From this definition of moment of a 

force with respect to an axis, we see that the moment vanishes if the 

force is parallel to the axis or intersects it. We see also that, if any system 

of concurrent forces in space is in 

equilibrium, the algebraic sum of their z 

moments with respect to any axis B ! 

must be zero, since, by the theorem of j \ JV 

moments,^ the algebraic sum of mo- ^ 

ments of the given forces is equal to 

the corresponding moment of their 

resultant and, when the forces are in 

equilibrium, the resultant vanishes. 

Let us now turn our attention for 229 

a moment to the purely geometrical 

question of the complete constraint of a point in space. Referring to 
Fig. 223a, we see that the attachment of a point 0 to a rigid foundation 
by means of two bars OA and OB serves only to establish constraint of 
the point in the plane AOB of the bars and that there remains the possi- 
bility of rotation of this plane about the axis AB. To remove this 
Q O possibility of rotation, a third bar 

A. /\\ 

/ AOB of the other two is 

/ necessar}^ If all three bars by 

/ / \ which the point 0 is attached to the 

\.£ foundation lie in one plane, com- 
" (b) plete constraint is not realized. In 

the case represented in Fig. 223c, 
O ? for example, the ends d., C, and B 

/j\. / of the three bars all lie on one axis, 

/ 1 and there is the same unlimited 

/ freedom of rotation about this axis 

/ y / . . , 

/• ] as in the case represented m Fig. 

^ 223a. Again, in the case shown in 

Fig. 223 . Fig. 223d, it is evident that con- 

siderable movement of point 0 in the direction normal to the plane 
ABC of the bars can take place without appreciable changes in the lengths 
of the bars. Thus, in this case, also, we have unsatisfactory constraint 
of the point 0 in space. From this discussion, we can conclude that 
complete and satisfactory constraint of a point in space can always be 
realized by attaching it to a foundation by three bars the axes of which 
do not lie in one plane. 

ySee authors’ “Engineering Mechanics,” 2d ed., p. 168. 
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Let lis assume now that an external load P is applied to the completely 
constrained point 0 in Fig. 224. Under the action of this load, axial 
forces will be induced in the three supporting bars, and accordingly each 
bar will exert on the joint 0 a reaction Si directed along the axis of the 
bar and representing in magnitude the corresponding axial force. Thus 
at 0 we have a system of four concurrent forces that are in equilibrium; 

and since all lines of action are given, we see that 
the only unknown elements in the system are the 
magnitudes Si, ^ 2 , and Sz. Hence, regardless of 
the magnitude or direction of the applied load P, 
the corresponding magnitudes of the three reac- 
tions can always be found by using Eqs. (8). For 
this reason the system is said to be statically deter- 
minate, If the point 0 is attached to the founda- 
tion by more than three bars, i.e,, if there are 
redundant supports, the three necessary and sufS- 
cient conditions of equilibrium represented by Eqs. (8) will be insufS- 
cient to determine the unknown elements and the system is said to be 
statically indeterminate. If there are fewer than three supporting bars or 
three bars in one plane, the system is nonrigid and will not remain in 
equilibrium under the action of an applied load P that does not coincide 
with the plane of the bars. 

Confining our attention to statically determinate systems, we shall 
now consider various practicable methods of application of the condi- 
tions of equilibrium represented by 
Eqs. (8). As a first example, we take 
the simple space structure shown in 
Fig. 225. This system consists of a 
strut AO hinged at 0 to a vertical wall 
MN and supported at A by guy wires 
AB and AC as shown. Under the 
action of a vertical load P at A, the 
analysis of this system can be made 
without dijSEiculty by direct application 
of Eqs. (8). We begin with a free-body 
diagram of point A, which is acted 
upon by the load P, and the three reactions Si, S 2 , and Sz, repre- 
senting the axial forces in the bars. We intentionally assume each 
of these unknown reactions to be directed away from the joint so that 
in our final results plus signs will indicate tension and minus signs com- 
pression. Equating to zero the algebraic sum of the projections of all 
forces at A on each of the orthogonal axes rr, and directed as shown 
in the figure, Eqs. (8) become, respectively, 
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— i%Ss = 0 , 1 

— P + i^/Sa = 0, I (a) 

*- AS 2 = 0, J 

from wMch we find Si = -7.20P; S 2 = +4.33P; Sz = +3.47P. The 
negative sign for Si indicates that the strut is under compression while the 
guy wires each carry tension. 

The same results can be found in another way by using the notion of 
moment of force with respect to an axis. For example, if we equate to 
zero the algebraic sum of moments of all forces with respect to the 0 -axis, 
we obtain , 

-P- 12 + A>S2* 12 - 0, 

from which, as before, we find S 2 = +4.33P. 



Sometimes the analysis of a space structure can be handled to advan- 
tage by working with one or more plane projections of the given system. 
Consider, for example, the simple space system shown in Fig. 226a. We 
recall that, in general, if a system of concurrent forces in space is in 
equilibrium, their projections on any plane will also be in equilibrium. 
This idea can be used to advantage in the present case. Projecting onto 
the vertical plane AEB, we obtain the coplanar system shown in Fig. 
2265, the analysis of which is indicated by the accompanying triangle of 
forces eba. From this triangle, the compressive force in the strut is 
seen to be Si = fP. In the same way, by projecting the system onto 
the horizontal plane ACD (Fig. 226c) and using the previously deter- 
mined value of Sij the horizontal projection of which is equal but opposite 
to the force ps' in Fig. 2265, we find the tensions in the two guy wires to 
be;S2 = .722P. 

In dealing with a system of concurrent forces in space, we may often 
encounter difficulty in determining analytically the projections or 
moments of the forces with respect to various axes. In such cases, a 
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semigrapliical procedure may' be. helpful. " By way of illustration, let us 
consider the analysis of the system shown in Fig. 227. This structure 
consists of three bars OA, OB, and OC, of lengths h, h, and Js, respec- 
tively, that are attached to a hori- 
zontal foundation at points ri, B, and 
C and joined together at 0. Such a 
structure will be completely defined 
by two projections, one on a verti- 
cal plane (Fig. 227a) and one on the 
horizontal plane (Fig. 2276). Like- 
wise, the load P is defined both in 
magnitude and in direction by its 
corresponding projections P' and P". 
We begin with a determination of 
the axial force Si in the bar OA, At 
point A, let this force be resolved into 
horizontal and vertical components 
Hi and Vi; and at point D, where 
the line of action of P pierces the 
foundation plane, let P be resolved 
into horizontal and vertical com- 
ponents H and V. Then, equating 
to zero the algebraic sum of moments of all forces with respect to the 
axis PC, we obtain 

Viei - Fc = 0. (6) 

Now denoting by A the elevation of point 0 above the foundation plane 
and by Z the distance OD that can be found from its two projections 
O'D' and 0^'D", we have 

Yi = Si -r and V = P-r 

Substituting these values in Eq. (b), we obtain Si = P ■ e/ei - h/l. 
The lengths e and ei can be scaled directly from the figure, and the axial 
force (Si is determined. By a similar procedure, the forces S 2 and S 3 
can be found. 

If preferred, any system like that in Fig. 227 can be handled in a 
completely graphical manner. Suppose, for example, that we desire 
the axial forces induced in the bars 01, 02, and 03, of the system repre- 
sented in Fig. 228. Such a problem can be solved graphically by resolving 
the given load P, defined by its orthogonal projections P' and P", into 
three space components coinciding with the axes of the three bars. Thht 


P' 
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the axial force in each bar will then be that induced by the corresponding 
component of P follows from the fact that the resultant of the three 
reactions exerted on the joint 0 by the bars must be the equilibrant of P. 
We begin with a determination of the line of intersection of the plane 
defined by the bar 01 and P with the plane defined by the bars 02 and 
03. One point on this line of intersection is obviously point 0. Another 
point on the same line is the point n obtained by using the intersection of 
the lines P'4'^ and 2"3" in the horizontal projection. With the points 0 
and n, the required line of intersection is completely defined by its pro- 
jections O'n' and We next resolve the load P into two components, 

one along the axis of the bar 01 and one along the line On, the projections 



Fig. 228 . 


of which we have just found. The triangles of forces a'b'c' and 
represent the vertical and horizontal projections, respectively, of the 
corresponding triangle of forces abc in space. The side ah of this triangle 
gives the component of P that acts along 01 and the side be, the compo- 
nent that acts along On. Finally, since the line On is in the plane 023, 
this latter component of P can be resolved into two components bd and 
dc that act, respectively, along the axes of the bars 03 and 02 as shown. 
With the orthogonal projections a'h', Vd', d'c[, and of'V\ Vd^', d"d' oi 
the three components of P, the components themselves can be obtained 
without difficulty. As already mentioned, the axial forces in the bars 
can be found directly from these components. We see that in this case 
the bar 01 wDl be in tension, while the bars 02 and 03 are in compression. 
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PROBLEMS 

146. Three bars of equal lengths I are joined together at A and supported at B, C, 
and D, as shown in Fig. 229. Find the axial force induced in each bar due to a vertical 
load P at A, if ' OP - OC - OP = - 

Ans. Si - -2P/S, ^2 = --2P/3, /Sfs = +P/3. 



147. The legs of a tripod are of equal lengths I and are supported at points A, P, 

and C, which form an equilateral triangle with sides of length I in a horizontal plane. 
Find the compressive force S induced in each leg by a vertical load P applied at the 
apex of the tripod. Ans. S = 

148. Assuming that the legs of the tripod in Prob. 147 are supported on a friction- 

less horizontal plane and that they are prevented from spreading by a string A PC, find 
the tension induced in this string. Ans. S = +P/3 ■\/6. 

149. Determine the axial forces Pi, S^, and Sz in the bars of the space system 
arranged and loaded as shown in Fig, 230. Note that the distances 0"P'' and O'' A” 
in, the horizontal projection are equal. 
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150. How will the axial forces Si, S 2 , and Sz in Fig. 230 be changed if the load P is 
vertical instead of horizontal as shown? 

[ : 31. : Trusses.,: Method of Joints. — A system of bars in 

space, joined together at their ends in such a way as to form a rigid space 
structure is called a space truss. Many kinds of engineering structures 
such as steel-mill buildings, transmission-line towers, and cranes are of 
such construction. In the fabrication of these structures, it is common 
practice to make the connections at the joints either by riveting or weld- 
ing. Of course, the rigidity of this type of connection is bound to inter- 
fere to some extent with the free adjustment 
of the system to applied loads so that some 
secondary bending of the bars will be in- 
duced. However, in most practical cases, 
the presence of such secondary bending does 
not materially influence the primary action 
of the structure, and the axial forces can 
usually be calculated with good accuracy by 
ignoring the effect of the rigidity of the 
joints.^ Thus we generally assume that the 
bars are connected at their ends by ideal spherical hinges even though such 
connections can never be realized in practice. In our further discussion 
here, we shall always assume such hinges. 

By way of establishing a criterion of rigidity for space trusses with 
ideal spherical hinges, we recall that the complete constraint of a point in 
space requires its attachment to a foundation by three bars the axes of 
which are not in one plane. With this notion of complete constraint of 
one point in space, we can easily establish a method of assembling a 
system of bars in space so as to form a rigid structure. Referring to 
Fig. 231, we begin with three bars AE, BE, and Ci/ by which the joint E 
is rigidly attached to a foundation ABCD. With the joint E completely 
constrained in space, it follows that by the three bars EF, DF, and AF 
the joint F is completely constrained in space. E and F now being fixed 
points like A, B, C, and D, we conclude that the joint G can be rigidly 
connected to the rest of the structure by the three bars EG, FG, and C(j. 
Since this procedure may be carried on indefinitely, we may state the 
following rule: A rigid space truss can always he formed by attaching the 
first joint to a foundation by means of three bars that do not lie in one plane 
and establishing each additional joint thereafter by three more bars that do 
not lie in one plane. Those three bars by which any joint after the first 

1 In some cases, the presence of secondary bending in a space structure may greatly 
affect its behavior under load and it becomes necessary to consider this effect in detail. 
Several such examples are discussed by A. Foppl in his book, ‘Worlesungen liber 
technische Mechanik,^’ vol. II, p. 276, 1912. 
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is attached to the existing structure msiy be joined either to the foundation 
or to previously established j oints. . Any space system , formed in accord- 
ance with this rule is called a simple space truss. Several examples of 
such space trusses are shown in Fig. 232. In each case the joints have 
been set up in alphabetical order, the first joint being attached to the 
foundation by three bars not in one plane and succeeding joints being 
attached to the existing structure in the same manner. It should be 
noted that in general the rigidity of such structures is not independent of 
their connection to the foundation. That is, none of the systems shown 
in Fig. 232 will represent a rigid body if disconnected from the foundation 
points A', £', C', . . . . 

Suppose now that any one of the space trusses in Fig. 232 is subjected 
to the action of several applied loads. Under the influence of these 


D Mr DC 



external forces, internal forces will be induced in the various bars, and 
the determination of these internal forces constitutes the analysis of the 
truss. In dealing wdth such problems, we make the same idealizing 
assumptions that we did for plane trusses, namely: (1) the bars them- 
selves are weightless, (2) they are connected at their ends by ideal hinges, 
and (3) external forces are applied only at the joints. On the basis of 
these assumptions, it follows that each bar will suffer only simple tension 
or compression without bending, and thus the equal but opposite reac- 
tions that it exerts on the joints at its two ends wall be directed along the 
axis of the bar. We have then at each joint a system of concurrent 
forces in space, the lines of action of which are known and to which the 
three conditions of equilibrium represented by Eqs. (8) can be applied 
directly. 

The analysis of space trusses by which we appl3v successively to each 
joint the conditions of equilibrium represented by Eqs. (8) is called the 
method of joints. To illustrate, let us consider the analysis of the space 
system arranged and loaded as shown . in Fig. 233. Beginning with the 
joint D and denoting by ;Si, >82, and respectively, the axial forces in 
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the bars 1, 2, and 3, we see that these three forces can be evaluated 
without difficulty by one of the methods discussed in the preceding article: 
Assuming then that Si, S 2 , and Sz have been determined, we find at 
the joint (7 only three unknowns, namety, S 4 , 85 ^ and and these three 
magnitudes can be found without difficulty. 

When this has been done, there will remain 
only three unknown forces at B, and the 
equilibrium of this joint can be considered 
next. Finally, we may proceed to the joint 
A, where all forces except Sn, and ;Si 2 
will be known, and when these are found 
the analysis of the truss is completed. 

In general, we see that to be successful 
with the method of joints we must, at the 
beginning, find at least one joint of the 
truss to which only three bars not in one 
plane are attached. Then, when the forces 
in these three bars have been determined, 
there must be another joint wffiere only 
three unknowns will be encountered, etc., 
until the analysis is completed. Recalling the method of formation of a 
simple space truss where each joint is attached to the existing portion of 
the structure by three bars not in one plane, we see that the method of 
joints must always be applicable to such trusses. It is necessary only to 
begin the analysis with the last joint added to the structure and then 
consider the joints successively in the reverse order from which they were 

set up. By such procedure we encounter 
only three unknowns at each new joint, and 
the analysis proceeds wdthout difficulty. 

As a preliminary step in the analysis of 
any space truss, we can often simplify the 
problem by examining the system for 
inactive members, i.e., bars, which, under a 
given condition of loading, do not carry 
either tension or compression. Consider, 
for example, the space truss constructed 
and loaded as showm in Fig. 234. Begin- 
ning with the joint G, we see that there is no external load here, and only 
three bars not in one plane. Hence the axial forces in these three bars 
must all be zero since, as we have already pointed out, three concurrent 
forces can be in equilibrium only if they are coplanar. The same reason- 
ing may be applied to the joint H, Then, since no foi*ces are exerted on 
the joint F by the bars HF and GF, we conclude that the three remaining 
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bars DF, BF, and CF must also be inactive since they are three bars not 
in one plane and since no external force acts at F. Thus the inactive 
bars (represented in the figure by fine lines) can be removed, leaving, 
for further analysis, only that portion of the structure represented by 
heavy lines. 

In Fig. 235 we have another example of a simple space truss in which 
several of the bars are inactive for the particular case of loading shown. 
p In this case we do not begin the analysis at 

once with a consideration of the joint F to 
which only three bars are attached. In- 
stead, let us consider the joint B at which 
there is no external load and four bars, three 
of which are in one plane. From this fact 
it follows that the bar AB must be inactive. 
Similar reasoning with respect to the joints 
C, D, and F, leads us to conclude that the 
^ bars BCj CD, and DE also are inactive. 
Let us imagine, then, that these inactive bars 
AB, BC, CD, and DE are removed from the 
Fig, 235 . structure. As soon as this is done, we see that 

at each of the joints B, C, and D there remain only tw^o bars which are 
not collinear. From this we conclude that the bars BB', BC', CC', CD', 
DD', and DE^ are also inactive since two forces can be in equilibrium 
only if they are collinear in action. Finally, then, if all inactive bars 
(represented by fine lines) are removed from the system, w^e have for 
further analysis only that portion of the truss 
represented by heavy lines. 

We have already noted that the rigidity of such 
simple space trusses as those in Fig. 232 is not 
independent of their attachment to a foundation. 

Sometimes, as in the case of a dirigible, it is desir- 
able to have a rigid space structure independent of A 
any foundation. To assemble a system of bars in 
space so as to form a self-contained rigid frame- 
work independent of any foundation, we can 
proceed as follows: Beginning with three bars 
in the form of a triangle ABC (Fig. 236), we attach to these a fourth 
joint D by means of the three bars AD, BD, and CD that do not lie in 
one plane. In this way w’^e obtain a rigid tetrahedron that cannot be 
distorted by any system of external forces applied to its joints,^ This 
tetrahedron represents the simplest form in which a system of bars in 

^ We neglect, of course, any slight change in shape that accompanies the small 
elastic deformations of the bars under axial load. 
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space can be interconnected to make a self-contained rigid body. Any 
such tetrahedron can readily be extended by attaching new joints to the 
existing system, each by means of three bars the axes of which do not 
lie in one plane. Several examples of more extended forms are shown in 
Fig. 237 ; such systems also are called simple space trusses. In each case 
we begin with a triangle ABC and establish succeeding joints in alpha- 
betical order, each by means of three bars not in one plane. 

Whenever any self-contained simple space truss like those shown in 
Fig. 237 is submitted to the action of a balanced system of external forces 



Fig. 237. 



applied to its joints, we can always make a complete analysis by the 
method of joints. This follows at once from the manner of formation of 
such trusses; we see that in the process of analysis it is necessary only to 
consider the joints in the reverse order from w^hich they were set up in the 
formation of the system. By way of illustration, let us consider the 
simple space truss shown in Fig. 238. This system has the form of a 
cube at the corners A and H of which are applied two equal and opposite 
forces P that act along the diagonal AHy as shown. That the cube as a 
whole is in equilibrium under the action of two such collinear forces is 
self-evident, and we may proceed at once with the analysis. Beginning 
with the joint i? and successively projecting all forces there onto axes 
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coincidkig with HF, HE, and HG, we find that each of these bars carries 
an axial compression equal to P/ a/S as shown in Fig. 2386. Conditions 
at t.4 being identical with those at H, we conclude the same for the bars 
AB, AC, and ID. Then, at- each of the' joints D and F, we find four 
forces in; equilibrium, three of which are in one plane. Accordiiigi}^, we 
conclude that GD and FD are inactive bars as shown byjiotted lines in 
Fig. 2386. Also, wejind that GD = FE = + \/2P/\/3 (tension) and 
GC = FB. = ~P/\/S (compression). This done, there remain at each 
of the joints C and B onlyjbhree bars with unknown axial forces, and 
we find CD == DB = -f- P/a/ 3, while BC == 0 and CE = BE = 0 

as shown by dotted lines in Fig. 2386. Finally, from a consideration of 
the conditions of equilibrium either at D or at E, we conclude that 
DE = and the analysis is completed. 

Although the method of joints is always applicable in the analysis 
of a simple space truss, we need not follow it too rigorously in ail cases. 

That is, it is not always necessary to begin 
the analysis with the last joint and then 
systematically proceed through the struc- 
ture joint by joint until all axial forces 
have been found. Instead, we can take 
a somewhat more general view of the prob- 
lem as follows: Since the joint-by-joint 
procedure is always applicable and must 
^ lead to a definite and unique solution of 
the problem, we conclude that a simple 
space truss is always statically determinate; 
i,e., for a given condition of loading 
there is one and only one set of values 
for the axial forces that can satisfy the 
conditions of equilibrium at each and every joint. Hence, if by some 
indirect procedure, such as guessing, we can succeed in finding a set of 
values for the axial forces that satisfy the conditions of equilibrium at 
all joints, we may rest assui*ed that this constitutes the true solution of 
our problem. Consider, for example, the simple space truss loaded as 
shown in Fig. 239. In this system, the triangle ABC is eciuilateral with 
sides of length a, the triangle A'B'C' is equilateral with sides of length 2a, 
and the distance between the horizontal planes ADC and A'P'C' is a. If 
we remove the bars 7, 8, and 9 from this system, we see that the conditions 
at the joints A, B, and C will be identical. Accordingly, we conclude, 
after a consideration of the joint C, that a complete solution, satisfying 
the conditions of equilibrium of all joints, will be obtained by taking 
Si = Ss = Sq = 0, Sa — Ss = = — 2P/a/ 3 (compression), . and 

8i S 2 — Sz — —■ g-P (compression). , 
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PROBLEMS 


151. Examine the simple space truss shown 
in plan and elevation in Fig. 240, and identify, 
by inspection, the bars that are inactive under 
the action of a single vertical load P applied at 
yl as shown. 

162. In Fig. 2325, EGFH and ACBD are two 
squares with parallel sides of lengths a and 2a, 
respectively. The vertical distance between 
their twm horizontal planes is also 2a. Make a 
complete analj^sis of the upper story of this 
structure if there is a vertical load P at each of 
the four top joints. 

163. Make a complete analysis of the cube 
shown in Fig. 237c under the action of two equal, 
opposite, and collinear forces P applied to the 
joints C and H. 

164. Make a complete analysis of the space 
truss in Fig. 239 if there is a vertical load P at 
C only. 

166. Make a complete analysis of the space 
truss in Fig. 2325 if a tensile force P is intro- 
duced in a bar HG (not shown) by means of a 
turnbuckle. For dimensions of the structure, 
see Prob. 152. 



Fig. 240. 


32. Statically Determinate Constraint of a Rigid Body in Spacco— 
In the general case, a s^^stem of forces acting on a rigid body may be 
neither concurrent nor coplanar. Such a system of forces can always he 

reduced to a resultant force and a resultant 

couple. Consider, for example, anjr single 

. “""“X force Fi applied at point A of a body (Fig. 

j 241) . This force can be transformed into an 
, / / equal and parallel force Ff at the origin 0 

J together with a couple formed by the given 

y A X force Fi at A and an equal and opposite force 

\ at 0. This is done simply by introduc- 

^ ^ ing at 0 the two equal and opposite forces 

Fi and F/ which, being themselves in 
Fig. 241. equilibrium, do not alter the action of the 

given force Fi sA A. Following the same 
procedure for each force of the system, we conclude that, in general, any 
system of forces can be transformed into a system of forces concurrent at 
0 together with a system of couples the moments of which are equal to 
the corresponding moments of the given forces wdth respect to point 0, 
We can have equilibrium of two such systems only if the resultant 
force and the resultant couple are both zero. For the resultant force to 
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vanish^ we must have the algebraic sums of projections of the given forces 
on the coordinate, axes x, y, and a;. equal to zero; for. the resultant couple 
to vanish^ we must have the algebraic sums of moments of the given 
forces with respect to the three coordinate axes equal to zero. Thus, 
the conditions of equilibrium for' a system of forces in space may be 
expressed as follows: 

2X, =0, SF, = 0, = . 

SM. = 0, ZMy = 0, SM, = o.j 

These equations will determine any six unknown elements pertaining to 
a completely general system of forces in equilibrium. 

With the foregoing equations of equilibrium in mind, let us now con- 
sider the general problem of attaching a rigid body to a foundation in 
such a w^ay that it will be completely constrained in space. Consider, 
for example, the rigid body having the form of a rectangular parallepiped 



as shown in Fig, 242a. As we already know, to fix completely any point 
A of the body in space, we need three bars the axes of which do not lie 
in one plane as shown. With such attachment to the foundation, it is 
evident that freedom of motion of the body is limited to rotation about 
point A. Under such conditions any other point in the body is free to 
move on the surface of a sphere with center at A and having a radius 
equal to the distance from A to the point in question. Hence, further 
constraint of the body can be obtained by completely constraining a 
second point jB in a plane which is tangent to the sphere on which B 
would otherwise be free to move. This, we know, can be accomplished 
by two bars at B arranged as shown in the figure. Freedom of motion of 
the body is now limited to rotation about the axis Aj?, and in this case 
any point in the body can move only along the arc of a circle the plane 
of which is normal to the axis AjB and the center of which lies on this 
axis. Thus, at a third point C, one bar^ the axis of w'^hich does not 
intersect AB, will complete the constraint of the body in space. We 
conclude then that at least six bars are necessary for the complete con- 
straint of a rigid body in space. It is not necessary, however, for them 
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to be arranged exactly as shown in Fig. 242a. For example, we can 
replace one of the bars at A by a parallel bar at D and one of the bars at 
B by a parallel bar at E (Fig. 2425) and still have complete constraint 
of the-.body. \ 

It mnst not be concluded from the discussion above that six bars 
will always be adequate for the constraint of a rigid body in space. For 
example, if the bars are ail parallel or lie in parallel planes as shown in 
Fig. 243a, it is evident that there is some freedom for endwise motion 
without inducing appreciable changes in the lengths of the supporting 
bars. Hence six bars so arranged cannot be said to furnish complete 
constraint. In Fig. 2435, we have another case where six bars are not 
satisfactorily arranged for the complete constraint of a rigid body. In 
this case four of the bars are attached to one point A, and the other two 
can be arranged in any manner w^hatsoever. Under such conditions the 
axis of the bar at C and the point A define a plane, and the axis of the 



bar at B intersects this plane at some point D as shown or is parallel to 
it. Hence all six bars intersect the axis AD; and if externally applied 
forces give a moment with respect to this axis, the six supporting bars 
will be unable to develop a balancing moment and the rigid body will 
rotate to some other position. Such incomplete constraint of a rigid 
body in space is analogous to that of a rigid body in a plane where the 
axes of three bars are pai’allel or intersect in one point (see page 49), 

From the foregoing discussion, we conclude that a system of supports 
consisting of six bars so arranged that their axes cannot all be intersected 
by a straight line are always necessary and usually sufficient^ for the 
complete constraint of a rigid body in space. Any bars in excess of this 
number will constitute redundant constraints. 

Let us assume now that either of the constrained bodies shown in 
Fig. 242 is subjected to the action of a system of external forces. Under 
the action of these loads, axial forces mil be induced in the supporting 
bars, and each bar will exert a reaction on the body at the point of 

^ In exceptional cases, the determinant of Eqs. (9) may vanish even when all six 
bars do not intersect one axis* this will always be an indication of incomplete constraint. 
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' attaclinient and coincident in direction with the axis of the bar. Con- 
sidering both active and reactive forces together, we have the general 
case of a system of forces in equilibrium. The forces are not concurrent, 
coplaiiar, or parallel For such a system we have six equations of 
equilibrium as represented by Eqs. (9), and we see that these six equa- 
tions will determine the magnitudes of the six reactive forces exerted on 
the body by the supporting bars. Thus the six bars that are both neces- 
sary and sufficient for the complete constraint of the rigid body also 
represent a statically determinate of supports. If there are more 

than six supporting bars, i.c., if there are redundant constraints, the 
six equations of statics will be insufficient completely to determine the 
reactive forces and the system of supports is said to be statically indeter-- 
minate. In special cases like those shown in Fig. 243, where there are 
only six bars but so arranged that their axes can ail be intersected by a 
straight line, the determinant of the six equations of equilibrium will 
vanish and the system of supports will again prove to be statically 
indeterminate. 

In the analysis of a system of supports of a rigid body in space, we 
first replace the supporting bars by the reactions that they exert on the 
body, thus obtaining a free-body diagram. Since the six reactive forces 
coincide with the axes of the bars that exert them, their directions are 
known and, generally speaking, the six unknown magnitudes can always be 
determined by Eqs. (9). However, in the solution of practical problems, 
we shall not always adhere rigorously to the use of this system of equa- 
tions. Since the body is in equilibrium, 
it follows that the algebraic sum of the 
moments of all the forces with respect to 
any axis (not necessarily x, y, or z) must 
be zero and likewise that the algebraic 
sum of the projections of all forces on 
any axis must be zero. Thus, in writing 
the equations of equilibrium, it is usually 
possible, by a proper choice of axes, to 
obtain six equations in each of which only 
one or two of the unknown forces appear. In this way we avoid the 
difficulties connected with the solution of six simultaneous equations with 
as many unknowns, and our problem is greatly simplified. 

To illustrate the application of the foregoing general discussion, let 
us consider the rectangular parallelepiped ABCDEFGH BuppoTted and 
loaded as shown in Fig, 244. To make a free-body diagram, we replace 
the six supporting bars by the reactions which they exert on the body, 
remembering that each force must act along the axis of the bar which 
produces it. We assume all bars to be in tension as shown so that any 
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negative signs obtained during calculation will simply indicate that the 
corresponding bars are in compression. Writing first an equation of 
moments with respect to the vertical axis BFj which is parallel to or 
intersects all bars except 4, we obtain 

* 8 - P • 4 = 0, 

from which Si == —fP. In the same w'ay, by equating to zero the alge- 
braic sum of moments of all forces with respect to the axis AE, we find 
Sb = +fP. Since we already know the value of Si, this latter result 
may also be obtained directly by equating to zero the algebraic sum of 
projections of all forces on the axis AC, 

Now, taking moments of all forces, first with respect to the axis AB 
and again with respect to the axis C'D\ we conclude, successively, that 

S 5 — —Se and Si = — /S2. 

Then equating to zero the algebraic sum of the projections of all forces 
on the axis AB, we obtain 

-iSi + + P = 0, 

from which Si = — /S2 = |P, 

Finally, we equate to zero the algebraic sum of moments of all forces 
with respect to the axis AC and obtain 

fSi * 4 + %S2 * 4 + fSs ' 8 + S5 * 8 + P ■ 3 = 0, 

from which, using the previously determined values of ;Si, S 2 , and Sbj 
we find Sb = — /Se = —fP? and the analysis is completed. 

Sometimes a problem involving a general system of forces in space 
can be simplified by introducing an equivalent loading. Consider, for 



example, the rigid body supported by six bars as shown in Fig. 245a 
and subjected to a horizontal force P in the end plane ABE. We begin 
by adding to the given system at A the two equal, opposite, and collinear 
forces P as shown in the figure. Two such forces being in equilibrium 
do not alter in any way the action of the system, but we may now con- 
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sider that we have a force F at A together with a couple consisting of the 
force F at E and the opposite force F at This couple, the moment of 
which in the end plane of the body is F6, can be transferred to the 
opposite end of the body and represented by the vertical forces F6/a 
at C and D as shown in Fig. 2456. The system of three applied loads 
shown in Fig. 2456 is equivalent in action to the single load F at F in 
Fig. 245a and will induce in the supporting bars the same axial forces. 
However, in Fig. 2456 we have at A, C, and D three simple systems of con- 
current forces that can be analyzed by the 
most elementary procedures. By inspec- 
tion, we conclude that Fg = /Ss == 0, while 
Si = —Sg = Pb/a. Considering the re- 
maining forces at A and projecting suc- 
cessively onto horizontal and vertical axes, 
we find >Si = F esc a and S 2 = — F cot a. 

In Fig. 246 we have a plan and elevation 
of an equilateral triangular slab supported 
in a horizontal plane by six bars of equal 
lengths arranged as shown. It is required 
to find the axial forces induced in these 
bars by a couple of moment M acting in the 
plane of the slab as shown. We begin with 
a free-body diagram of the slab as indi- 
cated in the figure. Then, taking AB as an 
axis of moments, we see that only the 
reactions Sz and Si have moments differ- 
ent from zero with respect to this axts. 
Hence we conclude that these forces, which are equally inclined to the 
vertical, must be equal in magnitude and represent, respectively, tension 
in one bar and compression in the other as indicated by the arrows in the 
figure.^ By similar considerations of moments about the axes ^4(7 and 
BCj we conclude that S^ and Sq as well as 8% and S 2 are equal in mag- 
nitude and directed as shown. Now by successively equating to zero 
the algebraic sums of projections of all forces on the axes AD and FF, 
we conclude that the six reactive forces must all be equal in magnitude. 
Finally, then, by balancing moments with respect to a vertical 
through the centroid of the triangle, we obtain 



axis 


6S sin a • 


2 V3 

3 2 


a = M, 


from which S = VS i¥/6a sin a, where F is the magnitude of axial 
force in any one of the bars. 

^ For expediency, we depart here from our usual rule of arbitrarily assuming, to 
begin with, that all bars are in tension. 
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PROBLEMS 

156, A strut AB is hinged to a vertical wall at B and supported horizontally b}'' 
two guy wires arranged as shown in Fig. 247. Find the tension induced in each guy 
wire by a vertical load P applied at A. 



C 



157, An equilateral triangular slab is supported in a horizontal plane by six bars 
arranged as shown in Fig. 248. Each side of the triangle is of length a, and the vertical 
bars also are of length a. If the weight of the slab is IF, what must be the moment of a 
couple ilf , acting in the plane of the slab as shown, for the vertical bars to be inactive? 
What will be the corresponding compressive forces in the inclined bars? 

168. Using the notion of equivalent loading, make an analysis of the system of 
supports in Fig. 245a if the load P at F is vertical. 

Ans, = Fa = Fs - 0, F2 = F4 = -Fg « -P, 

169, Make a complete analysis of each system of supports in Fig. 242 under the 
action of a vertical load P at D, Assume in each case that the rectangular paral- 
lelepiped has dimensions a, a, and 2a. 

160. Analyze the system of supports in Fig. 244 under the action of a vertical load 
P at E, Ans. Fi - F2 = - |P, Sz - S^ = 0, Fs = -Fe - |P. 

33. Compound Space Trusses : Method of Sections. — In the pre- 
ceding article, we saw how a rigid body can be completely constrained 
in space by means of six bars so arranged that their axes cannot all 
be intersected by one straight line. On this basis, we conclude that 
any self-contained simple space truss like those shown in Fig. 237 can 
be rigidly attached to a foundation in the same manner. Consider, 
for example, the system shown in Fig. 249, where we have a simple space 
truss AECDEFGH attached to the foundation by six bars arranged as 
shown. In this way, we obtain a rigid and statically determinate struc- 
ture capable of holding in equilibrium any system of externally applied 
loads such as Pi, Ps, .... Such a structure will be called a 
space truss. In the analysis of a compound truss, we shall generally 
find that the method of joints alone is inadequate. For example, in 
this case (Fig. 249) we cannot begin the analysis by the method of joints 
because there is no joint to which less than four bars are attached. Con- 
sequently, we must first consider the entire portion ABCDEFGH as a 
free body and, using the six equations of equilibrium of the preceding 
article [Eqs. (9)], find the axial forces in the six supporting bars. Such 
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procedure in the analysis of a space truss is usually called the method of 
sectiom. As soon as we know completely the balanced system of forces 
external to the simple truss as a whole, the remainder ol the analysis can 
be made without difficulty by the method of joints. 

In Fig. 250, we have an example of a self-contained compound space 
truss. To obtain this structure, we take two simple space trusses, as 

represented by the shaded portions of 
the system, and interconnect them by 
six bars arranged in accordance with 
the requirements of complete constraint 
of a rigid bod}^ in space. It must be 
self-evident, then, that the resulting 
system is rigid and statically determi- 
nate. However, under the action of a 
balanced system of external forces, we 
again may be unable to make a com- 
plete analysis by the method of joints. 
To begin the analysis in this case, we 
make a section cutting the six numbered 
bars and isolate one of the simple trusses as a free body. Then, with the 
help of the six available equations of equilibrium, we determine the axial 
forces in these six interconnecting bars, after which the two simple trusses 
can be analyzed without difficulty by the method of joints. 

If desired, the simple truss ABCDEFGH of Fig. 249 can be considered 
as a compound truss like that in Fig. 250. It is necessary only to regard 



Fig. 249. 



Fig. 250. 


it as two simple tetrahedrons ABCD and EFGH interconnected hj the 
six bars AE^ CE, DE, CF, DF, and CG, Accordingly, we conclude that 
the axial forces in these bars, also, can be found by the method of sections, 
leaving for analysis by the method of joints only the two tetrahedrons. 
In the same way, the simple space truss shown in Fig. 232a can be con- 
sidered as a compound space truss consisting of the simple tetrahedron 
ABCD attached to the foundation by six bars arranged in a manner 
satisfying the conditions of complete constraint of a rigid body in space. 
On the other hand, no such conclusion can be inade for the simple space 
truss in Fig. 2325. In the first place, the portion AS of this 
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structure does not represent a rigid body; and, second, to separate it 
from the foundation we should have to cut eight bars instead of six. 
Under such circumstances, the method of sections cannot be used. 

The identification of any space structure as a simple or compound 
truss will always be an indication that it is rigid and statically deter- 
minate, i.e., that under anj^ given condition of loading there will be one 
and only one set of values for the axial forces that can satisfy the condi- 
tions of equilibrium at each and every joint. Whether or not we rigoi- 
ously follow the method of sections or the method of joints in finding 
this set of values is of no importance. Any procedure b}^ which we suc- 
ceed in finding a solution that satisfies all conditions of equilibrium is a 
legitimate procedure. 

As an example, let us consider the analysis of the compound space 
truss shown in Fig. 251. This structure consists of a rigid equilateral 



prism ABCDEF, with edges of length Z, that is attached to the foundation 
by six bars arranged as shown and then subjected to the action of a verti- 
cal load P Sit A, The orthodox procedure in the analysis of this com- 
pound space truss would be to find the axial forces in the six supporting 
bars by the method of sections and then use the method of joints for the 
simple truss ABCDEF. While such a procedure will involve no particu- 
lar difficulty, it will be somewhat more advantageous in this particular 
case to find the forces in the supporting bars by using the notion of 
equivalent loading, which was discussed on page 181. Introducing 
at C two equal and opposite vertical forces P that, being in equilibrium, 
do not affect the system, we see that the given loading can be considered 
as a vertical load P at C together with a counterclockwise couple PV2 
in the end plane ABC of the structure. Transferring this couple to the 
end plane DBF where we represent it by two vertical forces P/2 at P 
and P, we obtain the equivalent loading shown in Fig. 2515. Regarding 
this notion of equivalent loading, it must be emphasized here that the 
loading in Fig. 2515 is equivalent to that in Fig. 251a only insofar as the 
axial forces induced in the supporting bars are concerned. The forces 
induced in the other bars of the system will be completely different in 
the two cases. From Fig. 2515, we see by inspection that the supporting 
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bars 2,. 3, and 5 are inactive, while the axial forces in the other three are as 
follows: /Si = “F, Sa = -F/2, Sq = +P/2, Returning, now, to the 
true loading and replacing the six supporting bars by the reactions that 
they exert on the simple truss ABC DBF, we obtain, for further analysis, 

the system shown in Fig. 251c. This simple 
truss, however, can also be considered as a 
compound truss consisting of the rigid tri- 
angles ABC and DBF, which are intercon- 
nected by the six bars a, 5, c, d, c, and /, as 
shown. As can be seen by inspection of the 
joints C and F, the bars e and c of these six 
are inactive and can be removed from the 
system. Making a section that cuts the four 
remaining bai^s and projecting onto the plane 
of the triangle ABC all forces that act upon 
it, we obtain a coplanar S 3 ^stem of forces in 
equilibrium as shown in Fig. 252. Succes- 
sively equating to zero the algebraic sums of moments of these forces with 
respect to the points A, R, and C, we find 

= + 's/fFj Sf =■ — \/fP, and Sb = — '\/§P, 

To find Sa, we return to Fig. 251c and use the method of joints. Pro- 
jecting all forces at A onto an axis coinciding with AF, we obtain 
Sa = +P/a/3. The two triangles ABC and DBF may now be 
analyzed as any other plane truss. In Fig. 252, for example, we see 
that Si' = S 2 ' - “P/a/3, while SI = A-P/a/B. 

PROBLEMS 

161. The compound space truss in Fig. 253 consists of a rigid square pyramid 
ABCED attached to the foundation by seven bars arranged as shown. Then, by 
means of a turnbuckle F, a tensile force P is induced in the bar CC\ What axial 
forces will be induced in the other bars of the system? 


D 



Fig. 253. 
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1S2. The rigid cube shown in Fig. 254 is formed by interconnecting the two shaded 
tetrahedrons by means of six bars DE, DF, BHj CHj BE, and CF the axes of which 
cannot all be intersected by one straight line. Make a complete "‘analysis of this 
system under the action of two equal, opposite, and coiiinear forces P acting along the 
diagonal AO as shown. 




163. Prove that the system of bars shown in Fig. 255 constitutes a compound space 
truss and make a complete analysis of the system, (a) under the action of two equal 
and opposite forces P acting a-s shown and (6) under the action of two such coiiinear 
forces applied at the joints A and C. The system has the form of a regular octahedron. 

164. Make a complete analysis of the compound space truss loaded as shown in 
Fig. 256. Assume that ABC and A'B^C' are equilateral triangles and that A'B'BA is 


a square. _ 

Ans. A'C = B'C = +P/\/2, C'A 
CA =CB ^ -P/2, AB = +P/2. 



C'B P/V5, A'A = B'B = +P/2, 


P 



165. In Fig. 257, the triangles ABC and DFF are equilateral with sides of length a, 
and the distance between their parallel planes is also a. Find the axial forces in the 
six bars that interconnect these two triangles if two equal and opposite coiiinear 
forces P are applied to the system as shown. __ 

Ans. Si = -Se = -P/V2, S, = -Sa = +P/V2, Si = = +P/V2. 
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General Theory of Statically Determinate Space Trusses — In 
this article^ we shall consider the general problem of how to assemble a 
system of bars in space so as to form a completely rigid space truss. We 
have already seen in Art. 31 that a simple space truss can be formed by 
beginning with a rigid foundation to which the first joint is attached by 
means of three bars not in one plane; thereafter, succeeding joints are 
attached to the foundation or to previously established joints in the same 
manner. The truss in Fig. 258a has been formed in this way, beginning 
with joint A and setting up the other joints in alphabetical order. From 
the rule of formation of a simple space truss, it follows that, between the 
number of members m and the number of joints j, there must exist the 
relationship 

m = 3j, (10a) 

* since we use three bars for each joint. 

While the foregoing rule of formation of a space truss is a very simple 
one, it does not represent the only way in which a system of bars can be 


H F H F H F 



assembled to form a rigid space structure. For example, if we remove 
the bars CC' and BB' of the simple truss in Fig. 258a and introduce 
instead the bars DC and EF as shown in Fig. 2586, we obtain a com- 
pound space truss like that shown in Fig. 249. That is, the portion 
ABCDEFGH of the structure now represents a self-contained simple 
space truss which is attached to the foundation by six bars the axes of 
which cannot all be intersected by one straight line. Since, by the above 
rearrangement of bars, we change neither the number of bars m nor the 
number of joints j, we conclude that the compound space truss in Fig. 
2586 also satisfies Eq. (10a). Still another type of rigid space truss can 
be derived from the simple truss in Fig. 258a simply by changing the 
directions of the diagonals in the two side panels as shown in Fig. 258c. 
In this way, we obtain a system that, although it still satisfies the rela- 
tionship m = 3j, can no longer be classed either as a simple truss or as a 
compound truss. Many of our engineering structures are of this latter 
form, which is called a compjeo; ^poce 
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From the preceding examples^ we may draw the general conclusion 
that 3j bars are always necessary and, when properly arranged, sufficient 
for the rigid interconnection between themselves and the foundation of j 
joints in space. This observation holds also for any self-contained space 
truss that is attached to a foundation by the six bars necessary and 
sufficient for the complete constraint of a rigid body in space. To demon- 
strate this, we recall from Art. 31 the rule of formation of a self-contained 
simple space truss, by which we begin with three bars and three joints 
in the form of a triangle and attach succeeding joints, each by means of 
three bars not in one plane. Since, by this rule, we use three bars for 
each joint except the first three, for which there is only one bar for each 
joint, we conclude that between the total number of bars in and the total 
number of joints j of a self-contained simple space truss there must exist 
the relationship 

m = — 6. (105) 

Then the six additional bars required to complete the constraint of a 
rigid body in space bring us to m = 3i — 6 + 6 or simply m = 3j as 
before. 

In arranging a system of bars to form a rigid space truss, it is often 
desirable, for purposes of utility, to avoid any obstruction of the inner 
space. Regarding space structures without internal diagonals, it can 
be proved that if any self-contained space truss has the form of a closed 
polyhedron the plane faces of which are triangular or subdivided into 
triangles, then Eq. (105) will be satisfied and, generally speaking, the 
truss will represent a completely rigid body. To prove this statement, 
we begin with a general theorem of stereometry that is due to Euler. 
This theorem states the relationship between the number of faces, edges, 
and apexes of any closed polyhedron and may be established on the 
basis of the following reasoning: Beginning with one face, represented by 
any polygon, we see that we have, to start with, an equal number of 
edges and apexes. Now, when we come to add a second face to the 
first, there will be one of its edges and two of its apexes already existing. 
Again, when we come to add a third face to the first and the second, two 
of its edges and three of its apexes will already exist, etc. Thus, in 
general, the addition of each face after the first entails the addition of 
one more new edge than new apexes; and as we proceed, the total 
number of edges gains on the total number of apexes b}^ exactly the num- 
ber of faces that up to any moment have been added to the first, or 
starting, face. Hence we conclude that, at any stage of construction, 
the number of edges must be equal to the number of apexes plus the 
number of added faces, Ac., all except the starting face. This relation- 
ship holds until we come to the last, or closing, face, the addition of 
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which entails no new edges and no new apexes; thus we acquire a second 
extra face. Denoting by m the number of edges, by j the number of 
apexes, and by /the number of faces, we have, then, for any closed poly- 
hedron the relationship 

m = /+ (/ - 2), (a) 

and this equation expresses the theorem of Euler mentioned above. The 
foregoing arguments apply to the general case of any closed polyhedron. 
In the particular case of a closed polyhedron the faces of which are tri- 
angular or divided into triangles, we can express a further relationship 



between the number of faces and the number of edges, i.e., between / 
and m. Every edge being common to two faces and all faces being 
triangles, we see that there must be exactly half as many edges as three 
times the number of faces. That is, 

m = if. (b) 

Eliminating / between Eqs. (a) and (b), we obtain m = 3/ — 6 as 
expressed by Eq. (lOfe). Thus we conclude that any self-contained 
space truss the bars of which represent the edges of a closed polyhedron 
having triangular faces and being without internal diagonals must satisfy 
Eq. (10b). Several examples of such structures are shown in Fig. 259, 
and we see that they must be classified as complex trusses. As already 
stated, these forms have the practical advantage that their inner space 
is free from obstruction; for this reason, they are commonly employed in 
all kinds of structural work. 
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We have seen now that there are three general classes of space 
trusses, simple^ compound^ and complex ^ and that in each case m = Zj 
is a general requirement of rigidity and complete constraint. We shall 
now discuss another general significance of the relationship m ~ 3j. 
Consider, for example, any completely constrained space truss comprised 
of m bars and j joints and submitted to external loads applied only at the 
Joints as shown in Fig. 260. Under the action of such applied loads, 
axial forces will, in general, be induced in all the m bars of the system, 
and the determination of these inteimal forces constitutes the analysis 
of the truss. If we are dealing with a simple or compound truss, we know 
that the analysis can always be made by the method of joints or by the 
method of sections; such procedures have already been discussed in 
detail in Arts. 31 and 33. In the case of a 
complex truss, however, these methods of 
analysis may fail. In the present case, for 
example, we see that there are four bars 
meeting at each joint and so the method of 
joints cannot be used. Likewise, there is no 
possibility of employing the method of sec- 
tions because’ 'no section can be conceived 
which cuts only six bars that do not all 
intersect one straight line. Under such cir- 
cumstances, we must take a more general view of the problem as follows : 
Replacing each of the m bars by the two equal but opposite reactions that 
it exerts on the joints at its ends, we obtain j systems of concurrent forces 
in equilibrium as shown. Then for each joint we write three equations of 
statics ('EXi = 0, = 0, EZi = 0) and obtain Sj simultaneous equa- 

tions involving m unknowns. We see now that, if m = 3j, there are 
exactly as many unknowns as there are equations and that in all but 
exceptional cases, where the determinant of these equations vanishes, V 
the system of equations of statics must yield a unique solution to our 
problem. For this reason, any completely constrained space truss that 
satisfies the condition m = 3j is said to be statically determinate. That 
is, under any condition of loading, the axial forces in all bars can be found 
from equations of statics alone, and there is no necessity to take account 
of the elastic deformations of the bars. The solution of 3j simultaneous 
equations involving as many unknowns is, of course, a problem in itself, 
but we shall content ourselves for the moment with the knowledge 
that the axial forces can be found by equations of statics alone if 
m =' 3j.*"'"' ■ , ■ , 

^ Such exceptional cases will be discussed later. 

* Practicable methods of analysis of complex space trusses will be discussed in 
Art.: 35.. ' 
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If m > 3i, there will, of course, be more imknown axial forces than 
there are independent equations of statics and the system of 3j equations 
cannot yield a unique solution. Accordingly, the truss is said to be 
statically indeterminate. Under such conditions, the elastic deformations 
of the bars must be taken into account to determine the way in which the 
internal forces adjust themselves to meet the conditions of equilibrium 
of the Joints., On the other hand, if m < 3i, the structure is not rigid 
and will probably collapse under the action of externally applied loads. 

Returning to the case where m = 3j, let us consider the exceptional 
trusses for which the determinant of the Sj equations of statics vanishes 
and the equations do not yield a definite solution for the axial forces. 
This circumstance will always be an indication that the truss is nonrigid 
and therefore unsuitable for structural purposes. Such exceptions are 
called critical forms, A critical form will be obtained, for example, in 
the formation of a simple space truss if we forget that those three bars 



by which any Joint is attached to the rest of the system must not all lie 
in one plane. Thus the self-contained simple truss in Fig. 261a has a 
critical form if the Joint E lies in the plane ABD, and we see that under 
such conditions there is a limited freedom for relative movement of this 
Joint in the direction perpendicular to the plane ABD, Likewise, the 
compound space truss in Fig. 2616 has a critical form because the six 
bars by which the rigid tetrahedron ABCD is attached to the foundation 
are so arranged that they all intersect the vertical axis BD or are parallel 
to it. Thus, again, there is a limited freedom for rotation of the tetra- 
hedron around this axis. 

Such critical forms as those showm in Fig. 261 are easily detected by 
inspection and, in fact, can be avoided by careful observation of the 
rules of formation of simple and compound space trusses. In the case 
of a complex truss, however, we may be unable to discover a critical 
form by inspection, and it is for such trusses that they are most likely to 
occur. A general method of detection of critical form is based on a 
consideration of the 3j equations of statics for the j Joints of the system. 
If the determinant of these equations is different from zero, we have a 
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statically determinate system and there is no critical form. If the 
determinant 's zero, the system is statically indeterminate and we do 
have a critical form. 

The actual evaluation of the above-mentioned determinant is, of 
course, impracticable. However, since it depends only on the configura- 
tion of the truss and not at all on how the truss is loaded, it follows that 
if for any assumed loading we can find, without ambiguity, the axial 
forces in all bars, the determinant evidently is not zero and the truss is 
rigid. On the other hand, if under an assumed loading we can discover 
some ambiguity regarding the internal forces, the determinant evidently 
is zero and the truss has a critical form. In undertaking such an investi- 
gation, the simplest procedure is to assume a zero load at each joint. 
Then one obvious solution satisfying the conditions of equilibrium at the 
joints is obtained by taking all bars with zero axial forces. If no other 



set of values different from zero can be found to satisfy the conditions of 
equilibrium at the joints, the truss is rigid and statically determinate; 
but if, under zero loading, a set of axial forces different from zero can be 
found to satisfy the equilibrium of the joints, the solution is ambiguous 
and the truss has a critical form. Such analysis of a truss under zero 
load for the purpose of detecting a critical form is known as the zero-load 
test. 

As a first example, let us consider the system shown in Fig. 262a, 
where the joint A is supported in space by three bars the axes of which 
are not in one plane. With zero load at A, we see that equilibrium of 
this point can exist only if the axial force in each bar is zero, because three 
forces can be in equilibrium only if they are coplanar. Hence the system 
does not have a critical form but is rigid and statically determinate. 
We repeat that, if the system is determinate for zero load, it will be so 
for any other condition of loading. Now consider the system in Fig. 
2626, where the joint A is attached to the foundation by three bars the 
axes of which do lie in one plane. Again, with zero load at A, we can 
have equilibrium if each of the internal forces vSi, /Sa, and tS 3 is zero. 
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Howeveiv in this case we can also have equilibrium by assuming an 
arbitrary value for Si and then taking S 2 and S 3 such that their resultant 
is equal, opposite, and collinear with Si. Thus the solution is ambiguous, 
and the system has a critical form. Physically this indicates that the 
Joint A can move slightly in the direction normal to the plane BCD with- 
out significant changes in the lengths of the bars. 

As a second example, we shall consider the complex space truss shown 

in Fig. 263a. This system consists of a 
square frame ABCD supported in a horizon- 
tal plane by eight bars as shown, and we see 
that the condition m is satisfied. Now, 
with a zero load at each joint, we assume 
an arbitrary tension in AE' and at the same 
time such compression in A A' that the 
resultant of these two forces at A is hori- 
zontal as shown by the dotted vector through 
A, This vector is perpendicular to the diag- 
onal AC of the square ABCD; and hence, 
by taking a proper compression in AB and 
an equal tension in AD, we see that all con- 
ditions of equilibrium at the joint A will be 
satisfied. Similar arguments can be made 
for the other joints S, C, and D; and we 
conclude finally that, under zero loads, a set 
of axial forces different from zero can exist 
in the bars of the system as shown. Thus 
the solution is ambiguous, and the truss has 
a critical form. 

The nonrigidity of the system in Fig. 263a can be seen physically by 
considering a horizontal projection as shown in Fig. 2636. From this 
figure it is clear that the joints A, D, C, and D can move in or out along 
the diagonals of the square without changes in the lengths of any of the 
bars. Thus the truss can take the distorted form indicated by dotted 
lines, and we have a nonrigid system unsatisfactory for practical use. 

PROBLEMS 

166. Apply the zero-load test to the complex truss in Fig. 258c, and prove that it is 
rigid and statically determinate. 

167. The complex space truss shown in plan and elevation in Fig. 264 consists of a 
square ABCD supported in a horizontal plane by eight bars arranged as shown. 
Using the zero-load test, prove that this system is nonrigid and represents a critical 
■form." 

168. Using the zero-load test, prove that the complex space truss shown in plan 
and elevation in Fig. 265 is rigid and statically determinate notwithstanding its general 
resemblance to the nonrigid system in Fig, 264. 
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169. Show in general that a complex space truss like those in Fig. 264 and Fig. 265 
will be rigid and statically determinate if the regular polygon ABCDE . . has an 
odd number of sides, and nonrigid and statically indeterminate if there is an even 
number of sides. 



Fig. 264 . Fig. 265 . 


170. Using the zero-load test, prove that each of the complex space trusses in 
Fig. 259 is rigid and statically determinate. 


35. Analysis of Complex Space Trusses. — In the preceding article, 
we have discussed the general problem of formation of space trusses and 
a criterion for the detection of critical forms. 


We shall now turn our attention to the problem 
of analysis of various complex trusses that 
have been proved to be rigid and statically 
determinate. 

One of the most useful methods of analysis 
of space trusses, in general, is the method of 
joints, which we have already discussed in 
Art. 31. This method, it will be remembered, 
is generally applicable only to simple trusses, 
but there are cases where it can be used 
successfully in the analysis of a complex 
truss. The truss in Fig. 266, for example, is 
of this kind and can be completely analyzed 
by the method of joints. We begin with 



joint A and find the axial forces in the bars 1, 2, and 3. Then, replac- 


ing these bars by the reactions that they exert on the remainder of the 


structure at B, C, and D, we find that there are still four unknown 
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axial forces at each of these joints. However, at D, three of the bars 
are in one plane, and so the axial force in the fourth bar Si) can be 
found by projecting all forces at D onto an axis normal to the plane DCF. 
As soon as the force in BD is known, we can proceed to the joint B, where 
there will now be only three bars {BG, BE, and BC) with unknown axial 
forces, and these can be found. Then, knowing the action of BC on the 
joint C, we can consider the equilibrium of this joint and find the forces 
in CE, CF, and CD. After this, we return to D and find the remaining 
unknown forces there {DF and DG). Beginning with G, the same pro- 
cedure may be employed at the joints G, E, and F, and so on, throughout 
the truss until the analysis is completed. It will be seen that success 
with this complex truss by the method of joints rests on the fact that, 
whenever all but one of the unknown forces of a concurrent system lie in 
one plane, this one force can always be found by projecting onto an axis 
normal to the plane defined by the lines of action of the other unknown 
forces, no matter how many (see page 164). 

Sometimes the analysis of a complex space truss can be greatly 
simplified by taking advantage of the symmetry of the system. Con- 
sider, for example, the structure shown in 
Fig. 267, and suppose that there is a vertical 
load at each joint and that all loads on any one 
horizontal ring are equal. Under such condi- 
tions of symmetry, a complete analysis of the 
truss can be made in a very simple manner. 
We begin with the zero-load test for complete 
rigidity. At each joint of the top ring there 
are four bars, three of which lie in one plane. 
Hence, under zero load, the bars of this ring 
must be inactive and can be removed from 
the system. This leaves only two bars at 
each joint that are not collinear, and we con- 
clude accordingly that these bars also are in- 
active and may be removed. Repeating this 
reasoning for the joints of succeeding rings, 
we conclude that no axial forces different 
from zero can exist in the system under zero 
load. Hence it is rigid and statically determinate. This indicates that, 
if, under external loads different from zero, we can find, by any con- 
venient means, a set of axial forces that satisfy the conditions of equilib- 
rium of the joints, we may be sure that we have the true solution. 

Keeping the foregoing general remarks in mind, let us consider now 
any meridian ABCD of the structure as shown in Fig. 268a. Noting that 
the external loads Pi, P 2 , and P 3 lie in the vertical plane of the meridian. 
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we conclude that this one rib of the structure can be in equilibrium only 
if at each Joint the forces exerted by the bars entering from the two sides 
have a resultant H which lies in the plane of the meridian. Further- 
more, we see that this condition can be realized by assuming that all 
diagonals are inactive and that all bars comprising any one horizontal 
ring have equal axial forces. Proceeding on this basis, we isolate the 
rib ABCD and project all forces onto the plane of the meridian as shown 
in Fig. 2686. Then, beginning with the Joint A, we can construct the 
polygon of forces for each of the Joints A, and C, as shown in Fig. 268c. 



Fig. 268 . 


By this procedure, we determine the axial forces Si, S 2 , and Ss in the bars 
of the rib as well as the resultants Hi, H 2 , and iJa of the two equal hori- 
zontal ring-bar forces at each Joint. This done, we find the axial forces 
in the ring bars themselves simply by resolution of Hi, H 2 , and Hz into 
components parallel to the corresponding bars as indicated by the equi- 
lateral triangles in Fig. 268c. Since the conditions along each meridian 
are identical, the diagram of forces in Fig. 268c constitutes a complete 
analysis of the truss. 

Frequently, the analysis of a complex space truss can be simplified by 
reducing it to the analysis of several plane trusses. Consider, for exam- 
ple, the space truss shown in Fig. 269a. This complex system is obtained 
by removing from an otherwise rigid parallelepiped Ad the 
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bar EF^ and introdiicmg instead the extra bar g in the system of supports. 
In the analysis of this system under the .action of a horizontal load P 
at D, we begin at the joint F, where, by inspection, we see that Si = 0. 
Then, proceeding to, the joint F' and projecting, all forces onto an axis 
coinciding with FF\ we conclude that S 2 = 0 . We may now consider 
the Joint D, where we find that S 3 is the only unknown force which lies 
out of the plane ABFE, Hence, by projecting all forces at D onto an 
axis normal to this plane, we find S 3 = —P. Now, knowing the action 
of the bar 3 on the joint P' and projecting all forces at onto an axis 
coinciding with DD', we find /S 4 = +P sec a. Continuing in this way 
and considering the equilibrium of the joints B and B' in succession, we 
find Sb = — P and Sq = P sec In this way we find the forces in all 
web members of the top panel. 


/ 


fcJ 

Fm. 269. 

To find the axial forces in the web members of the bottom panel, we 
must first find the force in the bar e of the system of supports. This we 
accomplish by considering the entire parallelepiped as a free body and 
equating to zero the algebraic sum of moments of all forces acting on it 
with respect to an axis coinciding with AB. This gives 

Se cos 7 • 2a + Pa = 0, 

from which = — (P/2) sec 7. Then starting at E' and considering, 
in succession, the joints E', E, C, C, and A' of the bottom panel, we 
find = Q,8s— +(P/2) sec a, 189 = —Pf2, 8ia = +(P/2) sec a, and 
•Su = —P/2. Finally, replacing the web members of the top and bottom 
panels by the reactions that we have just found them to exert on the 
joints of the two side panels, we obtain for further analysis the two plane 
trusses loaded as shown in Fig. 2696 and Fig. 269c. The analysis of 
these plane systems will be a straightforward procedure and need not be 
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discussed here. Although we have chosen in the example a very simple 
case of external loading consisting of a single force P, it should be under- 
stood that the same general procedure can be used in case of a more 
elaborate system of loads. 

In general, the resolution of a space truss into several statically 
determinate plane trusses represents a very practicable method of 
analysis. As another example, let us consider the complex system loaded 
as shown in Fig. 270 a. This truss satisfies the condition m = 3 j and, 
as can easily be demonsti'ated by the zero-load test, is rigid and statically 
determinate. Hence we conclude that under the given loading there is 



one and only one set of values for the axial forces which can satisfy the 
conditions of equilibrium of the joints and that any procedure by which we 
can obtain such axial forces will be a legitimate one. We begin by 
resolving the applied load at A into three components that coincide, 
respectively, with the lines AAz, AB, and AE as shown. Then, making 
a separate analysis of the system for each of these components and 
superimposing the results, we shall obtain the desired axial forces induced 
by the given load P. 

First, we consider only the component Pi, which coincides with AAg/ 
and conclude that, under such load, all bars except AAi, A1A2, and A2A3 
are inactive and that these three bars each carry a compressive force 
numerically equal to Pi. This done, we consider next the component P2 
which coincides with AB. Again, for this loading it can be seen that only 
those bars comprising the panel ABAzB^ will be active, and our problem 
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reduces to the analysis' of a plane truss loaded as shown in Fig. 2705. 
We make this analysis and record the results as shown. In the same way, 
we conclude that, under the action of the force Pz alone, only the bars 
of the panel AEAsEz will be active, and we again have a simple problem 
of analysis of a plane truss as shown in Fig. 270c. Now to obtain the axial 
force in any bar under the original loading (Fig. 270a) we simply add 
algebraically the results already obtained. Thus, for example, in the 
bar AAi we have a force S = -Pi + Pz tan a] in the bar 11*42, we have 
^ ~ —Pi + P 2 tan a + 2 P 3 tan a] etc. If there are applied loads at 
the other joints, they can be handled in the same way. 

The method of resolution of a space truss into several plane trusses 
can be used to advantage in the analysis of the complex system shown in 
plan and elevation in Fig. 271. This structure is seen to satisfy the 



condition m == Zj; but, as a preliminary to 
its analysis under load, we must first rule 
out the possibility of a critical form. Using 
for this purpose the zero-load test, we begin 
by isolating the triangle ABG as shown in 
Fig. 271c. Since all bars that join this tri- 
angle at G lie in one plane that intersects the 
plane of the triangle itself in a horizontal line 
A'B' through (?, it follows that any action 
exerted on the triangle by such bars must lie 
along this line of intersection of the two 
planes. In the same way, all bars that join 
the triangle at A lie in one plane that inter- 
sects the plane of the triangle along AA'; 
hence the resultant of any action of these 
bars on the triangle at A must lie along AA'. 
Likewise, any action on the triangle at B 
must lie along BB'. Now since three coplan- 
ar forces can be in equilibrium only if they 
are concurrent and since the lines AP, A A ', 
and PS' do not intersect in one point, we 
conclude that no such forces can exist at A, 
P, and G, This leaves the statically deter- 


minate triangle free from external forces, and hence no internal forces 
different from zero can exist in the three bars AP, AG, and PG. What is 


true for the triangle ABG holds for the other triangles like it, and we 
conclude accordingly that, under zero load, no axial forces different 


from zero can exist in the system. Thus the system does not have a 


critical form and will be rigid and statically determinate under any system 
of applied loads. 
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Now let US consider ail analysis of the system under the action of a 
vertical load P applied at A as shown in Fig. 272. As in the preceding 
example, we first resolve this force into three components, Pi coinciding 
with A A', P 2 coinciding with AB, and P 3 coinciding with AP. Then, 
making a separate analysis of the system for each of these components 
and superimposing the results, we shall obtain the required axial forces 
induced by the given load P. 

We begin with the component Pi acting along A A' as shown in 
Fig. 273. Since this force does act along AA^, our previous reasoning 
regarding such triangles as ABG (see Fig, 271c) is still valid and we com 
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Fig. 272. 
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Fig. 273. 


elude accordingly that the load Pi is carried entirely by the bar AA'. 
Thus, owing to Pi, only the bars shown by heavy lines in Fig. 273 are 
active, and the axial forces in such bars can be found without difficulty 
by the method of joints. 

Now considering only the component P 2 , which, acts along AB (Fig. 
274) and proceeding as for the case of zero load, we again conclude that all 
bars except those shown by heavy lines are inactive. Then, to proceed 
further, we isolate the triangle ABG again as shown in Fig. 274c and 
consider its conditions of equilibrium. In this case, we conclude that 
the resultant of P% and the reaction acting along AA' must pass 
through the point B' where the known lines of action of Rh and Pg, inter- 
sect. Thus the polygon of forces in Fig. 274d determines the reactions 
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Bh, and Bg, and a complete analysis of the triangle ABG can now be 
made without difficulty by the method of joints. Furthermore, since 
the adjacent triangles AFL and BCH Are inactive, we conclude that the 
reactions Ra and Rb represent, respectively, the axial forces in A A' and 
BBA Knowing these forces and applying the method of joints first to 
the hinges A' and 5' and then to the hinges (r, L, and if, we find the 
forces in the remaining active bars as indicated by heavy lines in Fig. 274. 
An analysis of the system under the action of the component Pz that 
acts along AF can be made in the same manner. Then, adding alge- 
braically the axial forces in any bar due to each of the three components 
Pi, P2, and P3, we shall obtain the required axial forces due to the given 



load P. If there are loads at the other joints of the structure, the same 
general procedure may be used. 

As a last example, let us consider the complex space truss loaded as 
shown in Fig. 275. This system, as we have already seen in Art. 34, 
is rigid and statically determinate, and we may proceed directly with its 
analysis. As a first step in this direction, we consider the conditions of 
equilibrium of such joints as P, C, P, and P, at each of which there is 
no external load and only four bars. Since the two bars that support the 
ring ABODE at P, for example, define a plane that intersects the plane of 
the ring itself in a horizontal line as shown, it follows that the resultant 
of the reactions exerted at P by the supporting bars must lie along this 
line. Thus, projecting all forces at P onto a horizontal axis normal to this 
line, we conclude that Si = “P 2 . Similar arguments can be made with 
respect to the joints (7, P, and P, and we conclude accordingly that 
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— ^§2 = Sz = — >^4 = S5. Now, knowing that Si = Ss and project- 
ing all forces at A onto an axis that is normal to the plane A'AE^^ we may 
determine Si and S5 without difficulty, after 
which the remainder of the system can easily 
be analyzed by the method of joints. If 
there are external loads at the other joints, 
we make a separate analysis for each load, 
as above, and then superimpose the results. 

It will be noted that, in each of the last 
two examples, we have managed the analysis 
by taking advantage of the fact that when- 
ever a system of concurrent forces in space is 
such that the forces all lie in two intersect- 
ing planes, the resultant of those forces in 
.either plane must lie along the line of inter- 
section of the two planes. This, of course, 
follows from the fact that, for equilibrium, 
the resultant of the forces in one plane must 
be equal, opposite, and collinear with the 
resultant of the forces in the other plane. In 
general, this conclusion is very helpful in the 
analysis of complex space trusses. 

PROBLEMS 

171. Make a complete analysis of the structure in Fig. 2675 under the action of a 
single vertical load P applied to one joint of the top ring. For simplification, assume 
that the stories are of equal height, the ribs being straight and inclined by 60 deg.Vith 
the horizontal. 

172. Make a complete analysis of the system in Fig. 269 under the action of a 
horizontal force P at each of the joints D, and F, instead of only at D as shown. 
For simplification, assume a = i3 = y = 45 deg., i.e., that all panels are subdivided 
into squares. 



P 



Fig. 276. 
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■ 173. Make a complete analysis of the structure in Fig. 272 under the action of a 
single vertical load P at A as shown. Using the results of this anaiysisj compute the 
axial force in each bar of the system when there is a vertical load P at each joint of the 
top ring. 

174 . Make a complete analysis of the complex system in Fig. 275 if the load P at A 
is vertical. Assume the following numerical data: AB = BC ^ . . . =10 ft. 
A'B' = B'C' = . . . = 15 ft., and h = 12.5 ft. Using the results of this analysis, 
compute the axial force in each bar of the system when there is a vertical load P at 
each joint of the ring ABODE. . 

175. Using the zero-load test, prove that the complex space truss shown in Pig. 276 
is rigid and statically determinate. Make a complete analysis of this sytem under the 
action of a vertical load P applied as shown. Assume that the triangles ABC and 
DEF are equilateral. 

36. Henneberg’s Method. — Not infrequently, Henneberg^s method 
of analysis can be used to advantage in working with complex space 
trusses. This method has already been discussed in Art. 18 for the case 



of plane trusses, but here we shall review briefly a general outline of the 
procedure. Suppose, for example, that Fig. 277a represents a complex 
space truss to which none of the methods of analysis discussed in the 
preceding article seems to apply but that, by removing the bar x and 
substituting a bar a as shown in Fig. 2776, we obtain a truss which can 
be analyzed by elementary methods. This may mean, for example, 
that the substitution of the bar a for the bar x reduces the system to a 
simplfe space truss or to another complex truss which can be more readily 
analyzed. This fictitious truss we now analyze under each of two 
separate conditions of loading, (1) the given system of loads Pi, P 2 , . . . 
as shown in Fig. 2776 and (2) two equal and opposite unit forces acting 
along the axis of the removed bar x as shown in Fig. 277c. Let S/ be 
the axial force in any bar due to the P-loading (Fig. 2776) and s/ the axial 
force in any bar due to the unit-force loading (Fig. 277c). Now it is 
obvious that, if we have forces of magnitude X instead of unit forces in 
Fig. 277c, the axial force in any bar will be simply 5 /X instead of s/. 
Next we superimpose this latter condition of loading on that in Fig. 2776 
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and conclude that the corresponding axial force in any bar of the fictitious 
truss under the combined X- and P-loading will be 

= ;S/ + s/X. (a) 

In the particular case of the added bar a, then, we have 

(b) 


Now, if we choose X of such magnitude as to make Sa = 0, the bar a 
becomes inactive and can be removed, leaving the fictitious truss identical 
with the given truss except that the bar x is replaced by forces X. ^ Hence 
we conclude that the value of X which makes Sa in Eq. (h) equal to zero 
represents the true axial force in the bar x of the given truss (Fig. 277a). 
Proceeding in this manner, we write 


from which 


SJ + 5a'X - 0, 




Using this value of X in Eq. (a) we may now calculate the axial force Si 
in any other bar of the given truss without further difficulty. 

B B B 



(a) (b) (c) 

Fig. 278 . 

If in the procedure above we should find sd = 0, the value of X 
defined by Eq. (c) becomes indeterminate or infinite depending on whether 
Sa! is zero or different from zero and the truss is statically indeterminate. 
This idea can sometimes be used to advantage in testing a complex 
truss for critical form. 

Let us now consider the application of Henneberg^s method to several 
particular cases. As a first example, we take the octahedron loaded as 
shown in Fig. 278a. To define the configuration of this system, we 
assume that ABCD i& a square with edges of length 8 ft., while each of 
the other eight bars has a length of 9 ft. This makes the diagonals of 
the square AC ^ BD = 8 ft. and the vertical diagonal EF = 14 ft. 
The equal and opposite loads P are assumed to act along the diagonal 
AC of the square so that the system as a whole is in equilibrium. 
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If we remove the bar EC (marked x) and substitute a bar AC (marked 
a), we obtain a simple space truss as shown in Fig. 278&. Without diffi- 
culty, we can now make a complete analysis of this fictitious truss under 
the action of the applied loads P (Fig. 2785) and again under the action 
of two equal and opposite unit forces acting along the axis EC of the 
removed bar x (Fig. 278c). The results of such analyses are shown in 
the second and third columns of Table II. Using the values of Sa and 


Table II 


(1) 

Bar 

(2) 

Si' 

(3) 

Si 

(4) 

Si'X 

(6) 

Si 

1 

0 

+1.000 

-1-0.397P 

-1-0.397P 

2 

0 

-1.000 

-0.397P 

-0.397P 

X 


+1.000 

-t-0.397P 

+0.397P 

4 

0 

-1.000 

-0.397P 

-0.397P 

5 

0 

-1-0.889 

q-0.353P 

-f0.353P 

6 

0 

+0.889 

+0.353P 

+0.353P 

7 

0 

+0.889 

+0.353P 

+0.353P 

8 

0 

+0.889 

+0.353P 

+0.353P 

9 

0 

+ 1.000 

+0.397P 

+0.397P 

10 

0 

-1.000 

~0.397P 

-0.397P 

11 

0 

+ 1.000 

+0.397P 

+0.397P 

12 

0 

-1.000 

-0.397P 

-0.397P 

a 


-2.515 

-l.OOOP 

0 


Sa from this table in Eq. (c) above, we obtain 


Having this value of X, we may now fill in column (4) of the table, and 
then the values of Si in column (5) are obtained from Eq. (a). 

In using Henneberg’s method, the question naturally arises as to 
which bar of the system to remove and where to place the added bar a. 
In general, any bar can be taken as x, but the added bar a must then be 
so placed as to restore the rigidity of the frame, since otherwise the 
fictitious truss would be statically indeterminate. There is usually 
more than one possibility for the added bar a, and we try to make a 
choice that will render the fictitious truss as easy to analyze as possible. 
For example, by placing the bar a between the joints A and C in the 
example above, we obtained a very simple case where all bars except a 
were inactive under the P-loading. A bar a between the joints B and D 
would have served our general purpose just as well, but then the analy- 
sis of the system under the P-loading would have been a little more 
complicated. 
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As a second example, let us consider the rectangular parallelepiped 
supported and loaded as shown in Fig. 279. We have already seen in 
Fig. 269 (see page 198) that, if the bar EF' of this truss is removed and a 
bar g introduced between the points F' and H\ we obtain a system which 
can be readily analyzed by resolution into plane trusses. Hence, if we 
take the truss in Fig. 269 as the fictitious truss, we already have the 
results of the analysis under the P4oading and can at once fill in column 
(2) of Table III. This done, we next consider the analysis of the fictitious 
truss (Fig. 269) under the action of two equal and opposite unit forces 
applied at E and F' and acting along the line joining these two points. 
This analysis can be carried out in about the same manner as that already 
discussed in connection with Fig. 269, and we give simply the final results 



in column (3) of the table. Using now the values of Sg' and Sg^ from the 
last line of this table in Eq. (c), we find ^ 

X = + -A=. = +0.354P. 

2 V 2 

With X, the values of Si as given in column (5) of the table can now be 
computed from Eq. (a), and the analysis is completed. 

Sometimes, in order to reduce a given complex space truss to a form that can be 
readily analyzed by elementary methods, it may be necessary to remove several bars 
^1, • • • and substitute as many others ai, aa, . . . , Then, in application of 
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Table III 


(1) 

Bar 

(2J 

Si' 

(3) 

Si' 

(4) 

Si'X 

(5) 

Si 

1 , 

0 

0 

0 

0 

2 

0 

-1 

~0.354P 

-0.354P 

3 

-p 

+ 1 /V 2 

+0.250P 

-0.750P 

4 

+ V2P 

-1 

-0.354P 

+ 1 . 06 P 

5 ' 

-p 1 

+ 1 IV 2 

+0.250P 

-0.750P 

6 

+ V2P 

-1 

-0.354P 

+ 1.06P 

7 

0 

0 

0 1 

0 

8 

-f-P /"n/ 2 

-1 

-0.354P 

-f0.353P 

9 

~P/2 

+. 1 V 2 

+0.250P 

-0.250P 

10 I 

+P/V2 

-1 

-0.354P 

+0.353P 

11 

-~P/2 

- Thl /'\/2 

+0.250P 

-~0.250P 

12 

” -3P/2-. 

+ V2 

+0.500P 

-l.OOP 

13 

+P/V 2 

-1 

-0.354P 

+0.353P 

14 

-P 12 

+I/V 2 

+0.250P 

~0.250P 

15 

+P/V2 

-1 

-0.354P 

■f0.353P 

16 

0 

-I/V 2 

-0.250P 

-0.250P 

17 

-PI2 

+ I/V 2 

+0.250P 

! -0.250P 

18 

0 

+ I/V 2 

+0.250P 

4-0.250P 

19 

-PI2 

+ I/V 2 

+0.250P 

-0.250P 

20 

-P/2 

+ I/V 2 

4-0.250P 

-0.250P 

21 

+P/2 

~l/V2 

-0.250P 

+0.250P 

22 

-P/V 2 

+ 1 

4-0.354P 

-0.353P 

23 

+P/2 

~1/V2 

-0.250P 

-I-0.250P 

24 

-P/V 2 

+ 1 

+0.354P 

-0.353P 

25 

0 

0 

0 

0 

26 

-P/2 

0 

0 

-0.500P 

27 

0 

0 

0 

0 

28 

0 

0 

0 

0 

29 

0 

0 

0 

0 

"■ X . . 


-bl 

+0.354P 

' +0.354P 


+P/2 

- V 2 

-0.500P 

0. ,■ 


Henneberg’s methodj we proceed as before and make a complete analysis of the ficti- 
tious truss under each of the following conditions of loading: (1) the given P-loading ; 
(2) a pair of unit forces replacing the bar aji; (3) a pair of unit forces replacing the bar 
X 2 ; etc. Then, denoting by 8'/ the axial force in any bar due to the P-loading and by 
s/y Si”y . , , the axial forces due to each pair of unit loads, we find by superposition 
that 
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Si == Si' + s/Xi + Si"X 2 + • • • , (ri) 

Y/here Xi, Xa, . . . are so chosen as to satisfy the equations 

+ <Xi + <'X2 

Sa, = SA + Sa/Xl + S„/'X2 + - • • - OJ 

“ “ ' r W 



Fig. 280 . 

As a specific example, let us consider the complex space truss consisting of 12 joints 
and 36 bars arranged as shown in Fig. 280a. This is a rigid and statically determinate 
system, but one that does not lend itself to ready analysis by elementary methods. 
However, if we remove the four bars xi^ xz, and xa. that form the top ring and intro- 
duce instead the horizontal constraints ai, a 2 , as, and a^, as shown in Fig. 280&, we 
obtain a simple space truss that can readily be analyzed by the method of joints. We 
begin with the observation that, under the action of any applied load Q at the joint A, 
only the bars indicated in Fig, 280c by heavy lines will be active. Furthermore, 
owing to the symmetry of the system, we conclude that if we analyze this heavy-line 
portion under the action of each of three unit-force components as shown in Figs. 281a, 
5, c, respectively, we can easily obtain from this the axial force in any bar of the system 
due to any combination of loads applied to the joints A, C, D of the top ring. For 
example, let us assume that the actual loading on the given truss is limited to a single 
vertical load P at A. Then, by using the results from Fig. 281a, the value of Si' for 
each bar of the system will be as shown in column (2) of Table IV. Likewise, if we 
want the values of sY due to two equal and opposite unit forces replacing the bar Xi, 
we use the results from Figs. 281 & and c and obtain the values shown in column (3) of 
this table. In the same way, the values for Si", sY", and Si""ya.s shown in columns (4), 
(5), and (6), are obtained. Now, using the values from the table for the fictitious 
bars ai, a 2 , as, and a 4 , in Eqs. (c) above, w^e may write 

Sa^^ -P-4Xi-X2~X4 -0,\ 

N., = 0- Xi- 4X2-X3 -0, r /n 

Sa] - 0 - X2 - 4 X 3 ~X4 - 0, ( 



Table IV 
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(a) (b) (c) 


Fig. 281 . 


from which, we readily find 

= X2=0, X 4 


p 

2 * 


Finally, using these values in Eq. (d), we obtain the desired axial forces Si as recorded 
in column (11) of the table. This completes the analysis of the given system under 
the action of a single vertical load F at A. 


PROBLEMS 

176. Using Henneberg’s method, make a complete analysis of the complex space 
truss loaded as shown in Fig. 282. To obtain a truss easily analyzed by elementary 
methods, remove the bar EC and substitute a fictitious bar AB'. ABCD is a square, 
and each inclined bar makes an angle of 45 deg. with the vertical. 



Fig. 282 . 


177. Repeat the analysis of the system shown in Fig. 282 if there is a vertical load 
F at F instead of a horizontal load F at C as shown. 

178. Using Henneberg’s method, make a'complete analysis of the complex space 
truss shown in plan and elevation in Fig. 283, (a) under the action of a single vertical 
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ioad F at J. as shown; (5) under the action of a vertical load P at each of the joints A, 

By Cy and D. 

179» Repeat the analysis of the system in Fig. 283, assuming a horizontal force P 
applied at E and acting to the right. 



180. Make a complete analysis of the complex system shown in Fig. 280a if there 
is a horizontal force P applied at A and acting to the right in the direction coinciding 
with AB, 




CHAPTER V 

GENERAL THEOREMS RELATING TO ELASTIC SYSTEMS 


37. Strain Energy in Tension, Torsion, and Bending. — It is well 
known that within certain limits most structural materials can be con- 
sidered as perfectly elastic. It can be assumed also with good accuracy 
that they follow Hooke’s law. The limiting stress below which these 
assumptions hold is called the proportional limit of the material. Since 
this stress is usually very small in comparison with the modulus of the 
material in tension or shear and since the allowable stresses are generally 
well within the elastic range, the deformations of structures under service 
conditions will be very small. 

Thus, in the analysis of statically 
determinate systems, it is entirely 
justifiable to use the unloaded con- 
figuration of a structure as a basis 
of calculation of internal forces and 
completely to ignore the small elas- 
tic deformations that take place 
during loading. In the case of a 
statically indeterminate system, 
however, we have seen that such 
small elastic deformations have a 
significant effect on the distribution 
of internal forces and must be taken into account in the analysis 
of the system. We therefore turn our attention now to various relation- 
ships pertaining to the elastic deformations of structures under load. 

When a structure deforms under the action of gradually increasing 
external forces, these forces produce work that is stored in the elastic 
structure in the form of strain energy. If we neglect any small losses of 
heat energy due to hysteresis, this strain energy can be recovered during 
a gradual unloading of the structure. For example, in the case of a 
prismatic bar submitted to the action of a gradually increasing axial 
load R (Fig. 284a), the relation between the load P and the elongation f 
that it induces in the bar is represented in Fig. 284f> by the straight line 
Oa. Let us consider the state in which the load has the magnitude Pi 
and the elongation the corresponding magnitude 5i. This state is repre- 
sented in Fig. 2845 by the point 5. If at this point an increment dPi 
is added, the elongation of the bar will increase by the amount dh and 
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the load Pi, which was already attached to the bar, will descend and 
produce the work Pid8i. This work is represented in the figure by the 
area of the shaded rectangle hcde* The total work done by the load 
during its gradual increase from zero to the final value P is obtained as 
the sum of all such elemental areas as that shown in Fig. 2846 and is 
equal to the area of the triangle Oag. Thus, denoting by U the strain 
energy that is stored in the bar during its extension, we have 


Using the known expression 


^ AE 


for the elongation of a prismatic bar of length I, cross-sectional area A, 
and modulus E, we can represent the strain energy [expression (a)] either 



Fig. 285. 


as a function of the load P or as a function of the elongation 5. These 
two forms for the strain energy are 

^ 2AE’ ^ ~ 21 ' 

In practical applications, the strain energy per unit volume is often 
of importance. Dividing expressions (11) by the volume Al of the bar 
and denoting strain energy per unit volume by u, we obtain 

“ ~ 2A‘^E ~ W’ 

where o- = P/ Am the tensile stress in the bar, and 

^ 2^2 2 ^ ( 126 ) 

where e = d/I is the unit elongation of the bar. Taking, for example, 
a structural steel with a proportional limit of 30,000 lb. per sq. in. and 

* The work of the small increment dPi of the load on the small displacement db^ 
can be neglected as a small quantity of the second order. 
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withL a modulus E = 30 -10^ lb. per sq. in., we find from Eq. (12a) that 
the amount of strain energy per cubic inch which can be stored within 
the elastic range is -a = 15 lb. per sq. in. 

In the case of pure shear (Fig. 285a), we have to consider the small 
sliding displacement 5 of the upper cross section he of the block with 
respect to the base ad, which is assumed fixed. The relation between P 
and b again can be represented by the diagram shown in Fig. 2856; 
and, by the same reasoning used in the case of axial tension, we conclude 
that the work done by the force P, equal to the strain energy stored in 
the material, is 

(c) 

Using, for shearing strain 7 , the known formula 

~l~ AG’ 


in which 0 is the modulus in shear and A is the cross-sectional area, we 
obtain 


J.J PH /-iQ ^ rr AGb^^ fioi\ 

^ = “2r’ 


The corresponding formulas for strain energy per unit volume are 


u = 


2A2(? 2G 


(14a) 


and 


where T = P/ A is the shearing stress. 

/ 


(a) 


u = 


(?62 

2^2 


Gy^ 
2 ’ 



-4> 


( 146 ) 


The strain energy of torsion of a prismatic shaft (Fig. 286a) can be 
obtained from the torsion-test diagram shown in Fig. 2866. This dia- 
gram shows the relation between the twisting moment, or torque, P and 
the corresponding angle of twist 4>, We see that, within the elastic 
range, the angle of twist is proportional to the torque as represented by 
the straight line Oa, Again, the shaded elemental area in the figure 
represents the work done by the torque during an infinitesimal increase 
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dp of the angle of twist <l> and the area of the triangle Oah represents the 
total work done by the torque as it increases gradually from zero tO' 1 \ 
This -work is equal to the strain energy stored in the shaft during torsion, 
and have ' 



(^) 


Using, for the angle of twist, the known formula 



(/) 


in which I is the length of the shaft and C its torsional rigidity we obtain 



TH 

~2C 


(15a) 


or 


'"~2 21 


(156) 


In the first of these formulas, the strain energy is represented as a func- 
tion of the torque T and in the second as a function of the angle of twist 4>- 



In the case of pure bending of a prismatic bar in a principal plane 
(Fig. 287a) the angle 6 of rotation of one end with respect to the other is 
proportional to the bending moment M as shown in Fig. 2876. Hence 
we conclude that the strain energy of bending, equal to the total work 


produced by the moment Af, is 



U 

Me 

2 ■ 

(g) 

Using for 0 the known formula 



e 

Ml 
~ El’ 

(h) 


^ In the case of a circular shaft, the torsional rigidity is C — CJ, where / denotes 
the polar moment of inertia of the cross section of the shaft. For further informationL 
regarding torsional rigidity, see Timoshenko's ''Strength of Materials,” 2d ed., vol. II, 
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in which Z is the length of the beam and El its flexural rigidity, we can 
represent this strain energy in either of the following two forms: 


TT nr ^ 


or 


U = 


e‘^Ei 
21 * 


(mb) 


Again we see that the strain energy can be represented either as a function 
of the acting forces, in this case the bending naoment M, or as a function 
of the quantity 6 defining the deformation. 

In calculating the strain energy for the case of a bar bent by trans- 
verse loads (Fig. 288a), we have to consider not only the bending stresses 
but also the shearing stresses. Those stresses acting on an element cut 
out of a beam by two adjacent cross sections and by two adjacent planes 
parallel to the neutral plane are shown in Fig. 2885. Since the distortion 
produced by the shearing stresses r does not change the elongation pro- 
duced by the bending stresses o-g;, the work done by cr^ and the corre- 




1 



' r 

> 

n ^ . 

^ 

t 

dy 

— dx — ► 


yT' 

1” 

1%* ^ 






dx-* 

*-x-* 

1 

Ca) 

y 

- ->’T 

(b) 



Fig. 288. 


spending strain energy are not affected by a subsequent application of 
shearing stresses. From this it follows that the total amount of strain 
energy stored in the element can be obtained by adding to the strain 
energy produced by (Xx the strain energy produced by the shearing stress r. 
Beginning with the bending stresses and considering an element of the 
beam between two adjacent cross sections, dx apart, w^e can assume the 
bending moment constant along the length and use the previously 
derived formulas for pure bending. Substituting dx for I and dd/dx for 
0/Z in formulas (16a) and (165), respectively, we obtain the following two 
expressions for the strain energy of bending of one element of the beam: 


APdx /ddVEI , . .. 

= w = W 

To obtain the strain energy of bending of the entire beam, we have only 
to take the sum of expressions (i) and (j) over the length I of the beam. 
In this way we obtain 


U 


-i: 


M^dx 

■MT 


(17a) or U 


r E. (EX ^ r E(^y 

Jo 2 \dxj ^ Jo 2 \dxd 


dx. (176) 
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Considering, for example, the cantilever beam loaded at the free end 
(Fig. 288a), we have M = —Px. Substituting this in formula (17a), 
we obtain 


U 


/■ 


PVdx 

2EI 


PH^ 

6El' 


(k) 


In calculating the strain energy of shear, the distribution of shearing 
stresses over the cross section of a beam must be considered. In the 
case of an I-beam, it can be assumed, as an approximation, that the 
shearing force V is uniformly distributed over the cross-sectional area 
Ai of the web. In such a case, the strain energy of shear for an element 
of the beam cut out by the two adjacent cross sections is obtained from 
formula (13a) by substituting F, At, and dx for P, A, and Z, respectively. 
In this manner we obtain 


dU 


VHx^ 
2 A iG 
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(c) 


Fig. 289. 


The total strain energy of shear is now obtained by summing up the 
elements (1) along the length of the beam, which gives 


U 


=/: 


YHx 

2A^G 


(18) 


In the case of a beam of rectangular cross section, the shearing stress 
along the depth of the beam varies according to a parabolic law as shown 
in Fig. 289c. Thus the shearing stress at a distance y from the neutral 
axis is 




(m) 


For the shaded element having the volume 1 dx dy, the strain energy of 
shear is obtained by using formula (14a), which gives 


dU 


%GP\i 




y^) bdxdy. 


(n) 
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The total strain energy of shear for the beam is now obtained by summing 
up the elements {n) along the depth of the beam, varying y imm. --h/2 to 
+V2/ and then making another summation along the length of the 
beam by varying x from 0 to L This gives 


U = 


dx 


^2 


A' ^ _ r - r 

’-^-8GP\4: jo20G7*~/o 


6 VHx 
10 Gbh ■ 


(19) 


In: the particular case represented in Fig. 288a, the shearing force F 
is constant along the length of the beam and is numerically equal to the 
load P. Substituting P for V in Eq. (19) and performing the indicated 
integration, we obtain 


_ Ih^P^ ^ 6 IP^ 
20GI 10 Ghh 


Adding together expressions (k) and (o), we obtain the total strain energy 
for a cantilever beam having a rectangular cross section and loaded as 
shown in Fig. 288a. This total strain energy is equal to the work done 
by the load P during the deflection of the beam. Such work is given by 
formula (a), provided that 8 in that formula denotes the deflection at the 
end of the cantilever. Thus, for calculating the deflection 5, we obtain 
the following equation: 

P8 
2 

from which 


PH^ 6 IP^ 
6EI 10 Gbh' 


PL + 12E.. 

ZEI ^ ^ Gbh 


(p) 


The second term on the right side of this expression represents the effect 
of shear on the deflection of the cantilever beam.^ 

If, instead of a rectangle, we have any other shape of cross section, 
it will be necessary only to replace the numerical factor ^ on the right 
side of Eq. (19) by another numerical value depending on the shape of 
the cross section. Using the notation a/2 for this numerical factor, we 
obtain, instead of formula (19), the following more general formula for 
strain energy of shear: 


U - 


P aV^dx 
0 2GA ■ 


(20) 


Correspondingly, the total strain energy for a prismatic beam under 
transverse loads becomes 


U = 


/: 


M^-dx 

2EI 


+ 


f * aV^dx 

0 2GA ■ 


( 21 ) 


1 For a more complete discussion of this question, see '^Theory of Elasticity, 
p. 95, New York, 1934. 
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This formiiia can be used, also, in the.- case of a beam of variable cross 
section simply by considering I, A, and a as functions of x. 


PROBLEMS 




p 

(a) 




jL 


-2dA 


1/4 


T 


'////////////^ 


i_ 


-D- 


T 






181. Compare the amounts of strain energy in two bars of circular cross section 

that are equally loaded as shown in Figs. 290a 
and h. Assume a uniform distribution of stress 
over each cross section. 

Uhl U a = 7: 16. 

182, Calculate the amount of strain en- 
ergy in the grooved bar shown in Fig. 290c if 
D — 5d and h — xou^* 

183. Calculate the amount of strain ener- 
gy in a vertical steel bar of uniform cross sec- 

p p tion that is strained by its own weight if the 

■ length of the bar is 100 ft., its cross-sectional 

area 1 sq. in., and the weight of steel 490 lb. 
Fig. 290. p0j. Ans. U = 0.772 in.-lb. 

184. Determine the ratio between the elastic limits in tension and shear if the 
amount of strain energy per cubic inch at the elastic limit is the same in each case. 


Ans. (Tjr ~ 's/EjG. 

186. A wooden cantilever beam having a rectangular cross section 8 in. deep and 
5 in. wide and a length of 6 ft. carries a uniform load of 200 lb. per ft. Calculate the 
amount of strain energy in the beam if FJ = 1.5 • 10® lb. per sq. in. 

Ans. [7 = 42 Ib.-in. 

186. In what proportion will the amount of strain energy in the beam of the pre- 
vious problem be diminished if the depth of the cross section is increased from 8 to 
10 in.? 

187. Two identical beams, one simply supported, the other with built-in ends, are 

bent by equal concentrated loads applied at the middle. In what ratio are the 
amounts of strain energy stored? Ans. 4:1. 

188. Determine from strain-energy considerations the effect of shear on the deflec- 
tion at the middle of a simply supported beam of rectangular cross section and carry- 
ing a concentrated load P at the middle. 

189. Solve the previous problem for the case of a uniformly distributed load over 
the full length of the beam. 

190. Compare the strain energy of torsion of a prismatic bar of circular cross sec- 
tion with that of pure bending of the same bar if the applied moments are equal in 
the two cases, i.e., if T — M . 

38. Principle of Superposition. — In the previous article, we con- 
sidered only the simplest cases of loading in which only one force or one 
couple was acting. Let us consider now the more general case where 
there are several forces acting on a structure. Taking, for example, the 
axial extension of a prismatic bar under the action of several forces Pi, 
P 2 , and Pz applied as shown in Fig. 291 and using Hooke 'S law, we find 
that the total extension of the bar is 
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__ (Pi + P2 + Pz)li , (P2 + P3) ih - h) , Psih - I 
AE ■ AE AE 

AE 

which is seen to be a linear function of the external forces. The first 
term on the right side of Eq. (a), for example, is the elongation Pih/AE 
produced the force Pi acting alone. The second and third terms, 
likewise, are the elongations of the bar produced by the forces P 2 and P3, 
respectively. Thus, we see that the total elongation is obtained simply 
by summing up the elongations produced by the individual forces. 

As a second example, let us consider bending of a simply supported 
beam AB under the action of transverse loads Pi, P 2 , Ps? as shown in 
Fig. 292a. In calculating deflections of the beam, we consider in Fig. 
2925 the conjugate beam ah loaded by the bending moment area acdeb. 


P2 



Fig. 291. Fig. 292. 


It is known^ that the bending moments of this conjugate beam give, to a 
certain scale, the deflections of the actual beam. Now, from simple 
statical considerations, it follows that the total moment area acdeb can 
be obtained by summing up the triangular areas indicated in the figure 
by dotted lines and representing, respectively, the moment areas for the 
individual loads. Thus the total fictitious load acd..eh on the conjugate 
beam is the sum of the fictitious triangular loads corresponding to the 
individual forces Pi, P 2 , and P 3 acting on the beam AB, Repeating the 
same reasoning in calculating the bending moment at any cross section of 
the conjugate beam, we conclude that the bending moment produced 
by the total load acdeb is equal to the sum of the bending moments pro- 
duced by the component triangular loads. Hence the deflection at any 
cross section of the actual beam A P is equal to the sum of the deflections 
produced at the same cross section by the individual loadaPi, P 2 , and P3. 

^See Strength of Materials,” vol. I, p. 153. 
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Further^ since these latter deflections are proportional to the correspond- 
ing forces, it can be concluded that the total deflection of any cross section 
of the beam AB will be a linear function of the forces Pi, and F3 
and is obtained by summing up the corresponding deflections produced 
by the individual loads. 

In all cases of composite loading where deflections are linear functions 
of the applied forces, the above conclusion holds, and we obtain the total 
deflection of any point simply as the sum of the deflections produced 
by the individual forces. This statement is called the frinciple of 
superposition. 

Under ordinary circumstances, a linear relationship between deflections and 
applied forces rests solely on the assumption that the material of a structure follows 
Hooke's law. However, there are certain cases in which this assumption alone will 
not be sufficient and the deflections will not be linear functions of the applied forces 
even though the material does follow Hooke’s law. One such example we have in the 





faj (b) 

Fig. 293. 

case of a bar submitted to the simultaneous action of axial and lateral forces. Con- 
sidering, for example, the bending of the beam AB loaded as shown in Fig. 293a, we 
conclude that the deflection under the load P is no longer proportional to the load. 
Specifically, it can be represented by the formula^ 

. ^ FP 1 

^ ~ 4&EI' 1 - s/s„’ 

in which the first factor represents the deflection produced by the lateral load if acting 
alone and the second factor represents the effect on this deflection of the axial com- 
pressive force S. The magnitude of this effect depends on the magnitude of the I'atio 
S/Scr in which Scr tt^EI/B is the critical load for buckling of the beam in the plane 
of the figure. Since S is proportional to P, expression (&) is no longer a linear function 
of the load and the relation between 8 and P is no longer linear. Representing this 
relation graphically, we obtain the curve shown in Fig. 2936. It is seen that the 
deflection is no longer proportional to the load and that it begins to increase very 
rapidly as the compressive force in the beam approaches the critical value. Thus, if 
we double the load P, the deflection will always be more than doubled and the principle 
of superposition does not hold. 

1 See '"Strength of Materials,” vol. II, p. 49. The elongation of the bar AC is 
neglected in using this formula. 
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As another example of a system for which the principle of superposition does not 
hold; let us consider the system of two identical horizontal bars hinged together, as 
shown in Fig. 294a. Under the action of a vertical load P, the bars will undergo some 
extension and the hinge C will move down by an amount UUl = Assuming that 


P 



Fig. 294. 


this deflection is small, we find for the correspondingly small angle a and for the tensile 
force >8 in each bar the following values: 

Considering, now, the unit elongation of each bar, we find 

Vp + - I IS^ 

‘ I 2 p' 

The same elongation, by using Hooke’s law, is 

,8 

^ ““ ae' 

and we obtain 

1 5^ _ S __ P _ PI 

2 P AE 2aAE " 28AE' 

from which 

S = I (/) and P = (g) 

Again we see that the deflection 5 is not proportional to the load although the material 
follows Hooke’s law. This case differs from the preceding one in that with increasing 
deflection the system becomes stiffer and the relation between B and P is represented 
by the curve shown in Fig. 294c. It is typical of the behavior of a system of critical 
/or m as discussed in Art. 17 (page 80). 

Following the same reasoning as for the ease of simple tension, it can be shown that 
the area OahcO in Fig. 294c represents the work done by the load P during the deflec- 
tion 5 and that it is equal to the strain energy stored in the bars AC and CB. The 
expression for this energy is obtained by summing up all such elemental areas as the 
shaded strip shown in the figure. This gives 

IP^ 

4 -^yjE' 


U == V PdS ^ = (22a) or U = 

Jo P Jo iP 


( 226 ) 
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It is seen tliat the expressions for strain energy are no longer second-degree functions 
of the displacement or force such-as we had in those examples of the preceding article 
for which the law of superposition holds. 

Considering what is characteristic of the examples represented in Figs. 293 and 294, 
we see that in each case the action of the external forces is appreciably affected by 
small deformations which take place in the system. The axial force ^ in Fig. 293a 
produces only compression of the beam AB if acting alone. However, when acting 
in conjunction with the transverse load P it can produce not only compression but also 
some additional bending. In the case represented in Fig. 294a the tensile force S in 
the bars depends on the deformation and is inversely proportional to the small deflec- 
tion S produced by the load P, Always when we have such conditions that the action 
of external forces is affected by small deformations produced in the system, stresses 
and displacements will not be linear functions of the applied forces, and the principle 
of superposition does not hold. Thus, in conclusion, it can be said that the material 
must follow Hooke’s law if the principle of superposition is to be applicable. But 
this requirement alone is insufficient, and we have to consider also whether or not the 
action of the applied forces will be affected by small deformations of the structure. 
If such an effect is substantial and must be taken into account, in calculating internal 
forces or stresses, the principle of superposition does not hold. 


PROBLEMS 


P 



191 . Referring to Fig. 295, determine the rela- 
tion between the load P and the deflection 5 at 
the free end of a prismatic beam AB built in at 
A and so arranged that during bending it gradually 
comes into contact with a rigid cylindrical sur- 
face AC having the constant curvature l/i2 and a 
horizontal tangent at A. The flexural rigidity of 
the beam is EL 


Am. B = iy2R - i EH^R^PK 

192 . Referring to Fig. 296, find the deflection produced at the middle of the bar AB 
by the load P if, during bending, the bar is always in contact with the supporting 
cylindrical surfaces of equal radii R, 


^ j 

ll2 




R R 

Fig. 296. 
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Fig. 297, 


193 . A uniformly loaded beam with built-in ends is additionally supported along the 
middle portion by a rigid horizontal foundation as shown in Fig. 297. Find the dis- 
tances a, assuming B < #/l,152F/. Am. a A/l2EUIq,X = ga/3. 


in General:' Generalized Forces —In Art.; 37' we 
have seen that the strain energy of an elastic bar in simple tension can be 
represented as a second-degree function either of the external forces or 
of the displacements. We shall now show that the same conclusion 
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holds equally well for any elastic structure provided that the principle of 
superposition can be applied. Let us consider, for example, an elastic 
body supported as shown in Fig. 298 and submitted to the action of exter- 
nal forces Fi, F 2 , F 3 , .... Since the amount of strain energy stored 
in the body depends not on the order in which the forces are applied but 
only on their final magnitudes, we can simplify our further discussion by 
assuming that ail the forces are applied simultaneously and then gradually 
increased in the same proportion. Then, if the principle of superposition 
holds, the displacements will be linear functions of the forces, and during 
loading they increase in the same proportion 
as the forces do . In cal culating the work of any 
force Fn, we shall be interested not in the total 
displacement of its point of application but only 
in that component in the direction of the force. 

Let hn denote this component of displacement. 

Then, during the assumed gradual loading, 
increases in the same proportion as F^, and the 
relation between these two quantities can be 
represented by a diagram similar to that shown 
in Fig. 2846. Hence we conclude that the work 
produced by the load Pn is PnK/2. The total 
work of all external forces, equal to the strain energ}^ stored in the 
deformed body, is obtained by summing up the works of the individual 
forces, which gives ^ 

U = i(Pidi + P2h + F 363 4 - • • • ). (23) 

The reactions Ra, Fb, and Fc do not appear in this expression, because, 
for the conditions of support illustrated in Fig. 298, their work is zero.^ 

Since the displacements 61 , 62 , . . . are homogeneous linear functions 
of the forces Fi, F 2 , . . . , it follows that if these functions are substi- 
tuted in expression (23) we shall find the strain energy to be represented 
by a homogeneous second-degree function of the external forces Fi, 
F 2 , . . . . Likewise, if we express the forces as linear functions of the 
displacements and then substitute these functions in expression (23), 
we shall find that the strain energy can also be represented as a homo- 
geneous second-degree function of the displacements 5 1 , § 2 , . . . . Both 

^ The statement that the strain energy stored in an elastic body is equal to half 
of the sum of the products of external forces by the corresponding displacements is 
sometimes (isAlQd. Cla'peyroiY s theorem. It is mentioned in Lame’s “Theory of Elas- 
ticity,’/ seventh lecture. See also Maxwell’s “^Scientific Papers,” vol. I, p. 598, and 
Todhunter and Pearson’s “History,” vol. I, p. 578. 

2 It is assumed that there is no friction in the rollers. If there should be friction, 
a part of the strain energy would be dissipated and the system would no longer be 
perfectly elastic as assumed. 
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forms of representation of the strain energy will be useful in our further 

discussion. 

It should be noted that the foregoing conclusions regarding the degree 
and homogeneity of the strain-energy function were obtained on the 
assumption that the principle of superposition holds. If this principle 
does not hold; the strain energy will no longer be a second-degree func- 
tion of the forces or of the displacements as can be seen, for example, 
from Eqs. (22) of the preceding article. 

Expression (23) for strain energy can be made more general by using 
the notion of generalized forces.^ Any group of statically interdependent 

forces that can be completely de- 
fined by one symbol can be con- 
sidered as a generalized force. For 
example, in the case of axial exten- 
sion of a bar (Fig. 299a), we have 
two equal and opposite forces act- 
ing along the axis of the bar, and 
one symbol P defines entirely this 
pair of balanced forces. Again, in 
the case of pure bending (Fig. 2996), 
we have two equal and opposite 
couples that are in equilibrium, and 
one symbol M completely defines 
the system. In the case of a trans- 
verse load acting on a beam (Fig. 299c), we have a group of three forces 
that, being in equilibrium, are completely defined by the magnitude P 
of the applied load. In all such cases where we can define a group of 
forces by one symbol, we may treat that group as a generalized force. 

In using the notion of generalized force, we have to generalize also 
the notion of displacement. In dealing with single forces (Fig. 298), we 
have already pointed out that not the total displacements of their points 
of application but only those components in the directions of the forces 
should be considered, since the work done by the forces depends only 
on such components. Thus, if is the component of the displacement 
of the point of application of the force Pn in the direction of that force, 
we say that is the displacement corresponding to the force P„. If a 
small increment is given to this displacement, the work done by the 
force Pn is 

PnA5„. (a) 

^ The notions of generalized force and generalized displacement were introduced by 
Lagrange in his famous book ^^ Mdcanique analytique,” Paris, 1788. In application 
to the deformations of elastic systems, they were extensively used by Lord Rayleigh. 
See, for example, his “Scientific Papers,'! vol. I, p. 225; “Theory of Sound,” 2d ed.. 
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Fig. 299. 
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Now, in using the notion of generalized force, the corresponding generalized 
displacement must be taken in such a way that the product of the general- 
ized force and the increment of the corresponding generalized displace- 
ment gives the work. Take, for example, the case of simple tension 
(Fig. 299a). It is seen that the bar AB can be brought to any new 
positional 1^1 by first moving it parallel to itself to the position AiB^ 
and then rotating it about the point A i, During such displacement of 
the bar as a whole, the system of two equal and opposite forces does not 
produce any work. Work is produced only when the bar elongates by 
some amount d. This elongation, then, is the generalized displacement 
corresponding to the generalized force consisting of two equal and 
opposite forces P, If an increment A8 is given to the elongation 5, the 
generalized force P produces work of the amount PAd, which is similar 
to expression (a) for the case of a single force. In the case of pure bending 
(Fig. 2995), the work produced by the couples M is entirely defined by 
the angle of rotation 6 of one end of the bar with respect to the other. 
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Fig. 300 . 


Hence this angle must be taken as the generalized displacement corre- 
sponding to the generalized force represented by the two equal and 
opposite couples. If B obtains an increment A^, the couples M produce 
the work M" AB and again wo obtain an expression similar to expression (a). 
In the case of a transverse load acting on a beam (Fig. 299c), the group 
of forces P, Pa, and Eh does not produce any work when the beam moves 
as a rigid body. Work is produced only when the beam deflects and 
point C moves perpendicular to AB, The deflection 5 of the point C 
with respect to the line AB joining the ends of the beam axis is the general- 
ized displacement in this case. 

Sometimes the generalized displacement corresponding to a chosen 
generalized force may not be entirely self-evident. Consider, for exam- 
ple, the simply supported beam under uniform load as shown in Fig. 300. 
If the intensity g of the load is taken as the generalized force, the corre- 
sponding generalized displacement will be the area between the chord AB' 
and the deflection curve as shown in the figure. To prove this, we give 
to the deflection y of each point on the axis of the beam a small increase 
Ay, Then the work done on each such additional displacement by the 
corresponding element of force gda: is qdx • Ay and the entire load will 
produce the work 
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Q fo^y ■ (P) 

Now, observing that the integral Ay • dx is an increment of the area 

between the chord AB and the deflected, axis of the beam^ we conclude, 
by definition, that such area is the generalized displacement corresponding 
to the generalized force q. It is w^ell to note in this case that while the 
generalized force has the dimension of force length, the corresponding 
generalized displacement has the dimension of length squared, so that their 
product has the proper dimension for work. Since the work done by a 
generalized force on an increment of the corresponding generalized dis- 
placement has always the same form as expression (a) derived for a single 
load, we conclude that the total work produced by a generalized force 
during a gradual loading has the same form as that for single forces and 
is equal to half the product of the final magnitude of the generalized force 


P 


Ma 


Oc, 


Mb 


2 2 
Fig. 301. 


^ 6 . i 


and the final value of the corresponding generalized displacement. This 
means that expression (23) derived for isolated forces can be used also 
if the forces and the displacements are generalized. 

As an example of the application of expression (23), let us calculate 
the strain energy in a simply supported beam of prismatic form that is 
loaded by a force P at the middle and by the two couples Ma and 
applied at the ends as shown in Fig. 301. In such case the system of 
forces acting on the beam can be represented in terms of three generalized 
forces, namely, the load P together with its reactions, and each of the 
couples Ma and M^ together with their reactions. The corresponding 
generalized displacements will be the deflection 8 under the load and the 
angles of rotation 6a and 6b of the ends of the beam. The total strain 
energy stored in the beam, from expression (23), is 

!7 == i(Pd + Ma6a + MbOh). (c) 

Using now the known expression for the deflection curve, ^ we have 


^ PP . MaP , MbP 
48PJ UEI'^ UEf 

" WEI'^ 3PI ■ 

, _ PP . Mal. Mbl 
16PJ 6P/ 3PJ‘ 


{d) 


^ See “Strength of Materials,’^ vol. I, pp. 142, 168. 



Art. '40] 'GENERAL THEOREMS RELATING TO ELASTIC SYSTEAIS 229 

Substituting these values of the displacements into expression (c), we 
obtain 

u = ^ {p^ + jPMa + jPMi + ^ (e) 

It is seen that the strain energy is a homogeneous second-degree function 
of the generalized forces. 

Solving Eqs. (d) for P, Ma, and Mi, and substituting them in expres- 
sion (c) we shall obtain the strain energy as a second-degree fimction of 
the generalized displacements. 

PROBLEMS 

194. A simply supported beam AB of uniform flexural rigidity El and span Z 
carries two equal transverse loads P, one at mid-span and tlae other at a quarter point. 
Using expression (23), calculate the strain energy stored. 

195. Using expression (23) and the notion of generalized force, compute the strain 
energy stored in the beam shown in Fig. 300. 

196. Make a general expression for the strain energy storcvd in the beam shown in 
Fig. 301 if P = 0, {a) expressed as a function of the end moments Ma and Mh and 
(6) expressed as a function of the angles of rotation 6a and di. 

197. A thin steel strip of length I and uniform flexural rigidity El is bent into a 
complete circle by end moments. Compute the strain energy U, 

198. An elastic body undergoes a uniform compression under a gas pressure p. 
If this pressure p is taken as the generalized force, what is the corresponding general- 
ized displacement? 


40. Principle of Virtual Displacements for Elastic Bodies. — In our 
previous applications of the princi- 
ple of virtual displacements (see 
Art. 9), we assumed absolutely rigid 
bodies. To extend the principle to 
elastic bodies, it is necessary to 
consider the small deformations 
that occur under the action of ex- 
ternally applied forces. We begin 
with the simple case of axial ten- 
sion of a prismatic bar. As a model 
of an elastic bar, we can take the 
system shown in Fig. 302a. In this 
system the hinges represent the 
molecules of an elastic body and 
the springs the elastic constraints between them. The tensile stresses 
are uniformly distributed by the rigid block AB, to which the external 
force P is applied. Under the action of this force, the model undergoes 
extension, and elastic forces are induced in the various springs. These 
internal forces, as shown in Fig. 3025,* can be taken to represent the 



fc&J 


(b) 


Fig. 302. 


It is assumed in the figure that all springs are in tension, although it can foe seen 
at once that some of them will be compressed so that the axial extension of the model 
is accompanied by some lateral contraction. 
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elastic actions existing between the molecules of a bar in tension. TliuSj 
we obtain a complicated system of forces that are in equilibrium with the 
external force P. Without going into a detailed study of this system, we 
can apply to it the principle of virtual displacements. Taking, as a 
virtual displacement of the system, an increment A 5 of the axial extension 
of the model, we conclude that the work done by all the forces during 
this displacement must be equal to zero. Upon denoting by AT the 
work of the internal forces, the principle of virtual displacement gives 

AT + P A5 = 0. (a) 

Since the quantity P Ad represents the increment of work done by the 
external forces, which we ahead}?' know to be equal to the increment AU 
of the strain energy stored in the elastic system, we conclude that Eq. (a) 
can be put in the form 

AT = -AC7. (6) 


This equation states that the work done by the internal forces during 
the virtual displacement Ad of the system is numerically equal to the 
increment of strain energy, but of opposite sign. Correspondingly, we 
conclude that the total work done by the internal elastic forces during 
a gradual extension 5 of a bar is equal to the total strain energy of the 
bar taken with negative sign. Using expression (11b) for the strain 
energy and observing that 


... dU .. AEd.. 
A(7 == -vr- Ad == — j — Ad, 
dd I ' 


we obtain, from Eq. (a), 


from which we find the relation 


AEd 


representing Hookers law in the case of simple tension. 

A similar consideration can be made also in the case of the block shown 
in Fig. 303, which undergoes extension in three perpendicular directions. 
Taking as virtual displacements the increments A 6a,, Ady, and Adz of the 
elongations in the , y- , and 2 :-directions, we conclude that the work 
done by internal forces during the assumed displacements is numerically 
equal to the increment of strain energy stored in the block, but of opposite 
sign. 

In a general case of deformation of an elastic body we can imagine 
the body subdivided into infinitely small elements each of which will 
be in a condition similar to that of the block in Fig. 303. Hence we can 
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state generally that the work done by the internal forces on any virtual 
displacement of an elastic body is equal to the corresponding, increment 
of the strain energy taken with negative sign. With this conclusion, 
and assuming that there are several forces Pi, P2, ... acting on a 
constrained elastic body and that Si, §2, . . . are the corresponding 
elastic displacements, the principle of virtual 
displacements gives 

SP.AS,, + (-At/) = 0 , (c) 

in which the first term on the left side 
represents the work done by the external 
forces on a virtual displacement of the sys- 
tem and the second term is the work done 
by the internal forces. Equation (c) then 
states that the total work, in the case of a 
displacement from the configuration of 
equilibrium, must be equal to zero. To calculate the increment AU 
of the strain energy, it must be represented first as a function of the 
displacements 5i, ^2, . . . . Then, in the usual way, the increment of U 
due to the increments A 5 i, A62, ... of the displacements is 

ATT A I AS A% I 

AU = A^I + — A52 + ASz 4- * • • \d) 

In applying the principle of virtual displacements to an elastic body, 
we select in any particular case a displacement that is the most suitable 
for solution of a given problem. For example, we can imagine a virtual 
displacement that affects only the displacement 5^, corresponding to the 
load Pn, and the displacements 5 i, §2, . . . remain unchanged. Under 
such conditions A 5 i, A 82 , . . . vanish, and the foregoing expression for 
the increment of {7 reduces to 

(e) 


( 24 ) 


( 25 ) 

This latter equation states that if the strain energy of a deformed elastic 
body is represented as a function of the displacements 5i, 82 , . . . a 


AU = ~A8n. 

ddn 


Using this expression in Eq. (c) we obtain 

dU 


PnAS. 




ASn = 0 , 


which may also be expressed in the form 

P 

as. 
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partial derivative of that function with respect to any specific displace- 
ment gives the corresponding force. 

The foregoing statement can be extended also to the case when P.„ 
is a generalizied force and dn the corresponding generalized displacement. 
Take, for example, a simply supported beam AB with couples Ma and 
Mb applied at the ends.^ Considering these couples and the correspond- 
ing reactions as two generalized forces, the corresponding generalized 
displacements are the angles da and db, by which the ends A and B of the 
beam rotate in the directions of the couples. The strain energy of the 
beam then is 

U = ^ - dad, + 01^). 


Taking the partial derivative of this expression with respect to 6a, we 
obtain 


dU 

del 


^ ( 20 „ - di), 


which is the known expression for the moment Ma expressed as a function 
of the angles da and Ob. We obtain a similar conclu- 
sion by taking the partial derivative of U with respect 
to db. 

As another application of Eq. (25), let us consider 
a symmetrical system of three bars hinged together 
as showm in Fig. 304. If 3 is the vertical displace- 
ment of the hinge 2), the elongation of each inclined 
bar is 8 cos a, while for the vertical bar it is 5. 
Assuming that the cross-sectional areas and the 
nioduli of all three bars are equal, the strain energy of the system is 

U = ^ + 25^- cos^ a). 

Now, using Eq. (25), we obtain 

-~j~~ (1 + 2 cos^ a) ~ P, 

from which we find the force in the vertical bar to be 

^ AE5 _ P 

I 1+2 cos^ a 

The principle of virtual displacements can be applied also to the 
bending of beams. Consider, for example, the simply supported beam, 

1 Ma and Mb are taken positive when they produce deflection convex downward. 



Fig. 304 . 
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carrying a transverse load P as shown in Fig. 305a. In such a case the 
deflection curve can be represented b}?- the trigonometric series^ 


. tx , . 2TrX , . ZirX , 

y — ai sin -y + a 2 sin — ^ h as sin — ^ — h 


I 


I 


i 

n = 1, 


an Sin ' 


flTTX 


if) 


which means that by a proper selec- 
tion of the coefficients ai, a 2 , as, . . . 
the deflection curve can be obtained 
by superposition of simple sine curves 
like those shown in Figs. 3055, c, 
and d. Thus, as soon as the coeffi- 
cients ai, a 2 , Us, . . . are known, the 
deflection at any cross section of the 
beam can be calculated from expres- 
sion (/). In calculating these coeffi- 
cients, Eq. (24) will be used. First 
the expression for strain energy is 
obtained by using formula (175), into 
which the series (/) has been sub- 
stituted for y. Then, 




0-1 

4 

^ 

(a) 

"f' ' 

t 

(b) 

y 

y ^ 

0.3 


(c) 

\ 

^ 



(dJ 


Fig. 305. 


17 = 


El 




wx , . 2tx . . Sttx , 

sin y + as y- sin -j~ + as y- sin -y- + 


) 


dx, (g) 


In calculating the square of the series under the integral sign, we obtain 
only two kinds of terms: those of the form 

74^4 no'TT'r 

(h) 


„ mrx 

Gi'n -y Sin^ -y-^ 


representing the squares of the terms of the series, ‘and those of the form 

(0 


. mcx . Trnrx 
2anam — — sin -y- sin -y-; 


which are the double products of the terms of the same series. Observing 
that 


jo 


UtX 

~r 


dx 


I 

2’ 




mrx . niTX ^ ^ 

sm -y sin -~y~ ax = 0, 


we conclude that, in performing the indicated integration in Eq. (g), all 
terms of the type (f) vanish and only terms of the type (h) remain. 
Hence, we obtain 


U == 


El 








2V' 

I* 


+ <l3' 


3V^ 


) 


Eli Y a ^ 

n = l 


U) 


^ See ^'Strength of Materials,’^ vol. II, p. 44. 
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Now, to apply Eq. (24), we give to one of the coefficients of the series 
(/), say to the coefficient On, an increment Aa„, which means that on 
the actual deflection curve, represented by the series (/), a virtual 
displacement 

. , Tl/irCC /7 \ 

Aan sm —p w 

represented by a sine curve having n half waves of infinitesimal amplitude 
Aan is superposed. The deflection of the point of application of the load 
P (Fig. 305a) j corresponding to this virtual displacement, is 

AO*- 

Ad — Aan sm 

and the work done by the load P on the virtual displacement is 

P Ad — P Aan sin (1) 


The increment of strain energy corresponding to the virtual displacement 
(k)y obtained from expression (j), is 


AU 


d an 


Aan = 


2P 


ttnU^Aan. 


(m) 


Substituting (Z) and (m) into Eq. (24), we obtain 


P Aan sin 


mrc 


EIw^ 


from which 


I 2P 

— nwc/l 


ann'^Aan = 0 , 


in) 


From this formula the coefficients of the series (/) are calculated, and we 
obtain finally 

2PP f.TC.irX 1 . 27rC . 2TrX , 1 . SttC . SwX . 

In the pa;rticular case where the load is at the middle, we calculate the 
corresponding deflection by substituting c = a; = Z/2 into the series (o), 
thus obtaining 

/ ^ 2PZ^ /i . 1 x 1 . \ 

V + ^ ^ 

This series converges rapidly, and we see that by using only the first 
term we obtain the deflection with a good accuracy. The representation 
of the deflection curve in the form of a trigonometric series is especially 
useful when we have a combined lateral and axial loading of the beam. F 
1 Several appiicatioias of this kind are shown in “Strength of Materials,” vol. II, 
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In the derivation of Eqs. (24) and (25), we did not use the principle 
of superposition; hence these equations can be applied also in those cases 
where the principle of superposition does not hold. Take, for example, 
the case shown in Fig. 294a. The strain energ}?- of the system is given 
by formula (22a), and we obtain dU/db = AEb^/l^^ which is equal to the 
force P as can be seen from formula {g) (page 223). 

PROBLEMS 

199. Find the tensile force S in the vertical bar of the statically indeterminate 
system in Fig. 304 if its cross-sectional area is A while that of each inclined bar is 4-/2. 

200. Given a simply supported beam AB of uniform flexural rigidity El and span I 

transversely loaded by a force Q applied at mid-span. Using the formula (17&) 
together with Eq. (25), calculate the magnitude of Q to produce a deflection b of its 
point of application. Assume that the elastic line is a half wave of a sine curve, that 
is, 2 / s= 5 sin (ttx/I). Ans. Q ~ 7r^EJ5/2M 

201. Calculate the transverse force Q required to produce a deflection B in the pre- 
ceding problem if the beam is under uniform axial compression P. 

Solution: When the beam is deflected to the sine curve y — B sin (ttoj/O, its ends 
come together by the amount 

Now, giving to the deflection 5 an increment A5, we obtain 
f .AS=Q.A5+P.g.A5 


or 

li 

Q+P^ 

from which 


f 1 > 


^ t^EI { 

PP 


\ 

/ TrWy 


41. Castigliano’s Theorem. — In the previous article, we used the 
expression for strain energy as a function of the displacements and found 
that a partial derivative of this function with respect to any displacement 
is equal to the corresponding force. Now let us consider the expression 
for strain energy as a function of external forces and assume that the 
principle of superposition holds. Under such conditions^ a 'partial 
derivative of the strain energy with respect to one of the external forces gives 
the displacement corresponding to that force, Castigliano was the first to 
make this observation, and the statement is usually called Castigliano^ s 
theorem,^ To prove the theorem, let us consider the general case of an 

^ Albeeto Gastigliano, Tmns. Acad. Sci. Turin, yo\, 11, pp. 127-286, 1876, 
See also his treatise, ‘^Th4ortoe de Fequilibre des systtoes 61astiques et ses applica- 
tions,'^ Paris, 1879. The English translation of this book was made by E. S. Andrews, 
London, 1919. 
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elastic body carrying the loads Pi, P 2 , P 3 , . • • as shown in Fig. 298. 
During the application of these loads, deformations are produced, and a 
certain amount of strain energy U is stored within the body. If, sub- 
sequently, one of the forces, say Pi, receiv^es an increment APi, some 
additional deformation of the body will ensue and the strain energy P 
will obtain an increment 




SO that the total strain energy becomes 

P + I^^APi. (a) 

Now suppose that, instead of introducing the increment APi after 
the application of the loads Pi, P2, P3, . . . , we reverse the procedure 
and apply first the infinitely small increment APi and afterward the loads 
Pi, P2, P3, . . . . Since the infinitesimal load APi produces an infini- 
tesimal displacement, the corresponding work is a small quantity of the 
second order and can be neglected. Further, during the subsequent 
application of the loads Pi, P2, P3, . . . , we observe, by virtue of the 
principle of superposition, that the work of these forces will not be 
affected by the presence of the load APi and will be equal to its previous 
value U, At the same time the acting load APi rides through the dis- 
placement 81 resulting from the application of the loads Pi, P2, P3, . . . 
and produces the work APi^i. Thus, in this case, the total work, 
equal to the total strain energy stored in the body, is 


U + APiBi. 


(h) 


Since the total amount of strain energy stored in the body does not 
depend on the order in which the loads are applied, we conclude that 
expressions (a) and (?>) must be equal. Thus, 

r/ + APi = f/ -f APiSi, 

from which 

g-*., ( 26 ) 

and the theorem is proved. 

The same conclusion can be obtained in a somewhat different way, as 
follows. Considering again the elastic body in Fig. 298, we can state 
that the displacements 5i, § 2 ? h, • . • are entirely defined by the mag- 
nitudes of the forces Pi, P2, P3, ... . Thus if we give to one of these 
forces, say Pi, a small increment APi, the displacements will be slightly 
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changed, and these changes can be represented in the usual manner as 
follows: 

d8i 
dFi ' 


A5i 






AS.-gAP., 


During tliese changes in displacement, the forces Pi, P 2 , P 3 , . . • produce 
work representing the increment of strain energy corresponding to the 
increment APi of the force Pi. Hence 


dU 

aPi 


APi = PiA^i + P2A52 + P3A53 + 


P^^AP^+P,^AP^ + P 


dPi 


5Pi 


4- 

3 TH" Ai 1 + 


8Pi 


from which 


dPi 




(c) 


Using now the general expression for strain energy 

TT ^ -1- _L 4- 

and differentiating with respect to Pi, we obtain 


dU 
^ dK 


Si + Pi + P 2 


35; 


^ ® dpl ^ 


(d) 


are the cor- 


i? 


aPi ' " " aPi 

Subtracting Eq. (c) from Eq. (d) we obtain 

dPi 

as before. 

In Fig. 298, Pi, Pa, P 3 , . . . denote single forces; but our derivation 
holds also if they are generalized forces, and 5i, § 2 , h 
responding generalized displacements. 

Thus we can state that the partial deriva- 
tive of the strain energy with respect to 
any generalized force gives the correspond- 
ing generalized displacement. 

In both derivations of Castigliano^s 
theorem we assumed that it is possible to 
give an arbitrary increment to one of the 
forces without changing the other forces. 

Thus we consider these forces as inde- 
pendent. Such forces as statically deter- 
minate reactions do not satisfy this condition since their magnitudes are 
not independent of Pi, Pa, Pz, • • • and can be found from equations of 
statics. From this consideration it follows that the strain energy U in 



— >1 



r— 1 ^ 

. 1 

— 


R 


(a) 

(b) 

Fig. 306. 
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Eq. (26) must be represented as a function of statically independent 
external forces. Take, for example, the two beams shown in Fig. 306. 
The same forces R and M are acting in both cases, and from statics we 
conclude that M = Bl. Thus the strain energy can be represented in 
either of the following two forms 


TT _ ^ 

^ 6EI 


If we use expression (e), we consider J? as an independent external force 
and If as the reaction, as in the case of a cantilever beam (Fig. 306a). 
In such a case the derivative of expression (e) with respect to E gives 

dU _ RP 
dR 3Ef 


which is the deflection of the end A of the cantilever beam built in at B. 

If expression (/) is used, we assume that M 
^ is the independent external force and R is the 

^Ma reaction as in the case of a simply supported 

P ('cc) ^ beam (Fig. 3066). Then, taking the deriva- 

^ p tive of expression (/), with respect to M we 

P obtain 

dU Ml 


\ “ P which is the angle of rotation of the end B of 

j ^ ^ the simply supported beam. This example 

— 2 — illustrates the significance of the requirement 
of representing the strain energy as a function 
^ ^ of statically independent forces. 

‘ ^ ^ Castigliano^s theorem is very useful in 

‘ calculating deflections of beams. Take, for 

example, the cantilever beam bent by a force and a couple applied at the 
end (Fig. 307a). The bending moment at any cross section is 

ilf = Ma — PXj (g) 

and the strain energy stored in the beam, as obtained from formula (17a), 


— a: ’ 

^dJ 

Fig. 307. 


The derivative of this expression with respect to P gives the displacement 
corresponding to P, that is, the deflection 3 of the end A oi the cantilever. 

1 Both formulas are readily obtained from the general expression (17a) of the strain 

:ettergy.(;.''V-;T;/ : . 
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Thus we obtain 

^ ^ = /o ^ = 1/ /o 


PP 

ZEI 


MaP 

2EI' 


(i) 


The derivative of expression (h) with respect to the generalized force 
Ma gives the corresponding displacement, i.e., the angle of rotation $a 
of the end A of the cantilever, and we obtain 


da = 


dU 

dMa 


0 El dMa ~ El 



-Px)(l)dx=^ 


MA-HL ( ■\ 

El 2EI 


In this application of Castigliano^s theorem we did not calculate the 
final expression for strain energy as a function of external forces but 
used it in its general form (h)j substituting the value of M only after 
differentiation under the integral signs in Eqs. [i) and (j). In this way 
a considerable simplification of calculation is 
accomplished, especially if there are several 
external forces. 

It can be noted that the partial derivatives 
SM/dP and dM/dMaj which enter in the above 
calculations, have very simple meanings. The 
first of these derivatives represents the rate of 
change of bending moment in the beam with 
change of the load P. As shown in Fig. 307!), 
it can be visualized as the bending-moment 
diagram for a unit load at the end of the beam. 

The second derivative, representing the rate of 
change of the bending moment M with change of is shown in Fig. 
307c. Using for these derivatives the notations MJ and we can write 

the expressions for the displacements in the following simplified forms : 

^ MM^'dx, (k) 

J! 


^1- 


_jiiiiiiimiiininnTnj ^ 

(ct) 



(b) 

Fig. 308 . 


We see that in each case we have to integrate along the length of the 
beam the product of the actual bending moment with the corresponding 
unit-load bending moment. This conclusion can be extended and applied 
to beams with any kind of lateral loading. If we have, for example 
(Fig. 308a), a simply supported beam carrying a uniform load g and a 
concentrated load P at the middle, the derivative 5ikf/0P is shown in 
Fig. 308!) and the deflection at the middle is 


El Jo 


MM'dx 


El 


P , ql 


pi^ ^ 5 # 


2/2 


48 ^ 1 '^ 384^1 
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It' is seen that by applying Castigliano’s theorem we obtain the 
displacement corresponding to any of the forces acting on the elastic 
system, but there are cases .where wm need to find such displacements 
to which there are no corresponding forces acting. In such cases we 
add to the actual forces fictitious forces of infinitesimal magnitudes such 
that they do not change the actual displacement. We then obtain the 
required displacements by differentiation of the strain energy with respect 
to these added forces. Take, for example, the cantilever beam in Fig. 
307a, and assume that it is required to calculate the deflection at the 
middle of the beam. Since there is no corresponding force, we assume an 
infinitesimal fictitious load Q applied at the middle. Then the required 
deflection is 




dQ El 




(m) 


Since the added load Q is infinitesimal, we use for M the previous expres- 
sion {g). The derivative dM/dQ^ reprcvsenting the rate of change of 
the bending moment M with change of the load Q, can be visualized 
by the unit-load bending-moment diagram mnp shown in Fig. 307d. 
Substituting these values into expression (m), we obtain 

1 I> J Mal^ 

P^)\x ^jdx 


In conclusion we note that the derivation of Castigliano’s theorem was based on 
the principle of superposition. Hence the expression for strain energy U must be a 
homogeneous second-degree function of the acting forces. If the principle of super- 
position does not hold and U is not a second-degree function of the acting forces, 
Castigliano^s theorem is not applicable. To illustrate this point, let us consider the 
example shown in Fig. 294. The strain energy in this case is represented by formula 
(225), which is not a quadratic function in P. If we take the derivative of that func- 
tion with respect to P, we obtain 


dU Wp 
3 


{n) 


This result represents only one-third of the deflection 5 of the point of application of 
the load P as given by formula (/) (page 223). 

To explain why in such cases the derivative with respect to a force does not give the 
corresponding displacement, let us compare the diagrams in Fig. 2846 and Fig. 294c. 
In Fig. 2846 the relation between P and 6 is represented by the straight line Oa, The 
shaded area represents the increment dlJ oi the strain energy due to the increment dbi 
of the deflection, and we have 

dU 


(P) 
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Considering now the infinitely small triangle bcf, geometrically similar to the triangle 

056, we find 


m ^ Pi, 

d8i Bi 



Substituting tMs value of d8i in Eq. (o), we obtain 




as required by Castigliano’s theorem. 

Now let us repeat the same reasoning with the diagram in Fig. 294c. The shaded 
elemental area again represents the increment of strain energy, and we obtain 

dU=Pdd. (p) 


Considering now the infinitely small triangle def and comparing it with the triangle 
dgh we find 


from which 



dB 


dP • gh 

— p 


Substituting this value in Eq. (p), we obtain 


dP 


= gh. 


For the cubic parabola Oah the distance gh is equal to one-third of = 5. Hence we 
again arrive at the incorrect conclusion given by Eq. (n). 

To obtain the true deflection by differentiation in this case we have to take instead 
of the strain energy U, given by the area Oahc in Fig. 294c, the complementary energy 
Uij given in Fig. 294c by the area Oahk. This energy is 



Substituting for B its expression (/) (page 223), we obtain 

PidP fj=Pt 

■^AE Jo 4 -^AE 

The derivative of this expression with respect to P gives the true value of the deflection 
B.* " 

Another example in which the principle of superposition does not hold is shown in 
Fig. 293a. The strain energy is not a function of the second degree; but if the axial 
force is small in comparison with Per, we can disregard this fact and use Castigliano’s 
theorem. The error in deflection obtained in this way is a small quantity of the 
same order of smallness as the ratio P/Per. 

The idea of using complementary energy was introduced by F. Engesser, Z. 
Architekten-Ingenieur-Ver., vol. 35, p. 733, 1889. Several applications of comple- 
mentary energy are shown in a paper by H. M, Westergaard, Proc. A.S.C.E., February, 
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PROBLEMS 

202. Find, by using Castigliano^s theorem, the angles of rotation of the ends of a 
simply supported beam under uniform load. 

203. Determine the vertical and horizontal displacements of the points A and B 
of the structure shown in Fig. 309. Consider in this calculation only strain energy of 
bending, and neglect the effect of the axial force on bending of the vertical portion 
AC of the structure. Assume the cross section constant along the length CAB. 


A B 



Fig. 309. Fig. 310. 


204. Taking the same assumptions as in the previous problem, find for the frame 
in Fig. 310 the horizontal displacement h of the support B produced by the horizontal 
load H, 

206. Determine the horizontal and vertical displacements hh and 5^ respectively, 
of the end A of a circular curved bar built in at B (Fig. 311). Assume that the 
cross-sectional dimensions of the bar are small in comparison with the radius r, so 
that the straight-beam formula (17a) can be used in calculating the strain energy of 
bending. Neglect completely the strain energy due to direct and shearing stresses. 



Fig. 311. Fig. 312. 


206. Using the same assumptions as in the previous problem, find the horizontal 
displacement of the support C and the vertical displacement of the crown B of the 
semicircular arch ABC shown in Fig. 312. 

42. Method of Least Work.— In the preceding article we have con- 
sidered applications of Castigliano^s theorem to statically determinate 
systems and found that the displacement of any point is obtained as the 
derivative of the strain energy of the system with respect to the cor- 
responding force. Applying the theorem in the same way to a statically 
indeterminate system, we conclude that the derivative of the strain 
energy with respect to any redundant reaction or internal constraint 
must be zero since it is the function of such a reactive force to prevent 
any displacement at its point of application. Hence the magnitudes of 
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redundant reactions in statically indeterminate systems will be suck as 
to make the strain energy of the system a maximum or a minimum. By 
calculating the second derivatives and proving that they are always 
positive, it can be shown that we have the case of a minimum. Thus 
we obtain a method of calculation of redundant forces that is known 
as the method of least work. We derive the expression for the strain 
energy of the given system as a function of the redundant forces and then 
select these forces so as to make this strain energy a minimum. 

We shall now illustrate the method of least work by several examples. 
As a first example, we take a uniformly loaded beam built in at B and 
having a hinged movable support at A (Fig. 313a). For determining the 
two vertical reactions and the reactive couple Mb, we have in this case 


Ta n 



Fig. 313 . 

only two equations of statics. Hence one of the reactions, say the 
reaction Ya at the left support, is statically indeterminate. If this 
quantity can be found in some way, then the other reactions Yb and Mb 
can be found from the two equations of statics. 


S7 = 0, DM = 0. (a) 

To find Ya, we remove the support at the left end and replace it by 
the force Fa (Fig. 3135). It is evident that the true value of this reaction 
is that value at which the deflection of the cantilever shown in Fig. 3135 
becomes equal to zero, as is required by the condition of constraint of 
the actual beam in Fig. 313a. Applying to this cantilever beam Casti- 
gliano^s theorem and observing that the deflection at A is zero, we obtain 


dU 

aF 


T _ d p MHx I P 

“ dYjo 2EI El Jo 


M dx 

a X a 


0 . 


ih) 
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Substituting in this equation 



dM 

W: = 


we find 


which gives 



= iql 
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(c) 


^It is seen that, by using Castigliano’s theorem, we obtain the additional 
equation (6) from which the statically indeterminate quantity Ya has 
been found. Equation (6) is the equation of least work referred to above 
and states that the true value of the reaction is that value which 
makes the strain energy U of the beam a maximum or minimum. By 
calculating the second derivative d‘^U/dYa^, we can show that it is a 
minimum. 

The method of least work as illustrated in the foregoing example 
can be applied also to structures having several redundant reactions X, 
Yj Zj , . . . Observing that the supports either are immovable or move 
perpen(ficularly to the reactions, we conclude, from Castigliano’s theorem, 
that 


dX 


-0, 


dU 

dY 


= 0 , 


dU 

dZ 


= 0 . 


(27) 


Thus we obtain as many additional equations as there are redundant 
reactions, and these equations state that the redundant reactions X, 
F, Z must have such magnitudes as to make the strain energy stored 
in the structure a minimum. The foregoing conclusion holds also in 
cases where the redundant reactions are represented by generalized 
forces. Consider again the beam shown in Fig. 313a, and let us now 
take the couple as the redundant reaction and consider the simply 
supported beam shown in Fig. 313c. Again the true value of Mb for this 
beam is that value for which the tangent at the end B does not rotate. 
Hence the necessary equation for determining Mb is 


dU 

dMb 


=— f 

dMb Jo 


^ MHx 
0 2EI 




(d) 


The bending moment at any cross section, represented as a function of 
Mb, is 

^ql MbX qx^ 


M 


from which 


-ii-f) 


.2 

dM- 
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Substituting these values in Eq. (d), we obtain 


wMch gives 


m-f) 


qx^ 

'Y 


^x 


0 , 


Ms 


qP 

8 ‘ 


Sometimes the internal forces acting between two adjacent portions 
of a structure will be chosen as the statically indeterminate quantities, 
rather than the reactions at the supports. In such cases the principle 
of least work still holds and can be used to advantage. Consider, for 
example, the symmetrical rectangular frame shown in Fig. 314a. Taking 
a section through the horizontal plane of symmetry mn and considering 
the equilibrium of the upper part of the frame (Fig. 314&) we can repre- 


m- 


jt' 

I . f, / , 


[ — 

\ 

\ 

' i 

j 1 
/ 1 


1 

\ 

\ 

/ 



(a) 


T 

a/2 


Vn 


h/2 


*x4 
Moij 




P 

2 


(bj 


P 

2 


Fig. 314. 

sent the action of the lower part on it by the vertical forces^ F/2 and by 
the couples ilfo, the magnitude of which cannot be determined from 
statics. From the symmetry of the deformation shown in Fig. 314a, 
we conclude that the cross sections on which the couples ikfo are acting 
in Fig. 3146 do not rotate. Hence the derivative, with respect to Mo, 
of the strain energy stored in the upper part of the frame must vanish, 
and we can state, as before, that the magnitude of the statically indeter- 
minate quantity Mo is such as to make the strain energy a minimum. 
In calculating this strain energy we neglect the strain energy due to 
direct stress and assume that the effect of axial forces on bending can be 
neglected. Thus the bending moment for the portion AB of the frame 
is Mo, while for the portion BC it is Mo — Px/2, The strain energy of 
the upper half of the frame then is 


17 


Mo^A 




dx. 


2EI ' Eh 

1 From symmetry it can be concluded that there will be no shearing forces in the 
plane mn. 
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Applying the principle of least work, we now obtain 



which' gives 



It is seen that when the cross-sectional moment of inertia Ji of the hori- 
zontal bars of the frame is large in comparison with the corresponding 
quantity I for the vertical bars, the moment Mo becomes small and the 
condition of bending of the horizontal bars approaches that of simply 
supported beams. On the other hand, if /i is small in comparison 
with /, the moment Mo approaches the value Pl/S as for a beam with 
built-in ends. 



Fig. 315 


In the more general case of a nonsymmetrically loaded frame, as 
shown in Fig. 315, we cut the frame on the section mn and represent the 
internal action between adjacent portions by forces H and V and moments 
M as shown in Fig. 3155. If we can find these three quantities in some 
way, the bending moment, shearing force, and axial force at any other 
cross section can be readily obtained from equations of statics. Thus 
we have in this case three statically indeterminate quantities for the 
determination of which we can use the method of least work. Since, 
in the actual frame (Fig. 315a), there is no movement of the cross section 
above the plane mn with respect to the adjacent cross section below the 
plane mn, we conclude that the displacements corresponding to the 
generalized forces H, V, and M are zero. Hence the equations of least 
w^ork become 

dH dY~^’ dM~^- ^ 

As another example let us consider the circular ring shown in Fig. 
316a and determine the moments Mo and the increase in the vertical 
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diameter of the ring under the action of forces P applied as shown. 
Proceeding as in the case of a rectangular frame (Fig. 314) and con- 
sidering the equilibrium of the upper half of the ring, we conclude that 


dU ^ 1 d 
dMo El dMo 

Substituting in this equation 


X 

f: 


MHs = 0. 


(/) 


we obtain 


from which 


M = Mo - y 


Pr 


cos <!>), 


Mo - y (1 — COS 4 >) 


dM 

aMo 


dip = 0, 


M„ = 


Pr 


0.182Pr. 

P 


(ff) 



To find the increase of the vertical diameter of the ring, we observe 
that the forces P in Fig. 316a represent the generalized force corresponding 
to the increase 5 of the diameter. Hence this increase^ is 


dl7 

dP 


A A M^rdip = 
El dP Jo 


At f ^ 

-Ei.h 


Pr 


(1 — cos <t>) 


(1 — cos <l))d(l>. 


Using the value of Mq from Eq. (g) above, this becomes 

m (“* * - 0 <1 - #)'<* = 5 (i - ;) 


d = 


0.149 


Prz 

El' 


1 In this calculation we assume that the strain energy due to direct and shearing 
stresses can be neglected in comparison with strain energy of bending. This is 
justifiable only in the case of a thin ring. 
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As another application of the naethod of least work, let us calculate 
the thrust H in the two-hinged arch under vertical load as shown in Fig. 
317. The vertical reactions Va and Fj can be obtained in the usual way 
from equations of statics; but the horizontal thrust is a statically 
indeterminate quantity, and to find it we must use the principle of least 
work, which requires that 



{h) 


In the case of a flat arch, the strain energy due to direct stress is an 
important factor and cannot be neglected in comparison with the strain 
energy of bending. Thus we take 



(i) 



\l 

\i 


Fig. 317 . 

where M is the bending moment and N is the axial force at any cross 
section. The length of the axis of the arch is denoted by s. The bending 
moment at any cross section can be considered as consisting of two parts; 
one representing the moment If o, calculated as for a simple beam (if = 0), 
and the other representing the moment due to the thrust if. Hence 

ilf = Mo - ify, (i) 

where y denotes the ordinates of the axis of the arch as shown in the 
figure. For a flat arch, the axia) force ff can be assumed, with good 
accuracy, as equal to the thrust H. Then 


V 


/: 


(ilfo - Ey)Hs 
2EI 


+ 


mds 

2AE 


Substituting this expression in Eq. Qi), we obtain 


/: 


(Mo — Hy)yds 
El 


+ 


r 


Eds 

AE 


0- 
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from which 

'' M,yds 


H 


i: 

1 '^+ [' 

Jo Jo 


AM 


This is a general formula from which H can be calculated if the loading 
and the dimensions of the arch are given. 

In the case of an arch of homogeneous material and uniform cross 
section, Mj I, and A are constants and can be taken from under the 
integral signs. Then 

JjMoyds 


H = 


y^ds + ds 


(0 


where i denotes the radius of gyration of the cross section with respect 
to its centroidal axis. The second term in the denominator represents the 
influence of the direct stress on the magnitude of H, If this influence 
is neglected, we obtain 

Moyds 


H = 




[m) 


An especially simple expression for H is obtained in the case of a parabolic 
arch under the action of a load uniformly distributed along the hori- 
zontal span. In such a case 

4:fx 


y 




a 


M„ = f \l 


- x), 

x). 


Then, substituting into Eq. (m), we obtain 

qP 


H = 




where / is the vertical rise as shown in the figure. 

PROBLEMS 

207. Find, by using the principle of least work, the bending moments Ma and Mj, 

at the ends of a uniformly loaded beam with built-in ends and of uniform flexural 
rigidity FJJ. Ans. Ma = Mi, = — qP/l2. 

208. Solve the preceding problem if the intensity of load along the length of the 
beam varies according to the linear law g = A 

Ans. Ma -QoiyZO, Mb ^ ■~qoP/2Q. 

209. Referring to Fig. 313a, calculate the reactive moment Mb iij instead of the 
uniform loading shown, the beam carries an isolated load P at the distance c from A. 
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210 ; If, instead of the uniform loading shown in Fig. 313a, the beam AB is sub- 
jected to an active moment Ma at the end A, show by the method of least w-ork that 
the corresponding moment induced at .B will be Mb == “Ma/2. 

211. Considering only strain energy of bending, calculate the horizontal thrust H 
in the case of a two-hinged semicircular arch rib of span I that carries a vertical load P 
at the crown. Assume a uniform flexural rigidity El of the rib. Ans, II — P/tt. 

43. The Reciprocal Theorem. — ^Let us begin with a simple example, 
the bending of a cantilever beam, and consider two loading conditions, 

(1) a load P at the free end (Fig. 318a) and 
A \C B i ^ (2) a load Q at any point C (Fig. 3186). 

^ In the first case, the deflection curve is 

P'' I ^ represented by the equation^ 

raJ ! 

m - c)- (a) 

In the second case the deflection at C is 
calculated as for a cantilever of length c 
and is equal to Qc^/3EL The part AC of 
the beam remains straight and is tangent to the deflection curve at C so 
that it has the slope Qc^/2EL Thus the total deflection at point A in 
this case is 

3EI 2EI ^ ^ 6EI 

Comparing expressions (a) and (6), we see that when P = Q these two 
deflections are equal, i.e., a loadP, placed at point A, produces at point C 
the same deflection as the load P, placed at C, produces at point A A' 
In a more general case when P and Q are not equal, the deflections (a) 
and (5) are no longer equal, but the work done by the force P on the 
corresponding displacement (5) is equal to the work done by the force Q 
on the corresponding displacement (a), i.e., 

Pda =- Q8c, 

Let us consider now a general case of an elastic body subjected to 
two different conditions of loading. In the first case there act forces 
Pi and P2 (Fig. 319a), and in the second case the forces P3 and P4 (Fig. 
3196). We shall designate the displacements of the points 1, 2, 3, and 4 
in the directions of the forces for the first condition of loading by 5/, 
62', 8A and and for the second condition of loading by S/', 8A, 8^", 
and Assume, now, that all four forces are acting on the body 

^ See "Strength of Materials,” vol. I, pyl48, 

* This eonclusion was obtained by J. C. Maxwell in considering deformation of 
trusses; see his "Scientific Papers,” vol. I, p. 602. 



Fig. 318. 
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simultaneously and that the principle of superposition holds. Then the 
displacements of points 1, 2, . . . corresponding to the forces - • • 
are obtained by superposition and are equal to 5/ + 5/', ^2^ + 52'b 
. . . . The total strain energy stored in the body is 

U = + 5i")Pi + 

+ (5/ + s/O-PJ* (c) 

This amount of strain energy does not depend on the order in which 
the loads are applied. Let us assume, for example, that the loads Pi 




Fig. 319. 


and P2 are applied first. Then the corresponding amount of strain energy 
is 

-J(Pi 5 i' + P252O. id) 


Let us apply, now, the loads P3 and P4. Since the principle of super- 
position holds, the displacements produced during the application of P3 
and P4 will not be affected by the presence of the previously applied loads 
Pi andP2 and will be equal to 5i", ^2", h’' , and 5/' as before. The work 
done by P3 and P4 during their gradual application 
will be 

i(P35/' + P454'0. W 

At the same time, the previously applied loads 
Pi and P2 will produce work, on the displacements 
5i":and 62", equal to 


Pl5i" + P252 


(/) 


Upon summing up expressions id), {e), and (/), the 
total amount of strain energy is obtained. Equa- 
ting this energy to expression (c), we obtain 






(a) 






(b) 

Fig. 320. 


Pl^X^^ + P^W' = Pz^z + P^^i * 


(28) 


This equation states that the work done by the forces of the first state 
of loading (Fig. 319a) on the corresponding displacements of the second 
state (Fig. 3195) is equal to the work done by the forces of the second 
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state on the corresponding displacements of the first. This represents 
the so-called reciprocal theorem.^ 

The foregoing derivation of the reciprocal theorem holds also in the 
case of generalized forces. As an example, let us consider the two 
conditions of loading of the cantilever beam shown in Fig. 320. In the 
case of the load P applied at the end, the rotation of the end A is 

ft 

“ 2EI 

Likewise, the deflection at A under the action of the couple M is 

X - ME 
“ “ 2EI 


W 



It is seen that these values of da and ba satisfy the reciprocal theorem, i.e., 

Mfta = PK. 

As another example, let us consider the case of a rigid slab having 
the form of an equilateral triangle supported by three vertical and three 
inclined bars of equal cross-sectional areas A and hinged at the ends 
(Fig. 321). In one case, the slab is loaded by W at the center (Fig. 321a), 
and in another case it is loaded by a couple M acting in the plane of the 
slab (Fig. 3215). Owing to the action of the load W, the vertical bars 
will be compressed by the amount Wh/ZAE) and since the lengths of 
the diagonals remain unchanged, the compression of the vertical bars 

1 In its general form the reciprocal theorem has been proved by E. Betti, Nwvo 
cimento, ser. 2, vols. 7 and 8, 1872. See also Lord Rayleigh’s paper in Proc. London 
Maih. Soc., vol. 4, pp. 3S7-368, 1873. 
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will be accompanied by lateral distortions in the side planes of the 
structure as shown in Fig. 321c. Consequently^ there will be rotation 
of the slab. In calculating the angle of rotation we observe that the 
middle point 5 1 between the hinges mi and Ui moves along mini by the 
amount Wh^^/ZAEl^ and the angle of rotation of the slab is obtained by 
dividing this displacement by the distance 1/2 i/S of the point s from the 
center 0 of the slab (Fig. 321a). This gives 


W 2V3_ 2W1C 
MEf I AEV^P 

As a result of the loading shown in Fig. 3215, we shall obtain not only 
rotation of the slab but also some vertical movement. To proceed with 
this case, we first replace the torque M by a statically equivalent system 
of three equal forces P coinciding with the three edges of the triangular 
slab. Then, since 


we have 


ZP 


I 


2V3 

2M 




P = 


i V3 


Now each of these three forces P produces a compressive force Ph/l in 
the corresponding vertical bar as shown in Fig. 321d. Hence the vertical 
displacement d of the slab will be 


Ph^ ^ 2Mh^ 
lAE pae V3 


(/) 


Considering the rotation (g) in the first case of loading and the vertical 
displacement (g^) in the second case, we see that the reciprocal theorem is 
satisfied, f.e., 

Me ^ Wd. 


The reciprocal theorem is especially useful in the construction of 
influence lines for redundant reactions. Let us consider, for example, 
a beam on three supports as shown in Fig. 322a and investigate the change 
in the redundant reaction Yc at the intermediate support with change of 
the distance x defining the position of a moving load P. In applying the 
reciprocal theorem, we have always to compare two conditions of loading 
of the given structure. As the first state, we take the actual loading, 
shown in Fig. 322a ; as a second state, we select the fictitious loading shown 
in Fig. 3225, where the load P is removed and in place of the reaction Yc 
a unit force acts. This second state is statically determinate, and we 
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(ban find the deflection curve ACS. For the left portion of the beam the 
deflection is' 

« - S(iHnS/ ® 

A similar expression can be established for the right portion. The 
deflection under the unit load is obtained by substituting x = h in Eq. 
(h)^ which gives 

S(li + h)Ef 

Applying now the reciprocal theorem, we calculate first the work done 
by the forces of Fig. 322a on the corresponding displacements of Fig. 
3226. Such work evidently is 

Yj.-Py, 



Fig. 322. 


Considering now the work of the forces of Fig. 3226 on the corresponding 
displacements of Fig. 322a, we find that this work is zero since, for the 
unit load in Fig. 3226, the corresponding deflection in Fig. 322a is zero. 
Hence the reciprocal theorem gives 


from which 


Yedo - Py = 0, 

Py _ ^P{ii + k)El 

7.2?_2 V' 



It is seen that when the load P is moving along the beam AB the reaction 
at C varies in the same proportion as the ordinates y of the deflection 
curve AGB calculated for a unit load at C. Thus this deflection curve 
can be taken as the influence line iov the reaction Fc- Having such an 

^ See '^Strength of Materials,’’ vol. I, p. 142. 
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influence line, the reaction Ye for any system of vertical loads Pi, P-j 
P 3 , . . . can be found in the usual way from the equation 

Ye — Y (PlVl + P22/2 + PzVz + * * •) 

where ^ 1 , - . are the ordinates of the influence line ACB correspond- 

ing to the forces Pi, P 2 , .... 

If we desire an influence line for bending moment Me at the inter- 
mediate support C of the beam in Fig. 322a, we first cut the beam at this 
section and introduce the equal and opposite couples Me as shown in 



rdJ 

Fig. 323. 

Fig. 323a. The corresponding fictitious loading is shown in Fig. 3235. 
Now, using the reciprocal theorem, we find 

Mc{6i + 62) Py = 0 , 

from which 

= p - . 

V ^ 01+^2 

Upon substituting the known expressions for ^ 1 , and 02 , the influence 
coefficient for the left span becomes 


x{li^ - x^) 
I2) 


(k) 


The same expression can be used for the right span if we interchange the 
subscripts of h andi 2 and measure x from B. 


If the derivation of an analytical expression for the influence line is not practicable 
as in the preceding examples, the line can always be obtained experimentally by mak- 
ing a test with a model of the actual structure. Suppose, for example, that we desire 
an influence line for the thrust JJ of the two-hinged arch shown in Fig. 324a. In the 
fictitious state of loading (Fig. 3245), we make the support B movable and apply to 
the arch two equal and opposite unit forces as shown. Let B be the horizontal dis- 
placement of the support B produced in this fictitious case and y the vertical deflec- 
tion of point C. Then the application of the reciprocal theorem gives 

HS -Py ^ 0, 
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from which 


11 


Py 


(l) 


This result is similar to that in Eq. (j) obtained for the previous problem. Hence we 
can state that the ratios y/S for the case shown in Fig. 3246 represent the influence 
coefficients for the thrust H. It is evident that, by making a model of the arch and 

loading it as shown in Fig. 3246, the in- 
fluence coefficients can be obtained from the 
measured deflections y and S. 

The experimental determination of in- 
fluence lines may be of practical interest in 
those cases where we have many redundant 
indeterminate quantities. Take, for ex- 
ample, the rectangular frame built-in at 
the supports as shown in Fig. 325a. This 
is a structure with three redundant con- 
straints. Removing the support at the 
right end and replacing it by reactive forces, 
we obtain the three statically indeterminate 
quantities H, V and Mb as shown. To ob- 
tain for each of these quantities an in- 
fluence line by experiment, we use a model 
of the frame and give in each case to the end B of the model a displacement 
corresponding to the force that we are planning to determine. If we are interested, 
for example, in the reaction FT, we give to the end B of the model a horizontal 
displacement h and at the same time by proper constraints we prevent the cross 
section from both vertical and angular displacement. In this manner we obtain 
the deformation shown in Fig. 3256. Let //', V' and Mu be the forces which we apply 




to the model at B to realize the above-described displacement. Now, applying the 
reciprocal theorem to the loading conditions shown in Figs. 325a and 3256 and observ- 
ing that only those displacements in the fictitious state (Fig. 3256) corresponding to 
the actual forces P and H are different from zero and that the displacements in Fig. 
325a corresponding to the forces if', F' and Mb' all are zero, we obtain 

H5 — Py 0, 


TT . 


Py 


from which 
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Again the influence coefficients for H are obtained by dividing the deflections y by the 
displacement 5, and all these quantities can be measured in making the experiment 
with the model. Influence lines for V and Mb can be obtained in a similar manner. 
To get the influence line for F, we have to give to the end B of the model a vertical 
displacement and at the same time prevent any horizontal or rotational displacement. 
In the case of Mb we must give to the end B a rotation and at the same time prevent 
any horizontal or vertical motion. The measurements of deflections in these two 
cases give the information required for calculating the ordinates of the required influ- 
ence lines.^ 


PROBLEMS 

212. Derive the equation of the influence line for the reaction at B of the con- 
tinuous beam in Fig. 322a, and find, by using this influence line, the maximum and 
minimum magnitudes of Rb. 

213* Referring again to the beam in Fig. 322a and using expression (/c), find the 
maximum bending moment Me at the intermediate support if h — 40 ft., h — 20 ft., 
P = 1,000 lb. Ans. afc)ma=c. = 5,125 ft.-lb. 

214. Construct an influence line for the axial force in the strut CD of the trussed 
beam vshown in Fig. 326. Neglect the effect of changes in length of the bars, and con- 
sider only bending of the beam ACB, 


B 

=3 

Fig. 326 . Fig. 327 . 

216. Construct the influence line for the tension X in the tie rod DC of the statically 
indeterminate system shown in Fig. 327. As in the preceding problem, neglect the 
deformations due to axial forces, and consider only bending. 

216. Using the reciprocal theorem, derive an expression for the influence coefficient 
for the end moment Ma in the case of a beam AB with built-in ends. Where should a 
load P be placed on such a beam to produce the maximum end moment? 

. Px — 2lx^ A- li • -nr 

Ans. ^2 3 ^ ” 3 Ma* 



1 Special apparatus, known as Begg^s deformator gauges^ are available for controlling 
the deformations of models. For a description of these instruments, see J. Franklm 
Inst.imi. 


CHAPTER VI 

' DEFLECTION OF PIN-JOINTED TRUSSES 

44, Applications of Castigliano’s Theorem. — Castigliano^s theorem, 
discussed in Art. 41, can be used to advantage in studying the deflections 
of trusses, especially if the displacements of only a few joints are required. 

^ Consider, for example, the simple 

truss shown in Fig. 328a to which the 
vertical loads P, Q, and R are applied, 
and assume that it is required to 
determine the vertical deflection of 
the middle joint B of the lower chord. 
For this purpose, we must derive an 
expression for the strain energy of the 
truss as a function of the given loads 
P, Q, R and then calculate the partial 
derivative of this expression with re- 
spect to the force Q acting at joint B. 
The expression for strain energy in the 
case of a statically determinate pin- 
jointed truss is a very simple one. 
Let Si be the force in any bar i due 
Then the strain energy stored in this 
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4 
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to the actual loading (Fig. 328a). 
bar is 

SiHi 

2AiE’ 

where k is the length and Ai the cross-sectional area of the bar. 
up expressions (a) for all bars of the truss, we obtain^ 


U 


_ V 


(a) 

Summing 

(29) 


^2AiE 

In calculating the partial derivative with respect to the load Q, we observe 
that in expression (29) only the quantities Si depend upon Q. Hence 
ordinary differentiation gives the required deflection in the following 
form: 

m 

BQ 


S = 


Z^AiE/dQ' 


(h) 


It is assumed that the material of all bars is the same and that the modulus E 
is constant. 
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Observing that the derivative dSi/dQ in this expression is the rate of 
change of the force Si in any member i with respect to the load Q/ we can 
determine the magnitude of this derivative in a very simple manner by 
considering the action on the truss of the unit load shown in Fig. 3286- 
Denoting by Si the force produced in any bar f by this unit load, the 
magnitude of the derivative dSi/dQ is evidently equal to the ratio s/: l, 
and expression (6) for the deflection b can be written in the following form, 



(30) 


in which the factor Sili/AiE in each term represents the elongation of the 
bar i under the actual loading and s/ is an abbreviation for the ratio 
obtained for each bar from the fictitious loading shown in Fig. 
3286.^ Since, in this case, the truss is statically determinate, the cal- 
culations of the quantities & and Si can be made without difficulty and 
the deflection b can then be calculated from Eq. (30) provided that the 
dimensions of the bars and the modulus E are given. 


Table V 


(1) 

i 

(2) 

. kj in. 

(3) 

Ai, in.® 

(4) 

Si, lb. 

(5) 

s/ 

(6) 

SiSi’li 

Ail0» 

(7) 

Si'% 

(8) 

Sik 

17'^' 

1 

250 

1 6 

-27,500 

-0.625 

716.0 

0.625 

-2,387 

2 

150 

1 3 

16,500 

0.375 

309.4 

-0.375 

-1,031 

3 

200 

1 2 

16,000 

0 

0 

0 

0 

4 

150 

1 3 

16,500 

0.375 

309.4 

-0.375 

-1,031 

5 

250 

2 

7,500 

0.625 

585.9 

1 0.625 

1,953 

6 

300 

4 

-21,000 

-0.750 

118.1 

1 0 

0 

7 

250 

2 

12,500 

0.625 

976.6 

-0:625 

-3,255 

8 

150 

3 

13,500 

0.375 

253.1 

0.375 

844 

9 

200 

2 

8,000 

0 

0 

0 

0 

10 

250 

6 

-22,500 

! -0.625 

585.9 

-0.625 

1,953 

11 

150 

3 

13,500 

1 0.375 

253.1 

0.375 

844 


Assuming, for example, P = Q = 16,000 lb., R = 8,000 lb., and tak- 
ing the lengths of the bars from column (2) of Table V, we obtain for 
Si and s/ the values shown in columns (4) and (5), respectively, of the 
table. Using now the cross-sectional areas, given in column (3), the 
•figures in column (6) are obtained. The sum of this last column, mul- 
tiplied by 10® and divided by the modulus gives the required deflection 

i In our further discussion, we shall always denote the ratio s/ : 1 simply as s/, but 
it should be kept in mind that when so used it must be considered as a pure number, 
which will be called the influence number fox the bar 
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5 as sliown by Eq. (30). ■ Assuming that the truss is of structural steel 
and taking = 30 • 10® lb. per sq. in.; we obtain 


4,108*10^ 
^ 30 ‘ 10® 


0.1369 in. 


The calculations in Table V are made with four significant figures; but 
calculations with three significant figures, as given by an ordinary slide 
rule, will have sufficient accuracy for practical purposes. 

If the horizontal displacement of the joint B is required, we proceed 
as explained in Ai-t. 41 and add to the actual loads P, Q, R an infinitesimal 
force T acting in the direction corresponding to the required displacement 

(Fig. 329a), Then the derivative 
dU/dT gives the required horizontal 
displacement as follows: 
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= 2 


Sili dSi 

A^df' 


(c) 


Since T is an infinitesimal force, the 
values of Si are the same as those 
already recorded in column (4) of 
Table V. The values of the deriva- 
tives dSi/d T, representing the rates of 
change of the forces Si with respect 
to the force T, Sive obtained from the 
loading condition shown in Fig, 3296. 
For this latter condition of loading, only the bars 2 and 4 are active. 
Hence in expression (c) only two terms are different from zero, and we 
obtain for the required horizontal displacement 

16,500 • 150 


(6) 

Fig. 329. 


S2I2 I S4I4: 
A 2 E A 4 E 


3 * 30 * 10® 


0.055 in., 


which is evidently equal to the sum of the elongations of the bars 2 and 4. 

Sometimes we have to find the angles of rotation of certain members 
of a truss during deflection. These angles can also be calculated by using 
Castigliano^s theorem. To illustrate the procedure of such calculation, 
let us consider again the truss shown in Fig. 328a and find the angle of 
rotation of the bar 6 produced by the loads P, Q, and R, The generalized 
force corresponding to this rotation is the couple M applied as shown in 
Fig. 330a. This follows from the fact that such a group of forces produces 
work only during rotation of the bar 6 in the plane of the figure. If 
this bar moves parallel to itself or elongates, keeping its direction 
unchanged, the work of two such equal and opposite forces perpendicular 
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to the axis of the bar vanishes. Since the generalized force If corresponds 
to rotation of the bar 6, we obtain the angle of rotation by calculating 
the partial derivative dU/dM, Upon substituting for U its expression 
(29), the angle of rotation becomes 

^ ~ dM ^ 


Assuming that the couple M is infinitesimal, the forces Si will have the 
same values as before and are given in 
column (4) of Table V. The deriva- 
tives d&/0iif, representing the rates 
of change of the forces Si with respect 
to the couple iif, are obtained by 
applying to the truss the couple equal 
to unity as shown in Fig. 3306 and then 
calculating the forces s/' produced in 
the members of the truss by this 
couple. Thus 

Mi 

dM 1 * 

Since the right side of this equation 
has the dimension of force divided 
by moment of force, the partial 
derivatives dSi/dM have the dimension of length''^, and the angle 0 as 
obtained from expression (d) is a pure number. 

Instead of the loads l/h as shown in Fig. 3305, it is simpler to use unit 
loads, as before, and then divide corresponding axial forces s/^ • Iq by 
the length h to obtain the numerical values of the derivatives BSi/dM, 
For the numerical data already assumed, the values of s/'h calculated 
for unit loads instead of l/U as shown in Fig. 3305 are given in column (7) 
of Table V. By using this column together with columns (2), (3), and 
(4), the numbers in column (8) are calculated. Summing up these 
numbers and dividing by we obtain, from Eq. (d), the required value 
of the angle of rotation d. For structural steel this value is 

^ J “ 30^106 "" radian (e) 

The minus sign indicates that the bar 6 rotated in the direction opposite 
to the direction of the unit couple in Fig. 3305. 

In the foregoing calculation of the angle of rotation, the notion of 
generalized force was used. The same result can be obtained by cal- 
culating the vertical deflections of the ends of the bar 6 and dividing their 
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algebraic sum by the length h. If this latter method is used,: we have to 
add to the given loads F, Q, and B the infinitesimal forces N and T as 
shown ill Fig. 331a. Then the required angle of rotation is 


\ 1 "S 

Sdi , 

(dSi 

1 

/ 

AiE 

\dN 



Observing that the derivatives on the right side of expression (/) are 
obtained by using the loadings shown in Fig. 3315 and Fig. 331c and that 
the superposition of these two loadings divided by h gives the loading 
_ shown in Fig. 3306 , we conclude that 

the parenthesis on the right side of 

I i Eq. (/) divided by is equal to . 

Hence expression (/) is identical with 
/ \ \ expression (a). 

^ / Castigliano^s theorem can be used 

{ T also to calculate the change in dis- 
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Fig. 332. 


tance between two joints of a truss during deflection. Assume, for 
example, that it is required to find the change in distance between the 
joints D and F (Fig. 332a) produced by the action of loads F, Q, and B, 
The generalized force corresponding to this change in distance is evi- 
dently a group of two equal and opposite forces T applied at F and F 
and acting along the line D¥ as shown. Castigliano^s theorem then 
gives 

Assuming again that T is an infinitesimal force, the forces Si are those 
produced by the actual loads P, Q, and B. The values of the derivatives 
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dSi/dT are obtained by calculating the forces produced in the truss 

members by unit forces acting as shown in Fig. 3325. 

If it is required to find the change 6 of the angle between the bars 6 
and 10 produced by the loads P, Qj and P, we note that the generalized 
force corresponding to this angular 


displacement consists of two equal 
and opposite couples M acting as 
shown in Fig. 333a. It is evident 
that this group of forces produces 
work only if the angle DEC changes. 
The required change in the angle 
is now obtained by application of 
Gastigliano^s theorem, which gives 


<9 = 


dU 


dM 




Sjli dSi 


(h) 


The forces Si in this expression are 
those produced by the actual loads 
P, Q, and B. The partial deriva- 
tives dSi/dM are numerically equal 
to the axial forces induced in the 
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(b) 

Fig. 333. 


members by the two equal and opposite unit couples acting as shown in 
Fig. 3335. 


PROBLEMS 

217. Using Castigliano’s theorem, determine the vertical and horizontal displace- 
ments of the joint A of the simple truss shown in Fig. 334. Assume, in calculation, 
that all bars have the same cross-sectional area Ai = 1 sq. in. and the same modulus 
E ~ 30(10)® lb. per sq. in. P ~ 1,000 lb., and a 8 ft. 



€ 



218. Referring to Fig. 335 and assuming Q = 1,000 lb., find the vertical deflection 
5dof the joint Z) if P == 30(10)®ib.persq. in., Ai = 2sq. in. for each bar, and «>= lOft. 

219. Using the same numerical data as in the preceding problem, calculate the 
change in the 30-deg. angle at A, due to the action of the load Q = 1,000 lb. 
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220. Calculate the vertical deflection di of the joint L of the simple truss shown in 

Fig. 336, if P == 1,000 lb,, Ai — 1 sq. in. for each 
bar, and E — 10(10)® lb. per sq. in. The squares 
IJLKj etc., have sides of length a = 4 ft. 

221. Using the same numerical data as in the 
preceding problem, calculate the change in length 
of the diagonal IF of the middle square, due to the 
action of the load P. In the same manner, find 
the change in length of the distance PL. 

222. Using again the numerical data given in 
Prob. 220, evaluate the change bB in the right angle 
IKLj due to the applied load P. 

45. Maxwell-Mohr Method of Calculating Deflections.^* — To explain 
this method, let us consider the truss shown in Fig. 337a and calculate 
the vertical deflection 5 of a joint C produced by the given loads P and Q. 
This deflection can be obtained as the sum of the small deflections due 
to deformations of single bars of the truss. To find the deflection at C 
due to the elongation of one single bar,^ say bar CD, let us consider the 






system shown in Fig. 3376. The bar CD is removed, and instead of the 
actual loads only a unit load is acting at joint C. In this way we obtain 
a movable system consisting of the two rigid portions, shaded in the 
figure, which can rotate with respect to each other. To ensure the 
equilibrium of this system the forces s/ must be added. These forces 

1 The method was developed by Maxwell in a paper published in Phil. Mag., voL 
27, 1864. This paper did not come to the attention of engineers, and 10 years later 
in a paper published in Z. Architekten^Ingmieur-Ver., 1874, p. 223, O. Mohr developed 
the same method by using another way of reasoning. Since Mohr's work was done 
independently of Maxwell's and since the method was accepted by engineers only 
after numerous applications shown by Mohr, it is customary to call it the Maxwell- 
Mohr method. 

2 The other bars are considered as rigid and their lengths unchanged. 
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are replacing the action of the removed bar CD on the shaded portions 
of the truss and evidently are equal to the force produced in that bar by 
the unit load at joint C. We now have a simple geometrical problem, 
to find the deflection Ad of the joint C resulting from the movement of 
the system by which the distance between the joints C and D increases 
by a small amount 8/, solve this problem, we use the principle of 
virtual displacements. Since the unit force at C and the forces s/ 
together with the reactions at the supports represent a system of forces 
in equilibrium, their work on the foregoing assumed small displacements 
must vanish; hence, 

= (a) 

The reactions at the supports do not enter in this equation. They do 
not produce work since the support A does not move and the support B 
moves perpendicularly to the reaction at B, From Eq. (a), we obtain 

A5 = h' ■ ~ 

Thus we see that the deflection of the joint C is obtained by multiplying 
the change of distance 8/ between the joints C and D by the ratio s/ /I. 
Having this relation, we proceed now with the actual case of loading 
shown in Fig. 337a. Our previous notations being used, the elongation 
of a bar number which is the bar CD in our case, is SiU/AiE. From 
the relation (5), we now conclude that the deflection of joint C due to 
the elongation of the bar i is 

a^'T 

Proceeding in the same way with all other bars and summing up the 
corresponding small deflections,^ we obtain the actual deflection of the 
joint C in the following form: 



It is seen that, for the determination of the deflection of any joint of a 
truss, we need to find the elongations AZi of all members of the truss under 
the actual load (Fig. 337a) and the forces s/ produced in the same 
members by a unit load applied at the joint the deflection of which we 
have to find (Fig. 3376) . Both these calculations can be easily performed 
in the case of a statically determinate truss and can be presented in 
tabular form as was done in the previous article (see Table V, page 259). 

1 It is assumed that the principle of superposition holds for the small deformations 
produced in actual trusses. 
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Comparing expression {d) with expression (30), we see that the Max- 

well-Molir method gives the deflections in the form already obtained by 
applying Castigliano's theorem. This second derivation is given here 
because it makes it easier to grasp the purely geometrical character of 
the problem. It is evident that expression (d) holds independently of 
what causes the changes Lk in the lengths o| the bars. Sometimes we 
have to consider the elongations of bars due to a rise in temperature 
from some specified temperature. If ai is the coefficient of thermal 
expansion and U is the temperature increase, the corresponding elongation 
of the bar is aMi, Sometimes the length of a bar can be changed by 
using some mechanical device such as a turnbuckle. The effect of such 
a change on the deflection of a truss can also be calculated from Eq. (d), 
provided that the change in length At is known. Superposing deflections 
produced in a truss by various causes, we can write expression (d) in a 
more general form, 

in which not only elastic elongations of the bars but also elongations due 
to temperature changes and elongations produced by some special devices 
are considered. 

Sometimes it is required to find not only deflections due to changes 
in the lengths of the bars of a truss but also deflections produced by some 
small movements of the supports. These additional deflections can be 
readily found from Eq. (31). We assume only that the hinges at the 
supports are attached to an immovable foundation by some fictitious 
bars, the changes in length of which are chosen in correspondence with 
the known displacements of the supports. Including these fictitious 
bars in the summation shown by expression (31), we automatically 
take into account the effect on the deflections of the known movements of 
the supports. For example, let us consider an unsymmetrical arch with 
three hinges (Fig. 338a) tod calculate the horizontal displacement of 
the upper hinge C produced by the loads Pi . . . P 4 , a uniform increase 
in temperature t, and the small movements of the supports the com- 
ponents |i, rii and I 2 , 7/2 of which are shown to an enlarged scale in the 
figure. Assuming that each of the hinges A and B is attached to an 
immovable foundation by two fictitious bars, one vertical and one 
horizontal, we can consider that ^ 1 , and I 2 , V 2 represent the small 
shortening of these bars. Now, considering the same arch again, we 
assume that a horizontal unit load is applied at the upper hinge C (Fig. 
3386) and calculate the reactions Fi, JIi, H 2 and the forces s/ in 
the bars produced by this load. Applying, now, expression (31), we 
obtain the following value of the horizontal displacement of the hinge C : 
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5 = + mVx - ^2Ho. - v,V2. 

The summation in this expression includes all actual bars of the arch^ 
and the last four terms correspond to the four fictitious bars. Since these 
bars are placed in such a manner that the displacements rjij ^ 2 , '^2 
represent shortenings of the bars, we take all these displacements with 
negative signs. We take also with negative signs the reactions Fi and 



Fig. 338. 


V:i since, from the directions of these reactions in Figs. 3386 and 338c, 
we conclude that they represent compressive forces in the fictitious bars. 

PROBLEMS 

223. Referring to the truss in Fig. 114 (page 67), calculate the vertical deflection 
of the hinge C if the load P — 1,000 lb. and a = 5 ft. Assume E = 10(10)^ lb. per 
sq. in. and Ai = 1 sq. in. for each bar. How will this deflection be changed if the sup- 
port at B settles 0.1 in.? 

224. Referring to the truss in Fig. 118a (page 69) and assuming a span of 60 ft., 
calculate the vertical deflection 5 of the middle joint of the bottom chord. Assume 
P == 1,000 lb. and steel bars each having a cross-sectional area Ai ~ 1 sq. in. In the 
vertical bar there is a turnbuckle with a thread pitch /i = | in. How many turns 
must be given to this turnbuckle to bring the middle joint of the bottom chord back 
up to the level of the supports? 

226. Calculate the vertical movement of the hinge C of the three-hinged arch in 
Fig. 338a produced by a uniform rise in temperature of 70°F. Assume that all bars 
are of steel for which a = 0.0000065 in. per in. per °F. and that a = 10 ft. 
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■ 46« Graphical Determination of Truss Deflections— From the dis- 
cussion of the two preceding ■ articles, we see that the analytical cal- 
culation of truss deflections requires consideration of a special loading of 
the truss for each joint whose deflection is required. If the deflections 
of many joints are required, the foregoing calculations become tedious 
and a graphical determination of the displacements can be used to 
advantage. ^ We begin with a very simple example consisting of a joint A 
attached to joints B and C by two bars 1 and 2, as shown in Fig. 339u. 
The displacements and CC' of the joints B and C and the changes 
in length of the bars 1 and 2 are given; it is required to find the cor- 
responding displacement of joint A. We first assume that the bars are 
disjointed at A and translate them to the positions A'B' and A''C' 



parallel to their initial positions and such that BB' and CC' represent 
the given displacements of the joints B and C. In these new positions, 
we keep the joints B' and C' fixed and give to the opposite ends of the 
bars the displacements A^A i and i" as shown by heavy lines. These 
latter displacements are equal to the given changes in the lengths of the 
bars, that is, A^Ai is the known elongation of the bar 1 and is 

the known compression of the bar 2. Now, to finish the construction, 
we have to bring the points Ai and Ai' together by rotating the bar 
B'Ai with respect to the center B' and the bar C'4 1 " with respect to the 
center C'. Since we are dealing with small deformations and small 
angles of rotation, the arcs of the circles along which the points ^i' and 
Ai" travel during such rotations of the bars can be replaced by per- 
pendiculars AiAi and Ai'Ai the intersection of which gives the new 

^Such graphical constructions for the deflections of trusses are called WilUot 
diagrams. See Williot, Notation pratiques sur la statique graphique,*' Publications 
sdentifiques industrielleSy 1877. 
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position A I of the joint A, Thus the vector A At represents the required 
displacement of the joint ii. 

Since the elongations of the bars and the displacements of the joints 
are very small in comparison with the lengths of the bars, it is necessary 
to represent these quantities to a large scale and to make all constructions 
in a separate diagram as shown in Fig. 3396. We take a pole 0 and lay 
out to the chosen scale the given displacements OA' and OA^' of the joints 
B and C. Then from the points A' and A" we draw the vectors Mi 
and Ah, shown by heavy lines and representing the known changes in 
length, of the bars 1 and 2. Due attention must be paid to the sign of 
these elongations. The bar 1 is increasing in length; hence Ah is put in 
the direction from B to A. The bar 2 is decreasing in length; hence 
Ah is put in the direction from A to C, Finally, perpendiculars con- 
structed at the ends of the vectors Ah and Ah intersect at point Ai, 
defining the required displacement OAi of joint A, It will be noted that 
the displacement diagram in Fig. 3396 is identical with the portion 
AMAiAiAi'M^ of Fig. 339a, except that it can be constructed to a 
much larger scale if desired. Figure 3396 represents the Williot diagram 
for the simple structure BAC of Fig. 339a. 

The same procedure can be used in the construction of displacement 
diagrams for all simple trusses that are formed by starting with one bar 
and attaching each new joint by two bars (see page 45). We .^take, as 
an example, the truss shown in Fig. 340a and begin the determination of 
the displacements with a calculation of the elongations Ah ... Ah 
of all bars produced by the given load P, These calculations can be made 
without difficulty since the system is statically determinate and all 
dimensions are known. Starting now with joint A, which is fixed, we 
assume, for the beginning, that the bar AE retains its horizontal position 
during deformation. Hence joint E has only a horizontal displacement 
equal to the elongation Ah of the bar 2. Knowing the displacements of 
the joints A and E, we can now find the displacement of the joint B, 
which is attached to these joints by the bars 1 and 4. Proceeding as in 
Fig. 3396, we start with an arbitrarily choseg poleO (Fig. 3406) and mark 
points a' and e', which correspond to the joints A and E. Since joint *4 
is fixed, a' coincides with the pole 0. The vector Oe', equal to the elonga- 
tion Ah^ of the bar 2, is taken in the direction from A to E, indicating 
extension of the bar. From points a' and e' we draw in the proper direc- 
tions the vectors Ah and Ah, representing the shortening of bar 1 and the 
elongation of bar 4, respectively. Making the perpendiculars at the 
ends of these vectors, we obtain the intersection point 6', which 
determines the displacement 06' of the hinge B. Having now points e' 
and 6' on the diagram, we can determine the position of the point c' 

* To simplify notations we use in the diagram Ai, A 2 , . . . instead of Ah, A? 2 , . . * • 
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and the displacement Oc' of the joint C, which is attached to; joints 
B and E by the bars 3 and 5. For this purpose we draw from points V 
and e' the vectors A^ 3 „and Ah, representing, respectively, the shortening 
of bar 3 and the elongation of bar 5 . The intersection of the perpen- 
diculars drawn at the ends of these vectors determines the position of 
point Proceeding further in the same way, we finally obtain the last 
point of the diagram. Vectors drawn from the pole 0 to the points 
e', V, E, and d' represent both in magnitude and direction the 
required* displacements of the corresponding hinges of the truss. By 
using them to some reduced scale, we can construct the distorted shape 
of the truss as indicated by dotted lines in Fig. 340a. 

Since we started with an arbitrary assumption that the bar AE 
remains horizontal, the deformed shape AB'C'D'E' of the truss does not 
satisfy the condition at the support D. This support can move only 





Fig, 340. 


horizontally, while the displacement PD', obtained from the diagram 
in Fig. 3406, is not horizontal. To satisfy the condition at the support, 
we must rotate the deformed truss, indicated by dotted lines in Fig. 340a, 
with respect to the hinge vl by such an amount that the point D' will 
reach the horizontal line AD. In this way the conditions at both 
supports will be satisfied aM the true displacements of the hinges will 
be obtained by geometrically adding to the displacements found in 
Fig. 3406 the displacements produced during such rotation. These 
latter displacements can be found as follows: Since the distorted shape 
AB'C'D'W of the truss (Fig. 340a) is actually very close to its initial 
shape, it can be assumed with good accuracy that, during rotation about 
the hinge A, the hinge D' moves perpendicularly to AD, hinge C' moves 
perpendicularly to AC, etc. Furthermore, the magnitudes of these 
displacements will be proportional to the radii AD, AC, etc. The 
required rotatory displacement of the point D' is evidently equal to the 
vertical component of the displacement DD' represented by the vector 
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Od' in Fig. 3406. This rotatory displacement of D* having been obtained; 
the corresponding displacements of the other hinges are readily obtained 
from Fig. 340C; in which Od'^ is taken equal to the vertical component of 
Od' in Fig. 3406 and the other points are obtained by making the figure 
Ob"c'^d"e[[ geometrically similar to the figure ABODE of the truss but 
rotated by 90 deg. with respect to that figure. The vectors c'^0, 
d^^Oj and e"0 will then represent the rotatory displacements of all hinges 
of the truss. This follows from the geometric similarity that makes the 
vectors perpendicular to the corresponding radii and proportional to 
the lengths of these radii. Thus vector h'^0 in Fig. 340c is perpendicular 
to the radius AB inTig. 340ay and N'0:AB = d'^OiAD; vector is per- 
pendicular to the radius AC; and c"0:AC = etc. Tosimplify 

the geometric addition of the rotatory displacements to the displace- 
ments given by the diagram in Fig. 3406, we superimpose Fig. 340c on 
Fig. 3406 so that the poles 0 coincide. Then the total displacements of 
the hinges B, D, E will be represented by the vectors b"b\ c"c', d/'d\ 
and To see this, let us take, for example, the hinge B. Its dis- 

placement, corresponding to the dotted-line shape of the truss in Fig. 
340a, is given in Fig. 3406 by the vector 06'. The rotatory displacement 
of the same hinge is given by the vector 6"0; hence the geometric sum of 
these two displacements, giving the true displacement of the hinge B, 
is the vector 6"6'. Similar reasoning holds for the other hinges.^ 

In the case of a truss with many bars, it may be anticipated that, if 
we start the construction of the displacement diagram from the support, 
as we did in Fig. 340, the constructions will extend farther and farther 
away from the pole 0 and the diagram may become unwieldy. In such 
cases, a more compact diagram can be obtained and the unavoidable 
inaccuracies of drawing can be reduced by starting the construction from 
the middle of the truss. Considering, for example, the truss in Fig. 341a, 
we begin with the bar AB. Assuming that the hinge A is immovable 
and that the hinge B moves only vertically, we find from the displace- 
ment diagram (Fig. 3416) that point a' coincides with the pole 0 and that 
point 6' is vertically above 0 at a distance 06' equal to the elongation 
Afi of the bar 1. Having the points a' and 6^, we obtain the points cor- 
responding to the other hinges in exactly the same manner as in Fig- 
340. Considering the portion of the truss to the right of the bar AB, we 
obtain in the diagram in Fig. 3416 the points c', d', and c'. For the left 
portion of the truss we obtain the points /', g'y and W. Vectors drawn 
from the pole 0 to these points give the displacements of the hinges of 
the truss during deformation if the middle bar AB is kept fixed. The 

^ The foregoing method of correcting the Williot diagram to satisfy the conditions 
at the supports is due to Otto Mohr. Bee ZiviDingenieur, vol. 33, p. 639, 1887. The 
corrected diagram should be called a Williot- Mohr diagram. 
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corresponding distorted shape of the truss is indicated in Fig. 341a by 
dotted lines. Since our assumption regarding the bar AB was entirely 
arbitrary, the displacements obtained do not satisfy the conditions at the 
supports, whic^ require that the hinge H be immovable and that the hinge 
E more only horizontail^r. To satisfy these two conditions, we have to 
perform two additional movements; first we have to move the distorted 
truss parallel to itself by the amount so that the condition at the 



left support J? will be satisfied. Then, subsequently, we rotate the truss 
with respect to hinge H by such an amount that the point £" reaches the 
horizontal line HE in Fig. 341a. When the truss moves parallel to itself, 
all hinges suffer the same displacement given in Fig. 3416 by the vector 
h^o, and this must be geometrically added to the previously obtained dis- 
placements. This is readily accomplished by taking point /?/, instead of 
0 , as the pole in Fig. 3416. Thus, for example, to obtain the result of 
superimposing the parallel motion, represented by the vector A'o on the 
previously obtained displacement oc' of the joint E, we have only to take 
the geometric sum of these two vectors, which is given by the vector h'eA 
Similar conclusions will be obtained for the other hinges. Hence, by 
taking point 6/, instead of o, as a pole, we accomplish the required 
geometric addition of the translatory displacement h'o. After this 
operation, the displacement of the hinge E is represented by the vector 
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Now, to satisfy the condition at the support E, we must rotate 
the truss with respect to the hinge H by such an amount that the rotatory 
displacement e'7i' of the hinge -E, when added geometrically to 
makes the resultant displacement SV of the hinge horizontal (Fig. 
3416). The corresponding rotatory displacements of the remaining 
hinges of the truss are then obtained by constructing the diagram 
e geometrically similar to the shape of the truss. The vectors 

6"6', c"c', . . . will then give the true displacements of the hinges 
of „ the truss. 

Having the total displacements of the hinges, w^e can readily obtain, 
by projection, the vertical components of the displacements of the 
lower chord joints as shown by the polygon hogododoeo in Fig. 341c. Such a 
polygon is called the deflection polygon for the truss. 

From the preceding examples it wall be appreciated that in the case 
of simple trusses there is no difficulty in constructing the displacement 
diagram corresponding to knowm changes in the lengths of all bars. In 
proceeding with this construction, it is necessary only to repeat wdth 
each new’ hinge the construction illustrated in Fig. 3396. In the case of 
statically determinate trusses that are compound or complex in form some 
additional considerations are required, wffiich we shall now^ illustrate by 
examples. As a first example, w-e take the compound roof truss showm 
in Fig. 342a. To construct the displacement diagram for this truss, 
we first disregard the web members on the right side and consider FIIQ 
as one triangle. Accordingly we consider HI, JQ, and HQ as simple bars, 
the changes in length of w’hich wall be obtained by summing up the 
elongations of the component bars. Thus the elongation of the bar IQ 
is obtained by adding together the elongations of the bars 6' and 
In this manner a simple truss is obtained, and the displacement diagram 
can readily be constructed. Such a diagram, constructed on the assump- 
tion that the hinge A is immovable and that the bar AB retains its original 
direction, is showm in Fig. 3426. Point a' coincides wdth the pole o, 
and point h' is obtained by making oh' parallel to the bar AB and equal 
to the compression of that bar. Proceeding in this way with the con- 
struction of the diagram, we finally obtain points e' and q' defining the 
displacements oe' and oq' of the points of support. To satisfy, now, 
the actual conditions at the supports, we displace the truss parallel to 
itself by the amount e'o so that the hinge E coincides with the fixed sup- 
port and then rotate the truss about this support b^rsuch an amount that 
the hinge Q coincides with the horizontal line EQ in Fig. 342a. As 
already explained, the geometric addition of this translatory displacement 
is readily obtained by taking point e', instead of o, as the pole. The 
rotatory displacement of the hinge Q is vertical and of such magnitude 
q"e' that, when geometrically added to the displacement e'q'^ ii makes 
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the resultant displacement the support' Q horizontal. The cor- 

responding rotatory displacements of the ■ remaining hinges are then 
obtainedj as before, by making the figure geometrically similar 

to the. simple truss that we are considering. The vectors' measured on 
the diagram (Fig. 3425) from the points with two primes to the cor- 



responding points with one prime give, then, the true displacements of 
the hinges of the truss. 

To finish the problem, we have to consider the displacements of the 
hinges K, L, If, iV, P, which were disregarded in our previous con- 
structions. For this purpose, we make, in the usual way, the displace- 
ment diagram for the right half of the truss, assuming that the hinge I 
is immovable-and that the bar IK retains its direction. Such a diagram 
is shown in Fig. 342c. From this diagram, we find the displacements oh' 
and oq' of the hinges H and Q. Since this latter diagram was constructed 
with an arbitrary assumption regarding the displacements of hinges I 
and K, the displacements ofe' and og' differ from the true displacements 
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and which were determined from the diagram shown in Fig. 

3426. To remove this discrepancy and obtain in Fig. 342c the true 
displacements, we superimpose on the displacements there a proper 
translation and rotation. For the translation, we take such a displace- 
ment A"o that the geometric sum of h'^o and oh' gives the true displace- 
ment h"h' ol the hinge h, taken from Fig. 3426. In this way we bring 
the hinge H of the right half of the truss into coincidence with the hinge H 
of the left half. Now we have to perform rotation of the right portion 
of the truss with respect to the hinge H and of such an amount that the 
hinge Q will finally obtain its true displacement. Thus in Fig. 342c 
we begin with the displacement oq' and add to it the translatory dis- 
placement h"Oj thus obtaining, as the geometric sum, the displacement 
h"q'. To this displacement the rotatory displacement must still be 
added. The direction of this displacement is evidently perpendicular 
to the chord HQ in Fig. 342a, and its magnitude q"h" must be such that 
the geometric sum of q"h" and h"q' gives the true displacement 
as obtained before in Fig. 3426. Having points h" and q"^ we obtain the 
remaining points with two primes by constructing the figure q"l"h"k" 
geometrically similar to the right half of the truss in Fig. 342a. The 
vectors measured from the points with two primes to the points with 
one prime in Fig. 342c give the required displacements of the remaining 
hinges. 

In Fig. 343, the displacement diagram for a three-hinged arch is 
constructed. We start with separate diagrams for each half of the arch, 
assuming that the hinges A and C are fixed and that the bars AD and 
retain their vertical directions. In this way the diagrams in Fig. 3436, 
and Fig. 343c are obtained. Since these constructions are made on the 
arbitrary assumption that the bars AD and CE do not rotate, we obtain 
for the displacement of the upper hinge B two different values ob' in 
the two diagrams. To remove this discrepancy and obtain in both 
diagrams the same displacement for B, we rotate the left half of the arch 
with respect to the hinge A and the right half with respect to the hinge C. 
Considering the hinge B as belonging to the left part of the arch, we con- 
clude that its rotatory displacement must be perpendicular to the line 
AB in Fig. 343a and that the point b" in Fig. 3436 defining the mag- 
nitude b"o of this displacement must lie on the line mn perpendicular to 
^jB. By the same reasoning, we conclude that the point b" in Fig. 343c 
must lie on the line m'n' perpendicular to BC. Constructing the lines 
mn and m'n', we have now only to select such positions for the two 
points 6" that the geometric additions of the rotatory displacements 6''o 
and the previously found displacements ob' give, in both diagrams, the 
same resultant displacement b"b'. It is seen from the drawing that 
this requirement is satisfied if we select the positions of points 6" on the 
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lines mn and m'n' in such a. wa 3 ^- tliat'&"6" becomes equal and parallel 
ij(},¥V, After determining the rotatory displacement of the hinge B, 
the corresponding rotatory displacements of the other hinges are obtained, 
as before, by constructing the figures od'V'f" and oh"¥^g^' geometrically 
similar to the portions A DBF and BECG, respectively, of the arch (Fig. 



343a). The final displacements are obtained by measuring the vectors 
from the points with two primes to the corresponding points with one 
prime in Figs. 3431> and 343c. With this w^e conclude our discussion of 
the Williot-Mohr diagram.^ 

PROBLEMS 

226. Find the displacement of the hinge A in Fig. 344 if the hinge B performs a 
given horizontal displacement BB' and the hinge C a given vertical displacement CC\ 
The lengths of the bars AB and AC remain unchanged. 

^ The construction of displacement diagrams fdr several more complicated cases 
can be found in H. Muller-Breslau^s book ^'Die graphische Statik der Baukonstruk- 
tionen/' 4th ed., voL II, pp. 59-87, 1907- 



Abt. 4,7] 


DEFLECTION OF PIN-JOINTED TRUSSES 


277 


227. Find tlie displacements of the hinges of the truss in Fig. 345a by using the 


A 



Williot-Mohr diagram shown in Fig. 3456. This diagram 
was started on the assumption that the hinge D is immov- 
able and that the bar DB does not rotate. 

228. Construct a Williot-Mohr diagram for the simple 
truss shown in Fig. 92a (page 51), assuming that each bar 
suffers a unit strain of 1/1,000. Be sure to distinguish 
between tension and compression members. 

229. Construct a Williot-Mohr diagram for the truss 
shown in Fig. 103 (page 60). Assume that all bars are 
of steel with cross-sectional areas A — 1 sq. in. and lengths 
L — S ft. and that P = 10,000 lb. 

230. Construct a Williott-Mohr diagram for the truss 
in Fig. 336. Use the numerical data given in Prob. 220. 


B 



Fig. 345. 


47. Method of Fictitious Loads. — The graphical method of finding 
displacements described in the preceding article tends to become inac- 
curate in the case of a truss containing many bars. The unavoidable 
errors of construction increase rapidly with the number of graphical 
operations, especially if it is necessary to determine the intersections of 
lines that are too nearly parallel. In practical applications we often need 
to know only the vertical deflections of the chord joints of a truss. This 
limited problem can be solved by using a method of fictitious loads ^ 
similar to that applied in calculating deflections of beams. Take, for 
example, the truss in Fig. 346a, and assume that the elongations of all 
bars produced by the given loads Pi, P 2 , . . . are known. Then, to 
calculate the A?'ertical deflections of the Joints resulting from an elongation 
AZ,, of one bar, say bar CP, we use the method explained in Art. 45. 
Accordingly, the deflection dm of any joint m (Fig. 3465) is obtained from 
the equation 

dm = {oi) 

in which s/ is the axial force in the bar CD due to a unit load at m. 
Since all bars, except CP, are considered rigid, the two portions of the 

^ The application of fictitious loads in calculating deflections of trusses was intro- 
duced by 0. Mohr, Beitrag zur Theorie des Fachwerks, Z. Architektm-IngenieuT-Ver. 
//armo^;er, 1875, p. 17. See also his book, ^‘Abhandlungen aus dem Gebiete der 
Technisclien Mechanik,^’ p. 377, 1906. 
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truss, shaded in Fig. 3465, move as rigid bodies, rotating with respect to 
each other about the hinge m, and the vertical deflections of all Joints 
are evidently given by the corresponding ordinates of the diagram amb 
ill Fig. 346c. Observing that the axial force s/ produced in the bar CD 
by the unit load at m is equal to the bending moment at m divided by the 
distance h, we conclude, from Eq. (a), that the deflection diagram in 
Fig. 346c can be considered as the bending-moment diagram for a 
fictitious beam AB acted upon by a fictitious load 


h 


(b) 


as shown in Fig. 346d. In a similar manner the deflections resulting 
from a change in length Ak of any other chord member of the given truss 
can be found. Using, now, the method of superposition, we conclude 
that the deflection of the truss resulting from changes in length of all 
chord members can be calculated for each joint as the bending moment 



at the corresponding cross section of a simple beam subjected to fictitious 
loads defined for each joint by Eq. (5).* Regarding the sign of the ficti- 
tious loads, we observe that compression of any upper chord member or 
elongation of any lower chord member results in a downward deflection 

* These loads, as we see, are pure nuinbers, and the corresponding bending 
moments have the dimension of length as it should be. 
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of the truss. This indicates that shortening of the upper chord or 
elongation of the lower chord implies a downward or positive fictitious 
load. 

Let us consider, now, the effect of changes in length of web members 
on the deflection of a truss. If only one bar, say the bar DE of the truss 
in Fig. 347a, changes in length by the amount the deflection of a 



joint m (Fig. 3475) is again obtained from Eq. (a). Applying this 
equation to all joints in succession, we conclude that their deflections 
are obtained by multiplying by AZi the corresponding ordinates of the 
influence diagram for the bar DE as shown in Fig. 347c. To construct 
this influence diagram, we note that, for any position of the unit load to 
the left of joint F, the force s/ (Fig. 3475) is obtained from the equation 
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in which the distances a and r are as shown in the figure. ' If the unit load 
is to the right of joint D, the force s/ is given by the equation 

w) 

Thus the influence diagram for s/ has the form shown in Fig. 347c. 
Upon multiplying the ordinates of this diagram by AU, the deflections 
of the truss produced by the change in length Ak of the bar DE are 
obtained (Fig. 347d). In all cases where the influence diagram has the 
shape shown in Fig. 347c, the shaded area in Fig. 347d can be considered 
as the bending-moment diagram for a simply supported beam loaded as 
shown in Fig. 347c. This loading consists of two fictitious loads P and 
Q the magnitudes of which are obtained from the conditions that the 
reactions at the ends of the beam are 

Ba = ^ and B„= - 

rl rl 

This gives 

P = and Q = (e) 

T Iz ^ T k 

where and 1% are the distances indicated in Fig. 347c. As a check, 
we calculate the bending moment for a point of the beam to the left ef 
the load P and at a distance x from the support A (Fig. 347c). This 
moment 

nr 

M^-yAli 
r I 

is seen to agree with expression (c) multiplied by Ali. In a similar 
manner, the bending moment for the portion of the beam to the right 
of the load Q is represented by expression (d) multiplied by Ah. This 
indicates that the bending-moment diagram for the beam in Fig. 347e 
is identical with the deflection diagram in Fig. 347d. We conclude, then, 
that by introducing for each web member the two fictitious loads, 
defined by expressions (e) and using the method of superposition, the 
deflections of the truss due to changes in length of all web members are 
obtained by calculating the bending moments in the corresponding simple 
beam carrying the above-mentioned fictitious loads. 

Expressions (c) for the fictitious loads P and Q can be somewhat 
simplified as follows: Drawing verticals through the ends of the web mem- 
ber DE (Fig. 3476), we see from geometric similarity that /z,i/r = U/U 
and h^/r = U/h. Substituting these values in (c) we obtain 


P — ^ 


and Q == -—• 


(/) 
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The directions of these fictitious loads in each particular case are readily 
obtained from the signs of the ordinates of the influence diagram. We 
can use, also, the rule stating that the fictitious load at either end of a 
web member acts downward if, at this end, the chord member and the 
web member cut by a section such as section ss in Fig. 3476 have axial 
forces of the same sign. The load acts upward if the axial forces are of 
opposite sign. 

To illustrate the method, let us consider the truss shown in Fig. 348a. 
The lengths and cross-sectional areas for the bars of this truss are given 
in Table VI. There are given also in this table the axial forces in the 
bars and the elongations^ produced by a 24,000-lb. load applied at the 
joint q. To find the deflections due to the corresponding changes in 
length of the chord members, we calculate the fictitious loads by using 
Eq. (6). Since the chords are parallel, all values of h are equal to 60 in. in 
this case. The values of these fictitious loads, multiplied by E/ 1,000, 
are shown in Fig. 3486 and are given also in the table. Assuming that 


T.\ble VI 


i 


S 

APE 

1 000 

Fictitious loads at joints multiplied by 
E/1,000 





m n 

p q s 

1 

84.8 3.66 

-11,310 

-262 

6.18 


2 

120 3.66 

8,000 

262 

4.37 


3 

84.8 3.66 

11,310 

262 

-6.18 6.18 


4 

120 4.98 

-16,000 

-385 

6.42 


5 

84.8 2.48 

-11,310 

-385 

-9.08 

9.08 

6 

120 3.66 

24,000 

785 


13.08 

7 

84.8 2.48 

11,310 

385 


-9.08 9.08 

8 

120 4.98 

-32,000 

-771 


12.85 

9 

84.8 3.66 

22,620 

524 


...... 12.36 -12.36 

10 

120 3.66 

16,000 

524 


..... 8.73 

11 

84.8 3.66 

-22,620 

-524 


12.36 


these loads are acting on a simple beam AB (Fig. 348c), the bending 
moments at their points of application, divided by £/ 1,000, give the 
deflections of the corresponding Joints of the truss. Considering, for 
example, the joint p, the corresponding bending moment for the simple 
beam is 

: M = 20.19 X 180 - 4.37 X 120 - 6.42 X 60 = 2,725. 

Hence the deflection of the joint p due to elastic deformation of the chord 
^ The elongations are multiplied by E and divided by 1,000 in the table. 
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members is 


M • 1,000 __ 2,725 • 1,000 


E 


30 • 10« 


= 0.0908 in. 


To calculate the deflections due to the elastic deformations of the web 
members, we apply to the ends of each web member the fictitious loads 
found from Eqs. (/), in which, for this case, the distances hi and /12 are 
equal to 60/ == 42.4 in. The magnitudes of all these loads are given 
with the proper signs in Table VI. After summation, we obtain the 



fictitious loading of the truss shown in Fig. 348(i. The bending moment 
produced by these loads at the cross section of a fictitious beam, cor- 
responding to joint p, is 

M = 13.33 X 180 - 21.44 X 60 = 1,113, 
and the corresponding deflection of the joint p of the truss is 


5i 


1,113 • 1,000 
30 • 10® 


0.0371 in. 


The total deflection of the joint p is obtained by adding di to the previ- 
ously found deflection 8. 
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In the foregoing discussion of the effect of web members on deflection, 
we considered a case in which these members were not vertical. To 
extend the method to the case of vertical web members, we take the truss 
shown in Fig, 349a and consider the vertical member CD. To apply 
our previous reasoning, we assume, at the beginning, that the member 
CD is slightly inclined to the vertical as indicated in the figure by the 
dotted line. Then our previous reasoning is applicable, and the ficti- 



Ce) 


Fig. 349. 

tious loads at the ends of the member are given by Eqs. (e). Assuming, 
now, that the angle of inclination indefinitely diminishes and approaches 
zero, the distances r, Z 2 , and h in Eqs. (e) become equal to the distance c 
in Fig. 349a, while h approaches zero. Thus, both fictitious loads 
increase indefinitely; but their difference, equal to Ak/r, approaches the 
value Ali/c, and their moment with respect to joint C approaches the 
magnitude (Ali/U) * h = AZ,. The corresponding bending-moment dia- 
gram for the fictitious beam is shown in Fig. 3495. The discontinuity 
in this diagram at the point of application of the fictitious couple AU 
indicates that the deflection of the joint C of the lower chord is larger 
than the deflection of the joint D of the upper chord by the amount eqxial 
to the elongation Ak of the vertical member CD, 





if 
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Considering, now, the vertical member (Fig, 349a), we readily 
see that change in length of this bar has no general influence on the 
deflection of the truss. The deflection of joint F is obtained by com- 
pletely disregarding the presence of the bar EF, and to obtain the deflec- 
tion of joint E we have only to add the elongation of the bar EF to the 
deflection of joint F. 

To obtain the deflections produced by a change in length of the middle 
vertical MN, we consider the influence diagram for this member as shown 
in Fig. 349c.* Multiplying the ordinates of this diagram by Ak, we 
obtain, in accordance with Eq. (a), the deflection line of the lower chord 
of the truss as shown in Fig. 349d. This line can be considered as the 
bending-moment diagram for the fictitious beam AB loaded as shown in 
Fig. 349c. From this discussion, we see that the deflection of a truss due 
to changes in length of vertical web members can also be obtained as the 
bending moment produced by certain fictitious loads, which can be 
readily obtained in each particular case. 

As a specific example dealing with vertical web members, let us con- 
sider the truss shown in Fig. 350a and assume that the load is sym- 
metrically distributed with respect to the vertical axis of symmetry of the 
truss. Tension and compression members are indicated in the figure by 
plus and minus signs, respectively, on the left side of the truss, and the 
magnitudes of the stresses are so assumed that the unit elongation or 
contraction of each active member is equal to 1/2,000. Considering 
first the deflections due to chord members and using expression (b) for 
fictitious loads, we find that the loading on the fictitious beam is that 
shown in Fig. 350&. For the diagonals we use expressions (/) and find 

^ ^ ^ ^ 

These fictitious loads act down at the lower ends of the diagonals and up 
at the upper ends. After summation, we obtain the loading shown in 
Fig. 350c, 

Coming now to the verticals and using the reasoning illustrated in 
Fig. 3495, we find that the corresponding loading on the fictitious beam 
consists of the fictitious couples shown in Fig. 349d. At the point of 
application of each couple we have an abrupt change in the bending 
moment by the amount 0.036 in. equal to the shortening of the verticals. 
By calculating the bending moments just to the left of the points of 
application of the fictitious couples, we obtain the deflections of the joints 
of the lower chord of the truss. The bending moments just to the right 
of the same points give the deflections for the joints of the upper chord. 

* It is assumed that the unit load moves along the lower chord of the truss. Hence 
we shall obtain the deflections of that chord. 
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Considering the deflections of the lower chord, we see that, instead of 
fictitious couples, we can take the fictitious load shown in Fig. 350^. 
This load produces reactions at the ends equal to 1/2,000, and the bend- 
ing moments at the points corresponding to the joints of the lower chord 
are the same as those produced by the fictitious couples of Fig. 350d. 
Finally, to get the total deflection of any joint of the lower chord of the 
truss in Fig. 350a, we have to combine the fictitious loadings shown in 



Ic) 


0.036 0.036 0.036 0.036 0.036 0.036 0.036 0.036 0.036 0.036 



fe) 


Fig. 350. 


Figs. 3506, Cj and e. The deflection at the middle, obtained in this way, 
is 


360 + ^^-360 
= 0.9 + 0.36 + 0.18 


1.44 in. 


It consists of three parts, a deflection of 0.9 in. due to chord members, 
a deflection of 0.36 in. due to diagonals, and a deflection of 0.18 in. due 
to verticals. 


PROBLEMS 


2S1. Using the method of fictitious loads, find the deflection of each joint of the 
upper chord of the truss shown in Fig. 114 (page 67) if a =* 5 ft. Assume, for calcula- 
tion, that each bar suffers a unit elongation or contraction of 1/2,000. 
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232 . Using the method of fictitious loads, find the deflection of each joint of the 
lower chord of the truss shown in Fig. 116 (page 68) if a = 4 ft. and or = 20 deg. As 
in the preceding problem, assume that the imit elongation or contraction of each active 
bar is 1 / 2 , 000 . 

233 . Referring to Fig. 348a, calculate the deflection of the joint p if the 24,000-lb. 
load acts at this joint instead of at q. Use the numerical data given in Table VI 
(page 281). 

234. Referring to Fig. 350a, calculate the deflections of the lower chord joints due 
to a single load P ~ 10,000 lb. applied at C, Assume that each bar has a cross-sec- 
tional area Ai = 1 sq. in. and E = 30(10)® lb. per sq. in. 

236, Calculate the deflections of the joints of the lower chord of the truss shovm in 
Fig. 118a (page 69). Assume that the span Z = 60 ft. and that each active bar 
suffers a unit elongation or contraction of 1/2,000. 

48. Alternate Method of Fictitious Loads. — The problem of finding 
the deflections of the joints of one chord of a truss can be solved by con- 
sidering only the members of that chord. This solution is especially 
simple if the chord is a horizontal straight line. Take, for example, the 



truss shown in Fig. 351a, and let it be required to find the vertical deflec-* 
tions of the upper chord joints. It is evident that such displacements will 
be completely defined if we know the changes in the lengths of the bars 
of the upper chord together with their angles of rotation during deflection 
of the truss. Since the chord is a horizontal straight line, changes in the 
lengths of its bars result only in horizontal displacements of the upper 
chord joints. Thus, vertical displacements of these joints depend only 
on rotations of the upper chord members. In calculating these rotations, 
we assume that the changes in the lengths of all bars of the truss are 
known. Then the corresponding changes in the angles of each triangle 
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can be calculated without difficulty, as will be show^n later. Assuming 
for the moment that such changes in the angles <(> 2 , and ^3 at an upper 
joint (Fig. 351a) have been found, w^e obtain by their sum a small angle 
ABni representing the angle between the two chord members at the joint 711 
after deflection. The corresponding deflection of the upper chord, 
assuming that AO^ is positive, is shown in Fig. 3516. The deflection for 
any point of the chord to the left of joint m is equal to AO^hx/lj while, 
for any point to the right of m, it is A 0 mli(l — x)/L We see now that 
these expressions for deflections are identical with those for bending 
moments produced in a simply supported beam by the fictitious load 
Adm acting as shown in Fig. 351c. Thus we conclude that, by calculating 
the values of AOi for each joint i of the upper chord and using the method 
of superposition, the required deflections nill be obtained as the bending 
moments for a simply supported beam subjected to fictitious loads 

We shall now show the method of calculating the changes in the 
angles of a triangle if the changes in the lengths of its three sides are 
known. Since we are dealing with very small elongations, the Williot 
diagram discussed in Art. 46 is very useful for this purpose. Consider, 
for example, a triangle ABC (Fig. 352a) with sides of lengths h, U, and is 
and altitude A, and let it be required to find the changes in the angles due 
to known elongations AZi, AU, and AU of the sides of the triangle. To 
accomplish this, we assume that the joint A is fixed and that the bar AB 
retains its horizontal direction. Then, to find the displacement CC' of 
the vertex C, due to the knowm elongations A^i, Ah, and Ah of the sides 
of the triangle, we construct the usual Williot diagram as shown in 
Fig. 3526. If pi and p 2 denote the lengths of the perpendiculars CiC^ 
and C 2 C’ in Fig. 3526, the corresponding changes in the angles ax and 0:2 
at B and A in Fig. 352a are^ 

Aax = ^ = ^ ^ 

h h 6/ 

Remembering, now, that the sum of the angles of a triangle must always 
be 180 deg., we conclude that the required change in the angle as at C is 

Aa3 = -(Aai + Aa^) = - (a) 

The numerator on the right side of this expression represents the sum 6 
of the horizontal projections of the perpendiculars pi and P 2 in Fig. 3526. 

* This method of calculating deflections of trusses was introduced by H. Mulier- 
Breslau, Z. ArcMtekten-Ingenieur-Ver. Hannover, 1888, p. 605. See also his book 
‘‘Die graphische Statik der Baukonstructionen/Wol. IT, p. 1, p. 96, 1904. 

i The small changes Ah and AZ 2 in the lengths and h are neglected in these 
expressions. 
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Measuring this sum and dividing it by the height h, we obtain the decrease 
in the angle a^. 

Expression (a) can be represented in a simple analytical form very 
useful for' numerical calculations. We note that the le ngth b is equal 
to the sum of the horizontal projections of the lengths (72(73 and (7i(73 



in Fig. 3526. The vertical projections of the same lengths are D 2 Ds and 
D1D3* Hence 

b == D 2 DZ cot ai + DiDz cot a2. (6) 


Observing that the triangle OCzB in Fig. 3526 is similar to the triangle 
ACB in Fig. 352a, we conclude that ODz = h Alz/h- Then, 

= Om-ODl = Ah sin ai - = h(^ - 

D^z = ODl-ODz = Ah sin “ Ij)' 

Substituting these values in expression (6), we obtain 



and Eq. (a) becomes 


Aoiz == 


6 

h 


/ Alz . ( Alz Al\ 

Vir “ TT j + VTT ■ IT j 


cot o;2. 


(c) 


Upon introducing, for the stresses in the bars, the notations 


<n ' Tj -y-?. 
n 


0*2 


h 


(Tz 


Lz 
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Eq. (c) can be finally represented in the following simple form: 

E Aaz = ((Tz — 0-2) cot ai + (az — cri) cot 0 : 2 . (d) 

Obviously this expression for the change in az may be used also for the 
changes in ai and 0:2 by a proper change of subscripts. Hence, for further 
reference, we write 

E Aai = (di — a' 2 ) cot as -h (ci — o'z) cot 0 : 2 , | 

E Aa2 = (cr2 — CTi) COt az “f“ (<r2 — crs) COt ai, I (32) 

E Aaz = (<T3 — cr 2 ) cot ai + (va — cri) cot a 2 . | 

These three equations furnish a simple wa^^ of calculating the changes 
in the angles of all triangles of a truss if the stresses in the bars are known. 
In using them we have only to remember that cri, cr 2 , and <rz denote the 
stresses in the bars opposite to the angles ai, a2, and az, respectively. 



Fig. 353 . 


To illustrate the application of Eqs. (32), we take the example shown 
in Fig. 353a and assume that all dimensions and stresses are the same as 
those given in Table VI (page 281). Then, using the first of Eqs. (32) 
and observing that cot 0:2 = 0 and cot = 1, w^e obtain 


E Aai 


11,310 _ 8,000 ^ 


3.66 


3.66 


-5,276. 


In a similar manner, we find E Aai = —4,956, E Aa7 = — 1,985, 
A<x 5 == —11,110, E Aas = —23,590, E Aan = —10,540. Since all 
these changes are negative, the angles decrease and we obtain deflection 
downward. The corresponding fictitious loads are shown in Fig. 3535. 
To obtain the deflection of joint n, we calculate the bending moment 
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at the cross section n of the fictitious beam and obtain 

= i 0 • 12,220 + I ■ 45,24o) 120 = • 

The same result is obtained by using the fictitious loads in Figs. 348c 
and d. 

If the chord whose deflection is required is of polygonal form as, for 
example, the lower chord of the truss in Fig. 351a, we have to consider 
the deflections of the bar chain shown in Fig. 354a. The deflections due 
to changes in the angles between the bars of this chain can be calculated 
in exactly the same manner as in the case of a straight chord. To show 
this, let us assume that the angle between the two chain members at a 
joint m diminishes by the amount ABm while the other angles remain 
unchanged. To find the corresponding deflections, we assume first 
that the part Am of the chain remains immovable, while the part mB 
rotates with respect to the hinge m and the end B describes a small arc 
r AOmy the vertical projection of which is equal to hAdm. After this 
rotation, the vertical deflections of the joints to the left of m are zero, 
while the joints to the right of m have upward deflections, 

(e) 

h 

To satisfy the condition of zero deflection at the right support S, we now 
rotate the bar chain as a rigid body with respect to joint A by such an 
amount that the joint B makes a vertical displacement equal to hAOm- 
The corresponding vertical displacements of other joints are then obtained 
from the equation 

y = hAe„ ■ j- if) 

Superposing these deflections on the deflections previously found, we 
conclude that expression (/) gives the total vertical deflections for the 
part Am of the bar chain, while for the part mB the final deflections are 

y = + hAemj = A0Ji (g) 

Expressions (/) and (g) coincide with those previously found for straight 
line chords (see page 287). Hence the vertical deflections of the joints 
of a bar chain, due to changes in the angles between the bars, can be 
found, as before, by calculating the bending moments produced in a 
simply supported beam by fictitious loads Adi, 

In addition to the deflections produced by the changes A in the 
angles there will be also deflections due to changes in the lengths of the 
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bars. Referring to Fig. 354a, let us consider the bar i and assume that 
it makes an angle 4>i with the horizontal and has an elongation AZ,-. Then, 
if we consider the left portion of the bar chain as immovable, the right 
portion, due to the elongation AZ{, obtains a vertical displacement equal 

to 

y =: — AZt sin (h) 

To bring the joint B back to the level AB, we now rotate the chain as a 
rigid bod}^ with respect to the joint A by an angle Ak sin (l>i/L Then 



the final deflection for the left portion of the chain, due to the elongation 
AZi, is 

y = Ali sin <j>i • y (^) 

For the right portion, combining the displacement (h) with the dis- 
placement (z), we find 

X Z X 

y = Ali sin <j>ij — Ah sin <t>i — —Ah sin (j>i • — ] — * 


These deflections are shown in Fig. 3546. The shaded area in this 
figure is identical with the bending-moment diagram for the fictitious 
loads shown in Fig. 354c. Hence the additional deflections, due to elonga- 
tions of the chain bars, can be obtained by calculating the bending 
moments produced in a simply supported beam by the fictitious vertical 
loads 


Ah tan <l>i 
h 


Ah tan (ja 
h 


W 


and 
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applied at the ends of each bar. In this derivation Ak is taken positive 
when it represents an elongation, and <l)i is positive if the bar i is rotated 
in a counterclockwise direction with respect to the axis AB as we pass 
along the bar chain from A to B. 

To show an application of the above formulas, let us calculate the 
deflections of the upper joints of the truss in Fig. 353a. We have to 
consider here the inclined bars 1 and 11, which, together with the two 
horizontal bars 4 and 8, form the bar chain attached to the supports 
and S. Using the numerical data in Table VI and Eqs. (32), we calculate 
the changes in the angles between the chord members. These calcula- 
tions give the fictitious loads 

E Adp =-3,017, EAO^ = 32,000, E Adr = 19,710. (fc) 

To take care of the changes in the lengths of the chain bars, we use expres- 
sions (j), which give for the joints p and r the additional fictitious loads 
in the downward direction equal to^ 

= 3,010 and = 6,200. (0 

Li in 

The total fictitious loading is shown in Fig. 353c, and for the deflection 
of the middle joint we obtain 

i (32,000 • 90 + 25,900 • 30 + 6,030 • 30) = 

This result coincides with that previously obtained by using the Maxwell- 
Mohr method (see page 282). 

1 The bending moment produced by these loads must be divided by E to obtain 
the deflections. 



CHAPTER VII 

STATICALLY INDETERMINATE PIN-JOINTED TRUSSES ■ 

49. General Considerations. — In Chap. II we have already seen that 
any pin-jointed truss in one plane is generally rigid and statically deter- 
minate if its j joints are interconnected between themselves and the 
foundation by m = 2j bars. • If the bars exceed this number, the available 
2y simultaneous equations of statics are insufficient to determine the 
internal forces and the truss is said to be statically indeterminate. Those 




ea) (b) 

Fig. 355 . 

bars in excess of the which are both necessary and sufficient for the 
rigidity of a truss are usually called redundant members. A simple 
example of a truss with one redundant member is shown in Fig. 355a. 
Here we have a single joint C attached to a foundation by three bars 
arranged in one plane as shown. For simplicity, we assume the two 
inclined bars to be identical so that the system is symmetrical with 
respect to the vertical axis CD. If a vertical load P is applied at C as 
shown, some axial force will be induced in each of the three bars; but 
since, for the joint C, we have only two equations of equilibrium 

2A = 0 and XY == 0, (a) 

there is evidently one redundant element and the system is statically 
indeterminate. That is, so long as we consider the bars to be absolutely 
rigid, we can assume any value A for the tension in the vertical bar 
(Fig. 3555) ; and then, using Eqs. (a), we shall find that each inclined bar 
carries a tensile force ’ 

S = UP - X)Beca. (b) 
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To find the true value of X, we must now consider the elastic deforma- 
tions of the bars. Denoting by d the elongation of the middle bar, we 
see from Fig. 3556 that the corresponding elongation of each inclined bar 
must ■ be^ 

5' == 5 cos a. (c) 

Now, by using expression (b) for the axial force in an inclined bar and 
denoting by A and ^io the cross-sectional areas of the bars as shown pn 
the figure, condition (c) may be written in the following form, 

(P - X)l XI 

2 cos^ aAE AqE^ 

from which 

P 

1 + 2(AMo) cos^ a 

Using this value of X in Eq. (5), we can now find the corresponding value 
of 8 for each inclined bar, and the analysis is completed. 

Reviewing the foregoing procedure, we see that, to solve the given 
statically indeterminate problem, we first removed the redundant bar 
CD and replaced it by the force X which it exerted on the remaining 
statically determinate system. Then this system (Fig. 355b) was 
analyzed by the ordinary equations of statics and ail axial forces expressed 
in terms of the unknown quantity X. Finally, to find the true value of 
X, we established an additional equation (c) by taking account of the 
elastic deformations of the bars. 

The same procedure can be applied in more complicated cases. We 
begin with a proper selection of the members that will be considered as 
redundants. Removing these bars, we obtain a statically determinate 
system, called the primary system. This primary system can then be 
analyzed by the methods already discussed in preceding chapters, and 
we can readily find the forces in all bars and also the displacements of 
all joints. We shall be especially interested in the changes in distance 
between those joints corresponding to the removed redundant members; 
for evidently these changes must be equal to the changes in length of 
the corresponding redundant bars in the actual truss. In this way we 
obtain as many equations, similar to Eq. (c), as there are redundant bars; 
and, from these equations, the forces in the redundant bars are obtained. 
The forces in the remaining bars are then found from statics. 

From the discussion we see that the redundant bars must be so selected 
that after their removal we obtain a rigid statically determinate truss. 
Take, for example, the statically indeterminate system shown in Fig. 

^ This relation assumes that the elastic elongations of the bars are small compared 
with the over-all dimensions of the structure. 
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356. The truss proper has 14 bars, and in addition to this we have to 
consider a vertical supporting bar replacing the movable support at the 
right end of the truss and two bars replacing the immovable support at 
the left end. All together, then, we have 17 unknown forces, while the 
doubled number of joints is 16. Thus we have a truss with one redundant 
member. As a redundant member we can select, for example, one of 
the diagonals in the middle panel of the truss. But w^e cannot take the 
diagonal in one of the other panels as a redundant bar, for after removing 
such a diagonal we obtain a nonrigid system* 



In Fig, 357 we have another example of a truss with one redundant 
member. As the redundant member in this case, we can take any one 
of the supporting bars ; but such a bar as DE cannot be selected, for after 
its removal we obtain a system having a critical form. That is, we have 
the two rigid shaded portions supported at A and 5 and joined together 
by a hinge C like a three-hinged arch; 
but since the hinge C lies on the 
straight line AB, it can have con- 
siderable vertical movement without 
appreciable changes in length of any 
of the bars. There are, however, 
other possibilities besides the re- 
moval of one of the supporting bars. 

For example, if we remove the bar 
CF, we obtain, as our primary sys- 
tem, an ordinary three-hinged arch 
in which the hinge E does not lie on the straight line AB, Hence there 
is no critical form in such case, and the bar CF can be chosen as the 
redundant bar, if desired. 

Figure 358 represents another system with one redundant bar. As 
the redundant in this case, we can take the bar AB or the bar CD; but 
we cannot select the bar CS, for after its removal we obtain a rigid frame 
ACF attached to the foundation by three bars AB, CD, md EF that 
intersect in one point. Such a system, as we already know (see page 
49), is not rigid. 




296 


THEORY OF STRUCTURES 


[Chap. VII 


' The truss represented in Fig.. 359 is statically indeterminate and has 
one redundant member. Without counting the number of bars, it 
may be seen that by removal of only one bar AB wq transform the given 


Ikip / / Jkfp 



Fig. 359. 


truss into a statically determinate simple truss. Thus it is advisable to 
select the bar as the redundant member in this truss. 

Sometimes a system may prove to be nonrigid even though it has 
redundant members. Take, for example, the truss in Fig. 360. It has 


two redundant members, but at the 
same time it is not a rigid system and 
may suffer considerable distortion, if 
not complete collapse, under load. In 
our further discussion of statically in- 
determinate systems, we shall rule out 
all snch critical forms. 

50. Trusses with One Redundant 
Member.- — As a first example of a sys- 
tem with one redundant member, let 
us consider the truss on three supports 
as shown in Fig. 361a. As a redundant 
member, we take the intermediate sup- 



Fig. 360. 


Pi ^2 ^3 



Fig. 361. 


port C. Removing this support, we obtain a statically determinate simple 
truss (Fig. 361b) that can be readily analyzed. The redundant reaction 
X at the intermediate support is now determined from the condition 
that the deflection of joint C produced by the combined action of the 
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loads Pi, P2, Ps and the reaction X must vanish. Using expression (31) 
for this deflection we obtain 

'S AliSi =0, (a) 

in which Ak = Sik/AiE denotes the change in length of any bar i due 
to the loads Pi, P%, P3 and the redundant reaction X, and s/ is obtained 
by using the unit loading^ shown in Fig. 361c and represents the ratio 
of the force in any bar i to the unit load at C that produces it. In cal- 
culating the values AU^ in expression (a), we note that the force & in a 
bar f is given by the equation 


Si = + s/X, (5) 

in which Si is the force in any bar i produced by the known external 
loads Pi, P 2 , P 3 , acting on the simple truss shown in Fig. 361b, and s/X 
is the force produced in the same bar by the reaction X. Then the 
required elongation of any bar i is 

M, = = (&' + s^X)pi, (c) 

where 


Substituting expression (c) into Eq. (a), we obtain 


from which 


mi + Si'X)pisi = 0 , 


X = - 


miYPi 


(e) 

(33) 


With the value of the redundant reaction X, the forces in the bars of the 
given statically indeterminate truss (Fig. 361a) are obtained from Eq. (6), 
and the analysis is completed. It is seen that our statically indeter- 
minate problem (Fig. 361a) is reduced to the two statically determinate 
problems shown in Fig. 361b and Fig. 361c, The values /S/, s/, and pi 
for all members of the truss can be put in tabular form as was done in 
Tablq Vj P- 259, Then, with the aid of such a table, the values of the 
sums entering in Eq. (33) can be readily calculated. 

As a second example, let us consider the statically indeterminate truss 
shown in Fig. 362a. The reactions in this case can be readily calculated 
from equations of statics, but the forces in the bars cannot be determined 
by statics alone because the truss contains one redundant member. Let 
us take the vertical bar BC as the redundant bar. Then, after removal 

^ The unit load at C is taken in the upward direction so that we may consider the 
redundant reaction X as positive in this direction. 
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of this bar, we obtain a statically determinate simple truss (Fig. 3626) 
on which, in addition to the known loads Pi, P 2 , Pz, there will act the two 
equal and opposite forces X replacing the removed bar as shown. The 
magnitude of X is found from the condition that the change in the 
distance between the joints B and C of the statically determinate truss 
(Fig. 3626) must be equal to the change in length of the vertical bar BC 
of the actual truss (Fig. 362a). ^ This change in the distance PC is 

S hliSi, in which the summation in- 
cludes all bars of the statically deter- 
minate truss (Fig. 3626) and the 
values of AZj are given by the equation 

Ah - (&' + a/X)p,, (/) 

in which Si denotes the force pro- 
duced in any bar i by the given loads 
Pi, P 2 , P 3 and 8i is found, as before, 
by using the unit loading shown in 
Fig. 362c. 

The equation for calculating X 
then becomes 

S(&' + s/X)p,5/ - -Xpo, {g) 



where 


is the quantity defining the extensi- 
bility of the redundant bar PC. The 
minus sign in the right-hand side of 
Eq. {g) follows from the directions of the unit loads in Fig. 362c. With 
these dhections, shortening of the distance PC becomes positive, w^bich 
corresponds to compression of the vertical bar PC. Solving Eq. {g) for 
X, we obtain 

v SPi Si pi /tjA\ 


In this example we see again that calculation of the redundant force X 
is reduced to two statically determinate problems, (1) the calculation of 
the forces Si and (2) the calculation of the forces s/. When all these 
forces are found and the quantities pi and po are determined from, the given 
dimensions of the truss, the sums entering into Eq. (34) can be readily 
evaluated. 

, In each of the foregoing examples, we used expression (31) as a basis 
of evaluation of displacements. However, we can come to the same 
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results by using the principle of least^ work as discussed in Art. 42., On 
this basis, for example, the value X for the redundant reaction at C 
in Fig. 361 must be such as to make the total strain energy of the statically 
indeterminate system a minimum. Using expression (b) for the forces 
in the bars, the total strain energy of the truss becomes 

(S/ + s/X)Hi 
2AiE 

Equating to zero the derivative of this expression with respect to X and 
using the notation in expression (d), we obtain 

'LiS/ + s/X)pis/ = 0/ 

which coincides with our previous expression (e) and leads to Eq. (33). 


Fig. 363. 

In the same way the total strain energy of the statically indeterminate 
truss in ■ Fig. 362 becomes 

2AiE '^2AoE' 

where the summation includes ail bars of the primary system (Fig. 3626). 
Equating to zero the derivative of this expression with respect to X and 
using the notations in expressions (d) and (/i), we obtain our previous 
expression (g), leading to Eq. (34). 

As a specific example with numerical data and all calculations, let us 
consider the two-hinged arch loaded as shown in Fig. 363 and calculate 
the magnitude X of the horizontal thrust. The over-all dimensions 
of the structure are shown in the figure, and the lengths of the individual 
bars are given in column (2) of Table VII. Here also are given, for each 
bar, the cross-sectional area A the quantity pi, assuming E = 30(10) ® lb, 
per sq. in., and the axial forces jS/ and Using the data from the 

* These axial forces can be found without difficulty 63 ’' constructing Maxwell 
diagrams for the statically determinate primary system obtained by removing the 
horizontal constraint at B. 
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Z - - 


-117,109 

29.171 


= 4,015 lb. 


Table VII 


( 1 ) 

i 

( 2 ) 

h, 

in. 

( 3 ) 

A'ij 

in. 2 

( 4 ) 

Pi -( 10 )', 

in. 'lb. 

(5) 

St ', 

lb. 

( 6 ) 

Si' 

( 7 ) 

(Si')* 

( 8 ) 

. Si ' si ' pi ( 10 )» 

( 9 ) 

(Si') ViClO)® 

1 

324 

11.5 

0.940 

- 4,000 

+ 0.59 

0.35 

— 

2,220 

0.329 

2 

227 

11.8 

0.641 

- 3,000 

+ 0.50 

0.25 

— 

962 

0.160 

3 

292 

9.0 

1.081 

+ 3,900 

- 0.65 

0.42 

— 

2,740 

0.454 

4 

259 

11.5 

0.750 

0 

- 1.16 

1.35 


0 

1.012 

5 

263 

9.0 

0.974 

- 3,800 

+ 0.47 

0.22 

— 

1,740 

0.214 

6 

220 

11.8 

0.621 

- 6,200 

+ 1.00 

1.00 

— 

3,850 

0.621 

7 

277 

9.0 

1.026 

+ 3,950 

- 0.64 

0.41 

--- 

2,600 

0.421 

8 

234 

11.5 

0.678 

+ 3,150 

- 1 . 60 j 

2.56 

— 

3,420 

1.735 

9 

216 

9.0 

0.800 

- 2,750 

+ 0.30 

0.09 


660 

0.072 

10 

216 

11.8 

0.610 

- 8,600 

+ 1.43 

2.04 

— 

7,500 

1.244 

11 

270 

9.0 

1.000 

+ 3,200 

- 0.55 

0.30 


1,760 

0.300 

12 

223 

11.5 

0.646 

+ 6,200 

- 2.05 

4.20 

— 

8,210 

2.712 

13 

192 

9.0 

0.711 

- 1,150 

+ 0.03 

0.00 

— 

24 

0 

14 

216 

11.8 

0.610 

- 9,700 

+ 1.60 

2.56 

_ 

9,470 

1.560 

16 

277 

9.0 

1.026 

+ 1,400 

- 0.23 

0.05 

— 

330 

0.051 

16 

216 

11.5 

0.626 

+ 8,600 

- 2.43 

5.90 

— 

13,080 

3.694 








— 

117,132 

29.158 

17 

180 

9.0 

0.667 

- 250 

- 0.14 

0.02 

+ 

23 

0.013 

S 



117,109 

+ 29.171 




PROBLEMS 

236. Find the horizontal thrust X for the statically indeterminate truss shown in 
Fig. 364a. All dimensions are given in the figure, and the cross-sectional areas of the 
bars are as follows: Ai = A 4 — 5 sq. in., A 2 = Aq = 3 sq. in., and A 3 = 2 sq. in. 

Ans. Z = (540.9/616.5)P. 

237. Determine the axial force in the redundant horizontal bar AB of the truss 
shown in Fig. 3646 if the cross-sectional area of this bar is A e. Assume that the other 
bars have the same dimensions as in the preceding problem. 

Ans X ~ 540. 9P . 

/ins. ^ ^ , 

238. Determine the axial forces in all bars of the statically indeterminate system 
shown in Fig. 365a, assuming that the cross-sectional areas of all bars are equal. 

Hint: Take the axial force Z in the diagonal bar 6 as the redundant element. 

Ans. X = [(3 + 2 \/2)/(4 + 2 \/ 2 )]P. 

239. Calculate the axial forces in all bars of the statically indeterminate system 
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shown in Fig. 358. Take the bar AB as the redundant member, and assume that all 
bars are 1 sq. in. in cross section. P = 1,000 1b. 


P 



(a) (b) 


Fig. 365. 

240. Make a complete analysis of the statically indeterminate truss shown in Fig. 
359. Assume, in calculation, that each bar has a cross-sectional area Ai = 1 sq. in. 
and that the lower chord is of parabolic form. 

51. Trusses with Several Redundant Members. — The method used 
in the preceding article for the analysis of statically indeterminate trusses 
with one redundant member can be readily extended to trusses with two 
or more redundant members. As a first example let us consider the simple 
truss with two redundant supports as shown in Fig. 366a. Removing 
these supports and replacing them by the reactive forces X and F as 
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shown in the figure^ we obtain a statically determinate system , on 
wMchj in addition to the given loads Pi, P 2 , Ps, the two redundant reac- 
tions X and Y are acting. The magnitudes of these reactions will now 
be found from the conditions that' the deflections of the joints C and D 
must vanish. For these deflections, we use expression (31), which gives 
in this case the following equations, 

S Ahs/ = 0, ] . . 

S Aks/^ = 0, I 

in which the quantities s/ and a/' are obtained by using the unit loadings 
shown in Figs. 3665 and 366c, respectively. The quantities Ak are the 
actual elongations of the bars of the system (Fig. 366a) produced by the 


X Y 



Fig. 366 . 


given loads Pi, P 2 , P 3 and the uixknown reactions X and F. The force 
in any bar i of the primary system (Fig. 3666) due to the given loads Pi, 
P 2 , Ps is denoted, as before, by /S/. The forces produced in the same 
bars by the redundant reactions X and Y are obtained by using the 
unit loads shown in Figs. 3666 and 366c and are equal to s/X and s/'F, 
respectively. Hence the total force in any bar i is 

Si^ + s^Y, ( 6 ) 

and the corresponding elongation is 

Ak = (>S/ + Si'X + s/'F)pi. 
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Substituting into Eqs. {a), we obtain the following two equations for 
calculating X and Y: 



S(S/ + s/X + s/'F)pis/ =04 

2(5/ + s/X + s/'F)piS/' = Oj 

(c) 

or , 

X2(s/)Vi+ F2s/s/'p»= -S5/s/pi, 1 
X2s/s/'pi + F2(s/')Vi = -S5/s/'pi. 1 

id) 


Having the values of S/) s/, s/', and pi tabulated, we can readily evaluate 
the sums that appear in Eqs. (d) and solve the equations for X and F. 
Then upon substituting these values in Eq. (6), we can calculate 
the forces in all bars of the truss. It is seen from this discussion that the 
analysis of a system with two redundant supports reduces to the 
analysis of three statically determinate problems, i.e., to the evaluation 
of the forces S/, s/, and s/'. 

Equations (c) for calculating the redundant reactions can be obtained 
also by using the principle of least work. The total strain energy of the 
system shown in Fig. 366a is 

u = ix(s/ + Si'x + srYypi. 

Equating to zero the derivatives of this expression with respect to X 
and F we obtain Eqs. (c). 

As a second example let us consider the statically indeterminate 
truss shown in Fig. 367a. This truss has 83 bars. Adding to this 
number six elements of constraint for the system of supports, we have all 
together 89 unknown forces; twice the number of joints is 86. Hence 
there are three redundant members. As these redundants we select the 
two horizontal bars ab and cd and the horizontal constraint at the sup- 
port D. Removing these three redundant elements and replacing their 
actions by forces X, F, and F, we obtain a statically determinate system 
consisting of the three simple trusses shown in Fig. 3675. The forces pro- 
duced in the members of this statically determinate system by the given 
loads Pi, P2, Pz we denote by S/, The forces produced in the members 
of the same system by the redundant forces X, F, and Z are found, as 
before, by using the unit loadings shown in Figs. 367c, 367d, and 367c. 
The corresponding axial forces in any bar i we denote, respectively, by 
s/y s/', and s/''. Then the total force in a bar ^ of the given system 
(Fig. 367a) is 

Si = S/ + s/X + s/'Y + srZ. (c) 

The values of the three redundant forces X, F and Z are obtained, now, 
from the conditions that the changes in distance between the joints a 
and 6 and the joints c and d (Fig. 3675) must be equal to the changes 
in length of the bars a5 and cd (Fig. 367a), while the horizontal displace- 
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ment of the siipi3ort at D must vanish. Denoting by px and the 
extensibility factors for the redundant bars ab and cd and using expression 



(31) for displacements, we can represent the foregoing conditions in the 
form of equations as follows: 

S(>S/ + s/X + S/T+ srZ)pis/ = -Xpx, ] 

2{s/ + + srz)pisr = -- fp „ [ (/) 

Z{S/ + 5/X + s/'Y + sr'Z)pis/" = 0. j 

The minus signs in the first two equations result from the fact that, for 
the directions of the unit loads in Figs. 367c and 367d, positive displace- 
ments correspond to shortening of the distances ab and cd and hence to 
compressive forces in the redundant bars a6 and cd. If the values 
pu Si, c/', s/" for all bars of the primary system (Fig. 3675) are tabulated, 
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the sums appearing in Eqs. (/) can be evaluated and we obtain three linear 
equations, with numerical coefficients, that can be solved for the unknown 
redundant forces X, 7, and 

From the foregoing discussion it may be seen that, as the number of redundant 
forces increases, the number of equations required for their determination increases 
also and the problem of analysis becomes more and more involved. Sometimes we 
find cases where each equation contains only a few of the redundant forces; such equa- 
tions can be solved without much difficulty 
even though the total number of unknowns 
may be large. As an example of this kind, 
let us consider the truss with five redundant 
bars as shown in Fig. 368a. Selecting one 
diagonal from each panel as a redundant 
bar and representing the actions of these bars 
on the remainder of the truss by redundant 
forces X, Y, Z, . . , j we obtain as our pri- 
mary system a statically determinate simple 
truss loaded as shown in Fig. 368&. This 
sytem can be readily analyzed, and the force 
in any bar i will be 

Si - Si' + + Si"Y + Si'"Z + • * • . 

The quantity Si' in this expression denotes 
the force produced in any bar i of the pri- 
mary system (Fig. 3686) by the given loads 
Pi, p 2 , P$, while the quantities s/, Si", Si", 

. . . are obtained, as before, by using such 
unit loadings as those shown in Figs. 368c and 
368d. Considering these loadings, we see 
that in each case the applied unit loads pro- 
duce axial forces only in those bars which 
comprise the corresponding panel. Thus, in 
Fig. 368c we conclude that the axial forces s/ 
are different from zero only for the bars of 
the first panel as shown by heavy lines. 

Likewise, in Fig. 368d, the forces s/' vanish 
for all members except those indicated by 
heavy lines, etc. With the foregoing obser- 
vations in mind, let us now consider the equations for determining the redundant 
forces. The first of these equations will be written on the basis of the fact 
that the change in the distance between joints A and B of the simple truss (Fig. 3686) 
is equal to the change in length of the redundant diagonal AP in the actual truss 
(Fig. 368a). This change in the distance AB obviously depends only on the deforma- 
tions of the bars within the first panel of the truss, and the forces in these bars depend 
only on the given loads Pi, P 2 , Pz and the redundant forces X and F. The remaining 
redundant forces do not affect the bars of the first panel and need not be considered. 
Hence the first equation becomes 

i — 5 

y (Si' + s/X + s/'F)piS.-' = -Xp.. (g) 

■«= 1 . 
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This equation contains only two unknowns^ X,and F, and the summation includes 
only the five bars of the first panel. For the remaining bars, as already mentioned, 

. Si' vanishes. 

The second equation is obtained by equating the change in the distance between 
joints C and D (Fig. 3686) to the change in length of the diagonal CD in the redundant 
truss (Fig. 368a). This change in the distance CD depends only on the deformations 
of the bars within the second panel of the truss (Fig. 3686), and these deformations in 
turn depend only on the lateral loads Pi, P^, Pz and on the redundant force F in the 
second panel, together with the redundant forces X and Z in the adjacent panels. 
Hence the second equation becomes . 

4- s/x 4- s/'F 4- - -Fpy, (6) 

where the summation includes all bars of the second panel. This equation contains 
three unknowns, X, F, and Z. 

Similar equations can be written for the third and fourth panels. The fifth equa- 
tion will again have only two unknowns like Eq. {g). Thus we obtain a system of five 
equations, two of which have two unknowns each, while the remaining three have 
three unknowns each. Such a system of equations can be readily solved. They are 
similar to three-moment equations as used in the analysis of continuous beams, and 
the same methods of solution can be applied. 

A method of successive approximations is sometimes useful in the analysis of a 
statically indeterminate system with many redundant elements. For example, to 
obtain a first approximation Xi, Yi, Zi, . . . for the unknown forces X, F, Z, . . . 
in the system above, we assume that the shear in each panel is equally divided between 
the two diagonals of that panel. Then, coming to Eqs. (g), (6), . . . and noting 
that the most important terms are those having for coefficients the summations of 
squares like 2(s^0^ 2 ( 5 /') 2 , . . . , we replace the unknowns X, Y, Z, . . . in the 
remaining terms by their first approximations Xi, Fi, Zi, . . . and obtain in this 
way the equations 

-b [S(si')^Pi 4“ p®]X 4" Ss/st"piFi = 0, 

'ZSi'si"pi 4" ’Ssi's/'piXi 4" [S(st-")Vi 4" py]Y 4* Xsi"si'"piZi ~ 0, 


Each of these equations contains only one unknowm and can be easily solved. In this 
manner, we obtain a second approximation X 2 , Y 2 , Z^, . . . for the unknown forces. 
Then, upon putting these new values, instead of Xi, Fi, ^ 1 , . . - , in Eqs. (i) and 
solving again for X, F, F, . . . , a further approximation for the unknowns can be 
calculated. Usually this process converges fairly rapidly so that the third approxi- 
mation will be satisfactory for all practical purposes. 

PROBLEMS 

241, Evaluate the redundant reactions at the intermediate supports C and D of 
the truss shown in Fig. 369 if the load P = 20,000 lb. All bars of the truss are 
identical. 




Fig. 369. 
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242. Solve the precediag problem if the rollers at C and D are replaced by vertical 
bars like those comprising the truss itself. 

243. Make a complete analysis of the statically indeterminate truss shown in 
Fig. 368, if Pi = P 2 = Pa = 20,000 lb., Z = 45 ft., and h “ 12 ft. Assume that each 
chord member has a cross-sectional area of 3 sq. in., each diagonal of 2 sq. in., and each 
vertical of 1 sq. in. 

52. Assembly and Thermal Stresses in Statically Indeterminate 
Trusses. — From the preliminary discussion of statically indeterminate 
trusses given in Art. 49, it is evident that the lengths of redundant bars 
must satisfy certain geometrical requirements. The shape of a truss and 
the mutual distances of all its joints are entirely defined by the lengths 
of the members of the primary system. Hence a redundant member can 
be freely placed between two joints only if its length is exactly equal 
to the distance between these joints. Otherwise the bar will not fit its 
proper place and can be forced into the primary system only by applying 
some initial extension or compression. Under such conditions, it is 
evident that some axial forces, usually called assembly forces^ will be 
induced in the bars during the formation of the truss. These internal 
forces exist even in the absence of external loads and must be super- 
imposed on the axial forces produced by external loading in order to get 
the total force in each bar. 

Take, as a simple example, the statically indeterminate system shown 
in Fig. 355a, and assume that in consequence of small errors in the lengths 
of the inclined bars the distance betw^een the hinges C and D, measured 
after assembly of the inclined bars, is larger by an amount A than the 
length of the vertical bar. Then, to put this latter bar in place, we must 
somewhat extend it. Thus after assembly it will pull up on the joint C 
and induce compression in the inclined bars while remaining under some 
tension itself. If X is the magnitude of the tensile force in the vertical 
bar, after assembly, the compressive forces in the inclined bars will be 
equal to X/2 cos a and the corresponding upward displacement of the 
joint C will be XI/2AE cos® a. The magnitude of the force X is now 
found from the condition that the vertical displacement of the joint C 
together with the elongation of the vertical bar must be equal to the 
initial discrepancy A in length. Hence, 

XI . XI _ 

2AE AoE ’ 

where Ao is the cross-sectional area of the vertical bar and A the cross- 
sectional area of an inclined bar. From this equation, we find 

: y ___ AAE 

Z(i sec® a + A/Ao) 
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Similar reasoning can be applied in more complicated cases of statically 
indeterminate trusses. Let us consider, for example, the timss in Fig. 
362a and find the assembly forces that will result from inaccuracies in the 
lengths of the bars. Let be the error in length of any bar f, considered 
positive if the bar is too long, and Ao the error in length of the redundant 
bar BC. The effect of the erroi’s A^ on the distance between the joints B 
and C of the primary system (Fig. 3626) is found by using Eq. (31), 
from which it follows that the above-mentioned distance is shorter than 
that theoretically designed for by an amount 

SA^a/. (a) 


To take care of this error and also of the error Ao in the length of the 
redundant bar BC, we have to produce some compression in this latter 
bar before placing it between the joints B and C. After assembly, then, 
the redundant bar will be pushing on the joints B and C, and assembly 
forces will be induced throughout the truss. If X denotes the assembly 
force in the redundant member,^ the corresponding elongations of the 
members of the principal system are s/Xpi and the diminishing of the 
distance BC, due to these elongations, is S(s/)‘^Xpt. This change in 
distance, together with the elongation Xpo of the redundant bai', must be 
numerically equal to the initial discrepancy between the distance BC 
in the primary system and the length of the redundant bar BC. Hence 
we obtain 

S(5/)‘^Xpi + Xpo = — [2 Ais/ + Ao]. (6) 

The minus sign on the right follows from the fact that we like to consider 
positive X as tension, while the expression in the brackets indicates 
how much the distance BC (Fig. 3626) is shorter than the length of the 
redundant bar. Solving the equation for X, we obtain 


2 AjSi + Aq 
2(s/)Vi + Po 


(35) 


Upon adding this force to that produced by lateral loading of the truss 
[see Eq. (34)], the total force in the redundant bar becomes 


Yi(Sipi + Ai)s/ -h Aq 

2(s/)Vi + Po 


(36) 


Assembly forces can be calculated in the same way if the redundant 
force is an external reaction. Take, for example, the truss shown in 
Fig. 361a, and assume that the middle support is too high by an amount 
Ao. Denote also, as before, by A^ the error in length of any bar Owing 
to these errors the joint C of the primary system (Fig. 3616) is displaced 
^ Tension considered positive. 
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upward by an amount equal to S Ais/, where the values of s/ are obtained 
from the unit loading shown in Fig. 361c. The required reaction will 
be found from the condition that the upward deflection of the primaiy 
system produced by X is equal to Ao — S Ais/. Hence, 


and we obtain 


SX(s/)2pi = Ao - SA,s/, 
• 5) Ais/ + Ao 


X - 


'^(SiVpi 


(37) 


Adding this to the previously found reaction produced by lateral loading 
of the truss [see Eq. (33)], we obtain for the total reaction at the inter- 
mediate support 



^(Sipi + Ai)Si ~ Ao 


(38) 


If the middle support settles by an amount Ao, w^e simply take this 
quantity with negative sign in Eqs. (37) and (38). 

The equations derived for calculating assembly forces can be used 
also in calculating forces produced in a statically indeterminate truss 
by a temperature change. If the temperature of a bar i is increased by 
an amount U above a certain specified uniform temperature of the truss, 
the length of the bar increases by the amount aJik, where ai is the 
coefficient of linear thermal expansion for the bar. Treating these 
thermal elongations of the bars in the same way as the errors in length 
A{ in our preceding discussion, the thermal stresses in statically indeter- 
minate trusses can be readily calculated. Taking, for example, the 
truss in Fig. 362a and using Eq. (35), we find that the force produced 
in the redundant bar BC by the temperature change is 

"h /OAX 

_ — - • 

^{Si)^Pi + pQ 

The method of calculating assembly and thermal stresses applied to trusses with 
one redundant member can be extended to more complicated cases of two or more 
redundant members. Let us take, for example, the truss on four supports, as shown in 
Fig. 366a, and determine the intermediate reactions X and F, considering not only the 
lateral loads Pi, P 2 , P 3 , but also a change in temperature and some settlement of the 
supports.^ Using for thermal expansions of the bars the values aitdi and denoting by 
8c and 8d the settlements of the supports 0 and P, the equations for calculating the 
reactions X and F [see Eqs. (c), page 303] become 

^ Settlement of the supports may have considerable influence on the stresses in a 
statically indeterminate truss, and a preliminary study of this factor is of great practi- 
cal importance. We usually do not know the probable settlements, but in a pre- 
liminary analysis we assume certain values for these settlements and then find the 
corresponding stresses. If such calculations show that the system is very sensitive 
to settlement of the supports, it can be recommended only in the case of reliable 
foundations. 
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S[(yS/ s/X s/^Y)pi aiUli]si' = — 5<r, I V 

S[(^/ + S/Z + 5/'r)pi + 

or , 

ZS(Si^)^Pi Y"!EiSi^sEp{ = — 5c "SiSi^Si^ pi — ^(XitiliS/^ 

XSSi's/Vi + Fsfe'OVi = - Ws/'pi - ^aitilis/'. 

The first terms on the right side of these equations represent the effect of settlement 
of the supports; the third terms represent the effect of thermal expansions. 

PROBLEMS 

244. Study the effect of settlement of the intermediate supports on the axial 
forces in the bars of the truss shown in Fig. 369. Assume that the maximum probable 
settlement of either support will be 1 /1, 000 of the span. 

246. What vertical displacement will the crown C of the two-hinged arch in Fig. 
363 suffer if there is a change in temperature of the arch of 100 °F. ? See Table VII for 
numerical data. 

53. Influence Lines for Trusses with One Redundant Member. — -In 
preceding articles, we have discussed the analysis of statically indeter- 
minate trusses under the action of stationary loads. If, as in the case of 
bridges, we are dealing with moving loads and must consider various 
positions of these loads, influence lines can be used to great advantage. 
In general, the construction of influence lines for statically indeterminate 
trusses can be greatly simplified by using the reciprocal theorem, dis- 
cussed in Art. 43, together with deflection curves for trusses (see Chap. 
VI) . The general statement of the reciprocal theorem is represented by 
Eq. (28) (see page 251), and its application in the construction of influence 
lines will now be illustrated by several examples. 

As a first example, let us consider the truss in Fig. 370a having one 
redundant support, assuming that the moving loads are transmitted to 
the joints of the lower chord. Taking the reaction X at the intermediate 
support as the redundant force, we construct the influence line for this 
force by applying the reciprocal theorem to the two loading conditions 
shown in Figs. 370a and 3706. In the first case a unit load acts at the 
joint m of the given truss and produces a reaction X at the intermediate 
support C, In the second case the intermediate support is removed, and 
a unit load is applied at the joint C. This second case is statically deter- 
minate, and we can readily calculate the axial forces and elongations 
of all bars. Having such elongations, we calculate the deflections of the 
lower chord joints by using the method of fictitious loads discussed in 
Art. 47. Let Sm and he the deflections of the joints m and C obtained 
in this manner. Then, observing that the forces of Fig. 370a produce on 
the displacements calculated for Fig. 3706 the work equal to 1 • — X5c, 

and that the work of the forces of Fig. 3706 on the corresponding dis- 
placements of Fig. 370a vanishes, we find that Eq. (28) becomes 
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and we obtain 

X = 1-^- (a) 

Hence, for any position of the moving unit load in Fig. 370a, the inter- 
mediate reaction X is proportional to the deflection of the corresponding 
Joint of the truss in Fig. 3705. Upon dividing these deflections by the 



Fig. 370 . 


deflection 5c, the ordinates of the influence line acb for the reaction X 
are obtained as shown in Fig. 370c. By use of this influence line, the 
redundant reaction X for any system of moving loads Fi, P 2 , Pzj • • • can 
now be obtained from the equation 


X — ' ^ymPm^ 
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With the influence line for the redundant force X, the influence 
diagrams for other quantities are readily obtained by using the methods 
developed in Chap. Ill for statically deternoinate trusses. Take, for 
example, the influence diagram for the reaction Ea- For any position 
of the unit load, this reaction is obtained from the statics equation, 

R, = l.t=^-X^f ( 6 ) 

The first term on the right side of this equation represents the reaction 
for a simple beam supported at A and B, while the second term takes 
care of the intermediate reaction X. Thus the ordinates of the required 
influence diagram will be obtained by subtracting the ordinates of the 
influence line acbj diminished in the ratio I 2 /I, from the ordioates of 
the influence line constructed as for a simply supported beam AB. This 
will be accomplished by drawing the straight line bed as shown in Fig, 
370c and then reducing in the ratio h/l the ordinates of the shaded por- 
tions of the diagram. 

The bending moment for a cross section through the joint m is 
evidently obtained by subtracting the moment Xhxm/l, due to the inter- 
mediate reaction, from the moment calculated for a simple beam sup- 
ported at A and B. Thus, to obtain the influence diagram for bending 
moment at m, we begin with the influence line acb for X, on which we 
superimpose the triangle adb as shown in Fig. 370c?. This triangle 
represents the influence line for simple-beam bending moment at m 
except that the straight line bde has the ordinate l/h at a instead of the 
ordinate as it should have. Hence, to obtain the influence coeffi- 
cients for simple-beam bending moment at m, the ordinates of the 
triangle ac?6 must be multiplied by XmU/l- This, however, is 'the same 
factor by which the ordinates of the X-influence line must be multiplied 
to obtain the bending moment due to X. Hence the ordinates of the 
shaded area in Fig. 370c?, when multiplied by Xmh/l, represent the 
required influence coefficients for bending moment at m. 

The same diagram can be used also as the influence diagram for axial 
force in the bar nq of the upper chord of the truss opposite the hinge m. 
To obtain the force in this bar, we have only to divide the bending moment 
at m by the distance and change the sign. Hence the influence dia- 
gram for the above-mentioned bar is obtained by multiplying the ordi- 
nates of the shaded area in Fig. 370c? by the numerical factor —XmWhml 
In a similar manner, influence diagrams for the bars of the lower chord 
can be constructed. 

Let us consider now a web member np (Fig. 370a). If the unit load 
is to the right of joint m, we consider the equilibrium of the left portion 
of the truss. Taking the moments of all forces acting on this portion 
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with respect to point 0, we find that the force in the web member np is 

s = (c) 

Hencej for positions of the load to the right of joint m/ the influence 
diagram for S is obtained by using the same shaded areas already used 
for Ra in Fig. 370c, except that in this case the ordinates must be multi- 
plied by --IJi/lhn. When the unit load is to the left of panel pm and 
at the distance a; from the support A, we obtain for S, instead of Eq. (c), 
the following equation: 

All necessary constructions for the required influence - diagram are 
indicated in Fig. 370e,. For the portion of the span to the right of joint m 
we use, as already mentioned, the same areas as in Fig, 370c, while 
for the portion to the left of panel pm the second term on the right side of 
Eq. (d) must be taken into account. We shall accomplish this bjr drawing 
the line on/ as previously explained in Chap. Ill (see page 137). The 
ordinates included between the straight lines oaf and oc&, after naul- 
tiplication by the factor hhflhn, give us the second term on the right side 
of Eq. (d). Hence the ordinates of the shaded areas in Fig. 37Gc, after 
multiplication by this factor lj%/lhnf the required influence coeffi- 
cients for axial force in the bar np. The proper signs of these ordinates 
are readily determined from Eqs. {c) and (d) and are indicated in Fig. 
370c. 

For a second example, we consider the two-hinged arch shown in 
Fig. 371a and take the horizontal thrust H as the redundant force. 
Then, to construct the influence line for JJ, we apply the reciprocal 
theorem to the two loading conditions shown in Figs. 371a and 3715. 
In the first case, a unit load, moving along the upper chord, acts at the 
joint fc. In the second case, the redundant constraint is removed, and 
two equal but opposite unit forces are applied as shown. This second 
case is statically determinate, and we can calculate the elongations of all 
bars. With these elongations, the increase dh in the distance A 5 can 
be found by using Eq. (30), and the deflections of the upper chord joints 
can be found by applying the method of fictitious loads discussed in 
Art. 47. The deflection curve obtained in this manner is shown in Fig. 
371c. Applying, now, the reciprocal theorem, w^e obtain 

— HBh ”h 1 * = 0. 

Hence, ■ ■ ■ ■ 

= l.|5- 

Oh 
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We see that the ordinates of the required influence line for H are obtained 
by dividing by the deflections of the upper chord joints. This line 
is given by the polygon acb in Fig. 371d The influence line for the 
redundant force H having been obtained, the influence diagram for any 
other quantity can be readily constructed by using the methods developed 



in Chap. Ill, In Fig. 371d, for example, the influence diagram for bend- 
ing moment with respect to the joint m is shown. With such influence 
diagrams for bending moment, the corresponding influence diagrams for 
axial forces in the chord members.can also be obtained without difficulty. 

Let us consider now the influence line for the axial force S in a web 
member mn (Fig. 371a). Making a section pg through that member as 
shown and considering the equilibrium of the left portion of the truss, 
we obtain 
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where So is the force in the member mn when H == 0/ and the distances 
yi and hi are as indicated in Fig. 3716. Upon drawing the lines ae and 

as shown in Fig. 3716, the influence line afgb for the quantity Solu/yi 
is obtained. Subtracting from this the ordinates of the influence line 
for if, we obtain the shaded areas, shown in Fig. 3716. The ordinates 
of these areas multiplied by yi/Iu give us the required influence coeffi- 
cients for S. Influence diagrams for other web members can be con- 
structed in a similar manner. 

As a third example, let us consider an arch with a stiffening truss as 
shown in Fig. 372a. In this case the reactions Ra and Rh are statically 
deteiminate, but the truss proper contains one redundant member. 
Let this be the horizontal bar CDj the compressive force in which w^e 
denote by X, as showm. Removing this bar and applying two unit forces, 
w^e obtain the statically determined system shown in Fig. 3726. Assum- 
ing that the moving loads act on the upper chord joints of the stifibning 
truss, we obtain the influence line for X by applying the reciprocal 
theorem to the tw’o loading conditions shown in Figs. 372a and 3726. 
In the first case, w-e have the redundant forces X and the unit load acting 
on the truss. In the second case w^e have only the two equal and opposite 
unit forces at C and D. This second case is statically determinate. 
Considering the bars of the arch as the sides of a funicular polygon, 
drawing rays parallel to these bars, and taking a pole distance equal to 
unity, we can easity obtain the forces in the bars of the arch and in the 
verticals. After this the forces in all bars of the stiffening truss can be 
calculated. With these forces, the shortening 8 of the distance between 
the joints C and D can be calculated by using Eq. (31), and the deflec- 
tions of the upper joints of the stiffening truss can be found by applying 
the method of fictitious loads discussed in Art. 47. If 8m is the deflection 
of joint m, the reciprocal theorem gives the equation 

l-6,.-X3 = Xpo-l, (/) 

in which po = Iq/EAq determines the extensibility of the redundant bar. 
The right side of the equation is now different from zero because the 
displacement in Fig. 372a corresponding to the unit forces shown in Fig. 
3726 does not vanish but is equal to the compression of the redundant 
bar. Solving Eq. (/), we obtain 

v" 1 . 

3 + 1 • Po 

It is seen that the influence line for the compressive force X is obtained 
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by dividing by (5 + 1 • po) the deflections of the upper chord joints of the 
stiffening truss. Let the polygon ach in Fig. 372c represent this influence 
line. The influence diagrams for other quantities can then be con- 
structed as for a statically determinate system. 



Considering, for example, the bending moment with respect to joint h 
and taking the vertical cross section hi (Fig. 372o), we see that the 
moment with respect to h of all forces acting on the left portion of the 
truss is 

Mtc = RaXk ~ Xyk. (g) 

The first term on the right side represents the moment for a simple beam 
AB. The second term represents the action of the arch. In Fig. 372c 
the polygon ae/& is constructed as the influence line for simple-beam 
bending moment except that all ordinates are divided by the length yh 
shown in Fig. 372a. From the ordinates of this line the ordinates of the 
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X-line are subtracted, and in this way the shaded areas are obtained. 
Upon multiplying by yk the ordinates of these areas, the required influence 
coefficients for are obtained [see Eq. {g)]. The same areas can be 
used in calculating the influence coefficients for the axial force S in the 
upper chord member opposite the joint /c. This force is obtained from 
the equation 

g z=. — Ml.. 
h 


Hence the required influence coefficients are obtained by multipl 3 flng 
by —yk/h the ordinates of the shaded area in Fig. 372c. 

In Fig. 372d the influence diagram for axial force in the web member 
kn is shown. The force in this bar 

is obtained from the equation of — y- .. 

equilibrium of the left portion of the \ \ / / ‘ 

truss (Fig. 372a), which gives \ \ 
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It is seen that the shaded area in j / 1 ^ 

Fig. 372d represents the expression 

in the parentheses on the right side . 

of this equation. Hence the re- ^ 

quired influence coefficients are ob- (c) 1 

tained by multiplying the ordinates 

of these areas by tan a/sin <!>. ^..rrnbTlTlMk^ ^ 5 

As a last example, let us con- ^ \|[j 

sider the statically indeterminate 

truss shown in Fig. 373 and con- ina. 373. 

struct the influence diagram for axial force in the bar mn. Assuming 
that the moving loads are applied to the Joints of the lower chord and 
applying the reciprocal theorem to the two loading conditions shown in 
Figs. 373a and 3736, we obtain 

X • 5 + 1 • 5^1 = — 1 ’ Xpo, 

where h denotes the decrease in the distance mn produced by the unit 
loads (Fig. 3735), is the deflection of the hinge k under the same load, 
and po is the extensibility factor for the redundant bar mn. Thus the 
redundant force is 

x= -1-m 

d + 1 • Po 


X = -1 • 
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The value of 8 is obtained by using Eq. (31), and 6* is found from the 
deflection line of the lower chord of the truss. This deflection line is 
obtained as the bending-moment diagram (Fig. 373d) for the fictitious 
loads shown in Fig. 373c. The magnitudes of the fictitious loads are 
found by using the changes in length Ai . . . As of the bars in the stressed 
panel of Fig. 3736, together with the equations of Art. 47. In this way 
we obtain 

T> 1 / As A A A 

Pm 7 ( , A4 Al h 

ft \(ios 4> Of} 

„ 1 / As A 

h \cos <i> a) 

PROBLEMS 

246. Construct an influence diagram for the intermediate reaction X of the 
statically indeterminate truss shown in Fig. 370a if the middle support C is placed on 
a pontoon. 

Hint: If A is the water-line area of the pontoon and w is the specific weight of 
water, the deflection of the pontoon under the action of the force X is X/Aw, Thus, 
instead of Eq. (a) (page 311), we have 

8o + l/Aw^ 

247. Construct an influence diagram for the axial force S in a diagonal of the truss 
shown in Fig. 374. 



248. Construct an influence diagram for axial force in the vertical member CD of 
the statically indeterminate truss shown in Fig. 375. 



Fig. 375.’ 
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249. Construct an influence diagram for axial force in. the horizontal bar AB of the 
statically indeterminate truss shown in Fig. 376. 



250. Construct an influence diagram for axial force in tlie vertical bar CD of the 
statically indeterminate truss shown in Fig. 377. 



54. Influence Lines for Trusses with Two or More Redundant 
Members. — As an example of a system with two redundant elements, 
let us consider the truss on four supports as shown in Fig. 378a. It is 
assumed that the moving loads are transmitted to the joints of the lower 
chord. For the redundant forces, we select the reactions X and Y at the 
intermediate supports. In addition to the actual loading condition shown 
in Fig. 378a, we consider the two cases shown in Figs. 378b and 378c 
in which the intermediate supports are removed and a unit load is applied 
at joint C and at joint D, respectively. The latter two cases are statically 
determinate, and w^e can calculate the deflections of the lower chord for 
each of these cases by using the method of fictitious loads. Let dec, ded, 
and dem denote the deflections at C, D, and m, respectively, when the 
unit load is acting at C, w’hile dde, dad, and 5,^ denote the deflections pro- 
duced at the same joints by the unit load at D. Assuming that the 
supports C and D do not displace vertically under the action of the 
unit load in Fig. 378a and applying the reciprocal theorem to Figs. 378a 
and 3786, we obtain 

—Xdec Ydcd "T 1 ’ 5cm = 0. (a) 

Similarly, considering Figs. 378a and 378c, we obtain 

— Xddc — “h 1 * = 0. (6) 

Solving Eqs. (a) and (6) for X and Y and observing that ded = from* 
the reciprocal theorem, we find the following expressions for the redundant 
reactions:'' , , 
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^dd 5 ^Cd 


^cc^dd “* 

j 0 Ocjn 

Ocd^ 

^cc^dd 

- 5c/ 

^cc 

Si, 

^cd 

^cc^dd 

p. 0 ^dm 

Bcd^ 

SccSdd " 

- 5c/ 


(c) 

(d) 


It is seen that when the unit load changes position along the truss (Fig. 
378a) only the quantities dcm and ddm in expressions (c) and (d) change in 





(e) 


Fig. 378 . 

magnitude; the other quantities remain constant. Introducing the 
notations 


^dd 




we obtain 


X = ClScm — C^ddm, 
Y ” C^^dm ™ Cs^cm- 


The constants Ci, C 2 , and C 3 are readily calculated from Eqs. (e) pro- 
vided that the deflection curves for the loadings in Figs. 378h and 378c 
have been constructed. The expressions on the right sides of Eqs. (/) are 
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plotted in Figs. 378d and 378^; and the required influence coefficients for 
the redundant reactions X and Y are given by the ordinates of the shaded 
areas. With these constructions, the influence diagram for axial force in 
any bar of the truss (Fig. 378a) can be easily obtained. For this pui- 
pose, we observe that the force Si in any member can be represented in 
the following form, 

Si ^ S/ - s/X ^ (g) 

where S/ is the force in that member when the redundant supports are 
removed and s/ and s/' are the influence numbers^ for the same member 
calculated for the unit loads shown in Figs. 3785 and 378c, respectively. 
Thus we see that the required influence diagram for axial force in any 
bar can be obtained by combining the ordinates of the influence diagram, 
constructed as for a simply supported truss, with those of the s/X-dia- 
gram and the s/'F-diagram. These latter diagrams are obtained simply 
by multiplying the ordinates of the shaded areas in Figs. 378d and 378c by 
the influence numbers s/ and Si", 

The foregoing method of obtaining influence diagrams for trusses with 
two redundant forces can be applied also in the case of three or more 
redundant forces. Since the number of equations similar to Eqs. (a) and 
(6) will always be equal to the number of redundant forces, the complica- 
tions involved in their solution increase rapidly with the number of 
unknowns. The problem can be greatly simplified by a proper selection 
of the redundant forces, such that each equation mil contain only one 
unknown. In such a case, each equation can be solved independently of 
the others, and the corresponding influence diagram will be obtained 
directly, as in the case of trusses with one redundant element. The 
proper selection of the unknowm- we shall explain first by an example 
with only two redundant forces. Considering Eqs. (a) and (5), we see 
that each of them contains both unknowns. This occurs because the 
force X produces deflection, not only of the Joint C where it is applied, 
but also of the Joint D, where the force F acts (Fig. 378a). A similar 
conclusion applies to the force F. To simplify the problem and obtain 
equations each of which contains only one unknown, we must select the 
redundant forces in such a manner that each force does not produce a 
displacement corresponding to the other. This can be achieved easily 

r These influence numbers s/, s/', as defined on p. 259 should not be confused with 
influence coefficients as defined on p. 96. 

2 The importance of the proper selection of the redundant forces •was discussed 
first and was illustrated by various examples by R. Krohn, Z. Banhunde^Yol, 3, p. 219, 
1880, and by 0. Mohr, Z. Architekten-Ingenieur-Ver, Hannover j yoI. 27, p. 243, 1881. 
Several examples are discussed also in '‘Die graphische Statik der Baukonstruktionen ’’ 
by H. Muller-Breslau, vol. II, pt. 1, p. 296, 1907. 
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if both forces are applied at the same joint. Let us consider, for example, 
the two-span arch shown in Fig. 379a. This structure has two redundant 
elements. As such let us take two components of the reaction at A. If 
we choose the directions of these components arbitrarily, application of 
the reciprocal theorem will give, for their determination, two equations 
similar to Eqs. (a) and (b) each of which contains both unknowns. How- 
ever, by a proper selection of the directions of the two components, the 
problem can be simplified and we can obtain two equations each of 
which contains only one of the unknowns. To accomplish this, we 




take the direction of one component arbitrarily; say we assume the com- 
ponent X horizontal. Then to determine the proper direction for the 
other component F, we remove the support A and consider the unit load- 
ing shown in Fig. 379&. This case is statically determinate, and we can 
obtain, by one of the established methods, say by the construction of a 
Williot diagram, the displacements of all joints of the truss. Let aai be 
the direction in which the joint A moves under the action of this hori- 
zontal unit load (Fig. 3796). Then, if we select the direction of the com- 
ponent F perpendicular to the direction aai, the horizontal force X does 
not produce a displacement corresponding to the force F and, by the 
reciprocal theorem, we conclude that the force F will not produce a dis- 
placement corresponding to the force X ; i,e., the displacement of joint A , 
produced by the force F, will be vertical. After establishing the direc- 
tions of the component reactions X and F, we determine the corre- 
sponding influence lines by using the loading condition^^ shown in Figs. 
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3796 and 379c together with the reciprocal theorem. We assume that 
moving loads are transmitted to the joints of the upper chord and denote 
by dmx the vertical displacement^ of any joint m under the action of the 
unit load in the Z-direction (Fig. 3796) and by the horizontal com- 






Fig. 380. 

ponent of the displacement aai of the hinge A, Then the reciprocal 
theorem applied to Figs. 379a and 3796 gives 

ZSxx + 1 * ^mx = 0. (h) 

\ The force F does not appear in this equation since the corresponding 

j displacement in Fig. 3796 vanishes. In a similar manner we apply the 

I reciprocal theorem to Figs. 379a and 379c and obtain 

; F5j/j/ + 1 * ^my == 0. (i) 

From Eqs. (h) and (i), we find 

•J . 

X = Y = -l-fl*'. (j) 

Hence the upper chord deflection curves constructed for the loadings of 
t Figs. 3796 and 379c give us directly the influence lines for the redundant 

: : y \ , Teactions Z and , 

I To achieve the same simplification in the case of the system shown in 

1 Downward displacements considered positive, 

i : : 
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Fig. 378, we replace the reactions X and Y by a statically equivalent 
system consisting of a vertical force V and a moment M as indicated in 
Fig. 380a* and defined by the equations 


X 


V .M 
2 



(/c) 


To obtain the influence line for the force F, we apply the reciprocal 
theorem to the loadings shown in Figs, 380a and 3805. Assuming that 
the truss is symmetrical with respect to the vertical axis through the 
middle^ we conclude that, for the case in Fig. 3805, the shaded block 
moves parallel to itself. Hence the displacement corresponding to the 
couple M in Fig. 380a vanishes, and the reciprocal theorem gives 

-~F5 + 1 * d-om = 0, 


where B is the vertical displacement of the shaded block and 8.i,ni is the 
deflection at joint m in Fig. 3805. From this equation we conclude that 
the lower chord deflection curve for the loading of Fig. 3805 gives the 
influence line for the force F. To obtain the influence line for M, we 
consider Figs. 380a and 380c. From symmetry it can be concluded that 
in the case of Fig. 380c the shaded block does not move vertically but only 
rotates with respect to its center 0 by an angle a, which can be readily 
calculated if the vertical deflections of the joints C and D are determined. 
Hence the reciprocal theorem gives 

— Ma + 1 * 8^ffn = 0 , 

where 8 Mm is the deflection of joint m in Fig. 380c. Thus we conclude 
that the deflection curve for the loading of Fig. 380c gives the influence 
line for JIf . The influence lines for F and M having been obtained, the 
values of the reactions X and F for any loading are readily found by 
using Eqs. (k). 

In the case of the arch shown in Fig. 381a, we have a sj^stem with 
three redundant elements. If we take the forces Si, S 2 , and Sz acting at 
the hinges A and B and in the directions of the bars 1, 2, and 3, respec- 
tively, and proceed as in the case of two unknowns (Fig. 378a), we shall 
obtain three equations, similar to Eq. (a), each of which will contain all 
three unknowns Si, S 2 , and S 3 . To simplify the problem and obtain 
three equations each of which contains only one unknown, W’-e replace 
the system of forces Si, S 2 , and Sz by a statically equivalent system of 
three forces so selected that each of them, if acting alone, does not pro- 
duce displacement^ corresponding to the other two. To accomplish this, 

* The shaded block transmitting the force V and the couple M to the hinges C 
and D is considered as absolutely rigid. It is attached to C an d D by two vertical 
absolutely rigid bars. 
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we assume that the hinges A and B are attached to an absolutely rigid 
block AOB as shown in Fig. 3815. Then to this block we apply the 
properly selected forces X, Y, and M as shown. To find the point 0 at 
which the forces X and Y must be applied, we investigate the deflections 
of the arch produced by a unit couple acting on the block AOB, In this 
case X = Y = 0 and M = 1. We can readily find the corresponding 
forces in all bars of the arch and, by constructing a Williot diagram, the 
displacements of all Joints and also the displacement of the block AOB 
attached to the joints A and B. In general, we know that any displace- 
ment of this block in the plane of the truss can be accomplished by 
rotation with respect to a certain center. Let point 0 be this center for 
the displacements just found. Then this point must be taken as the 




point of application of the forces X and Y. Since point 0 does not move 
under the action of the unit couple ilf = 1, we conclude, from the recipro- 
cal theorem, that a force applied at 0 will not produce any rotation of the 
block. Applying the forces X and Y at point 0, we do not produce a 
displacement corresponding to the couple M, and as a result of this the 
reciprocal theorem will give an equation containing only one unknown M, 
To obtain separate equations for the other two unknowns X and F, we 
proceed as in the case shown in Fig. 379, take the direction of X arbitrarily, 
and find the direction of the corresponding displacement of the center 0. 
Then, the direction of F must be taken perpendicular to this displace- 
ment. With such selection of the point 0 and the directions of the forces 
X and F, we meet the requirement that each redundant force shall not 
produce any displacements corresponding to the other two forces,, and 
therefore we shall obtain three equations containing only one unknown 
each. We shall use this method^ later in discussing stresses in frames and 
solid arches. 

1 Extension of the method to systems with any number of redundant forces has 
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55. Statically Indeterminate Space Structures.— If a structure in 
space has n joints and more than 3n bars, including supporting bars or 
their equivalent, the number of equations that can be obtained from 
statics will be insufficient to determine the unknown axial forces in all 
members and the system is statically indeterminate. In analyzing such 
systems, the elastic deformations of the bars must be considered. This 
can be accomplished by using the methods already developed for plane 

trusses. To illustrate the application of these 
methods to space systems, let us consider the 
simple system consisting of a single Joint A 
attached to the foundation by four bars as showm 
in Fig. 382. Such a system has one redundant 
bar. To define the configuration, w^e assume 
that all bars are identical and have the length 
Z = 5 ft., that the bars 1 and 3 are in a hori- 
zontal plane ABD and that the bars 2 and 4 are 
in a vertical plane ACE bisecting the angle BAD. 
The force P applied at A acts in a vertical plane 
parallel to the plane BCD and makes an angle 
of 45 deg. with the vertical bar AE. We select the bar AE as the 
redundant bar and denote by X the axial force in it. Then the forces in 
the other bars will be found from the equation 



Fig. 382. 


Si = Si' + Si'X, 


(a) 


in which S/ is the force produced by the load P in any bar i of the primary 
system, i.e., of the system that remains after removal of the redundant 
bar AE, and s/ is the influence number for any bar i. These influence 
numbers are obtained by applying at joint A of the primary system a 
vertical unit load and calculating the corresponding axial forces in the 
bars. To obtain the redundant force X by the principle of least work, 
we make the expression for strain energy 



SiHi XHo 
2AiE 2AoP 



Si^i + XV 


o), 


Q>) 


where the summations are understood to include all bars of the primary 
system. Setting the derivative of this expression with respect to X 
equah to zero, we obtain 


dX 


t 


SiSipi + XpQ = 0 . 


(c) 


been discussed by S. Muller^ Ze'nir. hi. Bauverw., 1907, pp. 23, 253 and by M. Griining, 
“Der Eisenbau/^ p. 305, 1921 
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Observing that in this case pi is the same for all members and substituting 
expression (a) for Si, we obtain 


Z = - 


S(5/)“ + 1 


id) 


The values of Si and s/ together with all calculations necessary to deter- 
mine X are shown in Table VIII. The load P is taken equal to 1 ton, 
and Eq. (d) then gives 

^ =’ -0.570 ton. 

5.165 


Finall}^, using Eq. (a) we obtain the values of Si as recorded in the last 
column of the table. 


Table VIII 


i 

Si', 

ton 

8i' 

Si's/, 

ton 


Si, 

ton 

1 

-6 ^2/6 

— IS 

0.983 

0.694 

-0.705 

2 

6 

a 

w 

1.967 

2.777 

0.230 

3 1 

0 

5 

— ¥ 

0 

0.694 

0.475 

4 i 





-0.570 






S 

2.95 

4.165 





Equation (c) for calculating X can also be obtained by applying the 
principle of virtual displacements as discussed in Art. 45. In this case 
the principle states that the work done on the actual displacements. by 
the forces corresponding to the unit load must vanish. If it is desired to 
consider a change in temperature and possible errors Ai in the lengths 
of the bars, we have only to substitute in Eq. (c) the expression 
SiPi + odiU + Ai instead of Sipi and Xpo + aUU + Ao instead of Xpo. 
In this way we obtain the equation 

'Z{SiPi + "b At)s/ + Xpo + + Ao = 0 

from which 

X — — ~b Ai)g/ 4" ~b Ap 

+ PO 


This equation can be used to calculate the redundant force in any pin- 
connected space structure with one redundant member. It is necessary 
only to extend the summations to include all members of the primary 
system.. 

As a more complicated example, let us consider the space structure 
shown in Fig. 383 to which a horizontal force P = 1 ton is applied. This 
structure has 12 joints and 39 bars. Hence there are three redundant 
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bars. For these redundants, we choose the three horizontal diagonals 
and denote their axial forces by X, Y, and Z, as shown. After removal 
of these bars, we obtain the statically determinate primary system showm 
in Fig. 384. The forces S/ produced in the bars of this system by the 
load P = 1 ton are given in the second column of Table IX on page 330. 
We consider now the unit loads acting on the primary system as shown in 
Figs. 384a, 3846, 384c and calculate the corresponding influence numbers 
Si, Si", Si”, given in columns (3), (4), and (5) of the table. The force 



in any bar i of the given stmcture (Fig. 383) will now be represented by 
the expression 

Si = Si' + Si'X + Si"Y + Si'"Z, 

and the principle of least work gives the following three equations for 
calculating the redundant forces: 

2s/ (,8/ + Si'X + Si"Y + Si'"Z)pi + Xp. = 0,1 

Ss/'(8/ + Si'X + s/'Y + Si'''Z)pi + Ypy = 0, 1 (e) 

2s/"(S/ + Si'X + s/'F + Si'''Z)pi + Zp, = 0.) 

In these equations, px, py, and px denote the extensibility factors for the 
three redundant diagonals. The magnitudes of the redundant forces 
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willj of course, depend on the cross-sectional dimensions of the bars. 
Assuming, for example, that the extensibilities of all bars are equal, the 
quantities p cancel in Eqs. (c), and the numerical values of all coefficients 



Fig. 384. 


in these equations are obtained by making summations of columns (6) 
to (14) of the table. In this way, Eqs. (e) finally become 

88X + 47F + 15Z = -22 ] 

47X + 327 + 112 = -12 v^, \ if) 

15X + 11F + 82- -4\/2, j 

from which we find 

X = -0.2327 V2ton, F = -0.0215 V^ton, Z = -0.0341 ton. 

It is seen that the upper diagonal is the most stressed of the three redundant bars. 
Owing to its action, the forces acting on the upper joints of the structure will be as 
shown in Fig. 385<2. From this we can conclude that the true forces in the bars of 



Fig. 385. 
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Table IX 


W) 

(2) 

?3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

i 


s/ 



(s.')2 

isi'r 


S/Si' 

Bhi* 

Si's/" 

Si 

Si'si'" 


1 

-1 . 

-1/V2 

0 

0 , 


0 

0 

1/Vi 

0 

0 

0 

0 

0 

2 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

3 

0 

-1/-V/2 

0 

0 

h 
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0 

0 

0 

0 

0 

0 

0 

4 

0 
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0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

5 

0 

1/V2 

0 

0 

4 

0 

0 

0 

0 

0 

» 

0 

0 

6 

V2 

1 

0 

0 

1 

0 

0 

V2 

0 

0 

0 

0 

0 

7 

-1 

-1/V2 

0 

0 

1 

0 

0 

i/Vi 

0 

0 

0 

0 

0 

8 

0 


0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

9 

0 

l/v^ 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

10 

0 

1 

0 

0 

1 

0 

0 

« 

0 

0 

0 

0 

0 
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the primary system will be obtained with good accuracy if we replace the force P by 
two forces P/2 applied as shown in Fig. 3856 and by a torque |Pa applied as shown in 
Fig. 385c and then superimpose the axial forces in the bars obtained for these two 
statically determinate cases. In this manner we take into account the most stressed 
redundant diagonal and neglect the actions of the other two. 

If the cross-sectional dimensions of the redundant diagonals are diminished, they 
may become insufficiently rigid to redistribute the force P as shown in Fig. 385; then 
the larger part of P will be carried by the front panel. Assuming that the extensi- 
bilities of the redundant diagonals are ten times larger than the extensibilities of the 
other bars, we obtain, instead of Eqs, (/), the following equations: 

97X + 47F + 15F = -22 \/2, ] 

47Z + 41F + IIF = -12\/2,[ ig) 

15X + IIF + VJZ = -4 -^2, j 

from which 

X = -0.1900 V2 ton, F = -0.0687 \/2 ton, Z = -0.0233 VS ton. 

If we take the extensibilities of the redundant diagonals 100 times larger than the 
extensibilities of the other bars, we shall find 

X = -0.1030 ton, F = -0.0532 Vs ton, Z = -0.0175 ton. 

Proceeding as shown in Fig. 385a, we shall find that that part of the load carried by 
the front panel increases with the flexibilities of the redundant members. 
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BEAMS AND FRAMES 

56. Slope-deflection Equations. — Frame structures like that shown 
in Fig. 386a usually consist of straight prismatic members which can be 
treated as beams elastically constrained at the ends. Such a member as 
abj for example, can be isolated as shown in Fig. 386?> and the elastic 
constraints at the ends replaced by reactive couples Ma and Af&. In this 
way, we reduce the problem to that of a simply supported beam acted 



upon by lateral loads together with end moments. Under such loading, 
the beam deflects and the end tangents rotate by small angles da and 0b 
as shown. For our further discussion, it will be helpful to establish 
analytical relationships between these angles, the end moments, and the 
lateral loading. Such relationships are generally known as slope-deflection 
equations y and we shall now consider their derivation. 

Assuming that the beam is bent in a principal plane, the curvature 
of the elastic line at any cross section is given by the welhknown equation 

1 _ M 
r Ef 
332 


( 41 ) 
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in wMcb. M is the bending moment and El the flexural rigidity at the 
cross section under consideration. In using this equation/ we shall take 
the longitudinal axis of the beam as the a;-axis and shall consider the 
y-axis positive downward as shown. We shall also assume that deflec- 
tions of the beam are small so that the length of an element of the elastic 
line can be taken equal to the length dx of its projection on the :r-axis. 
In such a case, the small angle d4) between two adjacent cross sections 
after bending is 


, dx M dx 
d4>=^-- 


(a) 


With this expression, the rotations of the end tangents can be calculated 
by the method of fictitious loads that we have already used in the analysis 
of trusses (see page 277). In Fig. 387a, for example, let the curve def 
be the bending-moment diagram for a transversely loaded simple beam 


e 



Fig. 387. 


AB, If we assume that only one infinitesimal element of this beam is 
elastic, while the rest of it remains absolutely rigid, the elastic line acb 
will be as shown in Fig. 3875. This line consists simply of two straight 
portions ac md cb having between them the angle d<i> as defined by Eq. 
(a). Owing to such deflection, the left end of the beam, as we see from 
the figure, rotates by an infinitesimal angle of the magnitude 

de^ = Q>) 

Considering clockwise rotations as positive, we take expression (5) with 
positive sign. The end h of the beam rotates counterclockwise, and the 



334 


THEORY OF STRUCTURES 


[Chap. VIII 


corresponding angle of rotation is 




(c) 


Expressions (6) and (c) ^ permit a very simple interpretation. Imagine 
a simply supported beam on which a fictitious load = M dx/EI is 
acting as shown in Fig. 387c. Then expressions (6) and (c) represent the 
shearing forces at the ends of this beam due to such a fictitious load. 

Having the angles of rotation of the ends resulting from bending of 
one element of the beam, we shall obtain the total angles of rotation by 
summing up expressions (5) and (c) over the entire length of the beam. 
This gives 


- Jjdcl> = - j 


I — X M dx \ 
f’’ X M dx 

0 T 


El 




(42) 


Observing that M dx is the area of an elemental strip of the bending- 
moment diagram in Fig. 387a and that E/ is constant for beams of uni- 
form cross section,^ we conclude that, to obtain the angles of rotation of 



the ends of such beams, we need only consider the bending moment area 
AdefB as a fictitious load and then divide by El the shearing forces 
produced at the ends of the beam by this load. 

Taking, for example, a uniformly loaded beam, the bending-moment 
area is a parabolic segment (Fig. 388a) having the area 

^ S c 8" ■ i2\ ■ 

1 For beams of variable cross section see Art. 70. 
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If we treat this area as a fictitious load, the corresponding reactions at 
the supports are and we obtain 

ft - 2'^' ft - - 

- 2im’ ^ “ 24:EI 

In the case of a concentrated load P applied at a distance c from the right 
support, the bending-moment area is represented by the triangle in Fig. 
3886. Treating the area of this triangle as a fictitious load, we obtain 
for the reactions at the supports 


p -Mlz-e!) 


and 


„ Pc(l - c)(2l - c) 

tCia - Qi 


Hence, 

“ QIEI ’ 


Pc(l - c)(2l - c) 
QIEI 


Let us consider now the specific case of bending of a simply supported 
beam AB by couples applied as shown in Fig. 389a. In our further 


Ca) 




Mab 



discussion these couples will be called end moments, and we shall denote 
them by the symbols Mob and Mia, the two subscripts indicating the ends 
of the beam as shown in Fig. 389a. Clockwise end moments will be 
considered as positive. This means that, with the conventional rule for 
sign of bending moment, the end moment Ma> is identical with the bend- 
ing moment at A, while the end moment Mia is equal but opposite in 
sign to the bending moment at B. Beginning with the case where only 
the. moment Mab is acting (Fig. 3896) and observing that the correspond- 
ing bending-moment diagram is a triangle (Fig. 389c), we obtain 

Mail 

Wl' 


Mail 

~ ZEl’ 


dba = 
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We obtain similar formulas for the case where the moment Mu is acting’ 
alone. Combining the actions of the two end moments (Fig. 389a), we 
obtain 


Solving these two equations for Mah and Muj we obtain 


{2Bah + Oba)i Mba 


(2dba + Qab)' ( 44 ) 


From these two equations the end moments can be calculated if the 
rotations Bob and Bia of the end tangents are known. 



Fig. 390. 


Let us consider now a more general case in which there are both end 
moments and lateral load acting as shown in Fig. 390a. The angles of 
rotation produced by the end moments alone are given by expressions 
(43). To obtain the angles of rotation produced by the lateral load, 
we consider the corresponding bending-moment diagram as shown in 
Fig. 3906. Upon denoting by c and d the distances from the ends of the 
beam to the vertical through the centroid C of this bending-moment 
area and by A the magnitude of the area, the reactions at the ends pro- 
duced by such fictitious loading are 




and the corresponding angles of rotation are 
fl - Al fl - _ 

0^ - Oba - 

Combining these angles with those produced by the end moments 
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[Eqs. (43)], we obtain the following total angles: 

MJ 


6ab 


0ba = 


3EI 

Mbd 


MiJ , Ac 
%EI Elt 


Mail 


ZEI &EI 


Ad 

Ell 


(45) 


Solving these equations for Mab and we obtain 


Mab = (26ab + Oha) 


2A 

P 


(2c - d), 


Mha = (2dba + ^ab) + (2d — c) . 


(46) 


"Mr 




From these equations the end moments can be readily calculated if the 
rotations of the ends and the bending- 
moment diagram for the lateral load are 
known. 

Sometimes, as a result of displace- 
ments of the supports, a beam moves 
from a position A B to sl position A'B' 

(Fig. 391). In such case it has rotation 
as a rigid bod}?' and we denote the angle 
of this rotation by 0a6, considered positive if the rotation is clockwise. 
The total angles of rotation of the ends will then be 



Fig. 391. 


Sab = 

Sba = 


Mabl 

'Ml 

Mbal 


m -f- 0 

^EI ^ Ell ^ 


Mabl Ad 


+ 


(47) 


6EI Ell 

Solving these equations for the end moments, we obtain 

mabEI 

\^^Uab -r ObaJ ^ — a} — 

2EI 


Mai = ~ i^dai + dia) - ^ (2c 


M, 


ba 


I 


9 A 

(2dha + Sab) H ^ (2d 


d) 

c) 


I 

mabEI 


(48) 


I 


Equations (43) to (48) represent the required slope-deflection equations 
so widely used in the analysis of frame structures. 

We shall now discuss briefly the effect of shearing forces on the angles of rotation 
of the ends of a beam, beginning with the case of a single concentrated load P acting 
as shown in Fig. 392a. The deflection due to shear in such a case will be as shown in 
exaggerated form in the figure, and the sum of the shearing strains on the two sides 
of the load is given by the small angle <1), the magnitude of which is 

. . aP ■ 
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Here A is the cross-sectional area of the beam, (j the modulus of elasticity in shear, 
and a a numerical factor, larger than unity, the magnitude of which depends on the 
shape of the cross section A For a rectangular cross section, we usually take a. = 1.2; 
for an I-beam, a == ratio of the total cross-sectional area to the cross-sectional area of 



the web. With the value of 4> from Eq. (d), the angles of rotation of the ends are 
readily obtained from Fig. 392a, which gives 



_ aP I X 



aP X 

agT 


(49) 


In the case of a continuously distributed load of intensity q, the rotations of the ends 
produced by an elemental load q dx is obtained by substituting q dx for P in Eqs. (49). 
The total angles of rotation will then be 


Bali 


aq 

0 AG' 


• dXy 


--i: 


aq 

AG' 


' dx. 


m 


We obtain some idea of the magnitude of the angles produced by shear by taking 
the case of a beam loaded at the middle. The rotation of the left end of the beam due 
to bending is PP/16EL The rotation of the same end, due to shear, from the first of 
Eqs. (49), is aP I2AG. Hence the total angle of rotation is 

. „ Pl^ . aP PP ^ E P\ 


where f is the centroidal radius of gyration of the cross section. Taking, for example, 
a rectangular beam of depth \ we have a = 1.2, P « /iVl2, and the second term in 
the parentheses of expression (c) becomes 


8 * 1.2 


E 


12P 


0 . 8 - 


E IP 
G' P' 


If the depth of the beam is one-tenth of the span, this quantity is about 0.02 and the 
rotation produced by shear is only about 2 per cent of the rotation produced by 
bending. 


^ For a discussion of the effect of shearing force on deflection of beams, see 
“Strength of Materials,” 2d ed. voh I, p. 170, 1940. 
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If a beam is uniformly loaded, we use Eqs. (50) and obtain for the angle of rotation 

In this case, the effect of shear on the angle of rotation for the rectangular beam with 
h /I = 0. 1 will be about 3 per cent of the rotation produced by bending. 

For a beam bent by one end moment, the shearing force is constant along the span, 
and the distortion due to shear has the form shown in Fig. 3926. It is seen that in 
this case there is no additional rotation of the end tangents and no additional deflec- 
tion due to shear. In practical calculations, the effect of shear on the angles of 
rotation of the end tangents is usually neglected, which is justifiable if the depth of 
the beam is small in comparison with its length, say if h/l < f in the case of a rec- 
tangular cross section. 

57. Beams with Fixed Ends. — Using the slope-deflection equations 
developed in the preceding article, various cases of statically indeter- 


^ab 




(a) 



t u uii ml 






I 




(c) 



Fig. 393. 


minate beams can be readily analyzed. We shall discuss here only a few 
particular cases that are of especial interest in connection with the analy- 
sis of frames. We begin with a beam built-in at one end and simply 
supported at the other, as shown in Fig. 393a. Assuming that the 
magnitude of the active end moment Ma, is given, let it be required to 
find the corresponding magnitude of the reactive end moment 
produced at the fixed end B and also the relation between the active 
moment Mat and the angle of rotation dab. Observing that the end B 
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of the beam does not rotate and substituting 0ba 0 in the second of 
Eqs. (43), we find 

Mba = i^ab- 

This shows that, if an active moment Mah is applied at the end A, a 
reactive moment Mia^ equal to iMab, is produced at the fixed end B. 
This latter moment is of particular interest in rigid-frame analysis and 
will be called the carry-omr moment 

Substituting == 0 in the first of Eqs. (44), we obtain 


From this equation, the moment Mah is readily calculated if the angle of 
rotation Bab is known. 

It is interesting to note that if both ends of the beam are simply 
supported the relation between the end moment Mah and the angle Bah is 


This shows that, in calculating Mah by using the angle Bah, the placing of 
a hinge at B is equivalent to reduc ng the flexural rigidity El of the beam 
to the value ZElj^, 

In the case of a uniformly loaded beam (Fig. 393?>), the reactive end 
moment Mfta is found from the second of Eqs. (45). Substituting into 
this equation 

M<* = 0, 06« = O, (^ = 1 

we obtain 


We note that this end moment has the same value as the bending moment 
at the middle of a simply supported beam. 

If a concentrated force P acts on the beam (Fig. 393c), the correspond- 
ing bending-moment diagram is represented by the triangle shown in 
Fig. 393(i and we obtain 


The second of Eqs. (45), with Bha == 0 and Mah = 0, then gives 

xKi. ha 70 


If the built-in end P of the beam suffers a vertical downward dis- 
placement A without rotation, the end moment ilf 6a produced by such 
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displacement is obtained by using Eqs. (48). Substituting in the first 
of these equations Mab = 0, du = 0, = 0, and 0a& = A/Z, we obtain 


3A 
2 l' 


Substituting this value in the second of Eqs. (48), we find 

Mha - 


ZEI A 
I ■ I 


(52) 


Applications of Eqs. (51) and (52) will be shown later in the analysis of 
frames. 

In the case of a beam with both ends built-in (Fig. 394a) and carrying 
any lateral load, we use Eqs. (46) to calculate the statically indeterminate 
end moments. Substituting = 0 into these equations, we 

obtain 


Mab = 


2A 


(2c — d), Mbc 


2A 

P 


(2d — c). 


(53) 


AA 


L 


w 


(a) 


For any given lateral load, the corresponding bending-moment 
diagram, such as that shown in Fig. 3946, can be constructed, and its 
area A together with the centroidal dis- 
tances c and d can be calculated. Sub- 
stituting these quantities into Eqs. (53), 
we obtain the required end moments. 

These moments are called the fixed-end 
moments and will be denoted in our fur- 
ther discussion by the symbols 'Mab and 
SfEfta. Observing that they are taken 
positive when they act clockwise, we 
conclude that is identical with the 
bending moment at the end A of the 
beam, while Mba is numerically equal but 
opposite in sign to the bending moment 
at the end B. 

In the case of a load uniformly distributed along the entire length of 
the beam, A = qP/12, c = d 1/2, and Eqs. (53) become 



Fig. 394. 


qP qP 

MLah ~ 


( 54 ) 


In the case of a concentrated load P applied at the distance / from the 
support A, the bending-moment diagram is a triangle (Fig. 393d) and 
we obtain A = P/e/2, c = (Z + e)/3, d - (Z + /)/3. Substituting these 
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values into Eqs. (53), Ave find 

‘Mab = - yriba = (55) 

For any value of the distance /, the values of the fixed-end moments can 
be readily calculated. 

Let us consider now the bending of a fixed-end beam produced by 
nonequal settlements of the supports. Assume, for example, that the 
support B settles by an amount A, while the support A remains stationary. 
Assume, also, that no rotations of the ends of the beam occur during such 
displacement. Then in calculating the end moments produced by such 
settlement, we use Eqs. (48). Substituting dab = dba = 0 and if = 0 in 
these equations and observing that 0^6 = A/Z, we obtain 

^ab =Mba= - ^ (^ 6 ) 


Equations (51) to (56) developed in this article for a single beam will 
find a wide application in the analysis of frames, which will be discussed 
later. 

58. Continuous Beams. — Equations (45), derived in Art. 56, can 
be used to advantage in the analysis of continuous beams. Starting 
from the left end of the beam, we denote by 0, 1, 2, . . . the consecutive 
supports, by Zi, hj . • • the lengths of the spans, and by Ji, J 2 , . , . the 
cross-sectional moments of inertia, assumed constant along each span. 
This done, we consider any two adjacent spans In and In+i as shown in 
Fig. 395a and construct the corresponding bending-moment diagrams 
for the lateral loading as shown in Fig. 3956. The areas of these dia- 
grams are denoted by An and and the positions of their centroids 

and Cn+i by the distances Cn, dn and c^+i, dn+i, respectively. Con- 
sidering bending of each span, we must take into account not only the 
lateral load acting on the span but also the end moments representing 
the action of the adjacent spans on the span under consideration. The 
magnitudes of these moments we denote for the span In by Mn^i,n Sbnd 
Mn,n--i and for the span L+i by and Mn+unj as shown in Fig. 395c. 

The equations for calculating these moments can be written on the basis 
of the continuity of the elastic line. From this continuity it follows 
that the angle of rotation of the right end of the span In must be 
equal to the angle of rotation 0n,n+i of the left end of the span Zn+i. These 
angles of rotation will be found from Eqs. (45), which give 


Utin , — 

. ^ n,n-\-jln+l 




sm 


n+l 


%EIn 

;6SJn+i 




InEIn 


Aln+ UrJ'n+X | ' An-{-lCn-\‘l 


InJrlEI-. 




(a) 
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Let us introduce now the conventional bending moments Mn-iy Mn, 
Mn~»ri the supports, instead of the end moments. From the assumed 


JOrl ^ f ' 

' ^ i 

r n-f-1 

T2 

,r f 

'f 1 









(a) 




n-i 


]_i 






1 






n-f-l 


(c) 

Fig. 395 . 


positive directions of the end moments (see page 335) and the con- 
ventional rule for sign of bending moment it follows that 

Mn—l,n == Mn-1, Mn+l,n = Afn-fl, 

Mn,n-^l = -Mn,n-1 = Mn, 

and expressions (a) become 


6n,n—l — 

Mnln 

Mn~lln 

A„dn 

SEIn 

' QEh 

LElJ 


Alffn+l j 

3Eh+^ ^ 

Mn-\-lln-^l 1 d 

6EIn-^l In+lEIn+l 


Equating these two angles, we obtain 

7J/f M>n I ctTi/T. ( I i i H/r ^n+1 QAndn 

M n-l J T ZM n I 7“ 1“ Y / NIn+l J = Y1 7 f 

In \-^ J-n+l/ -tn+l f^nJ-n 

(57) 

which is the well-known equation of three moments. Such an equation 
can be written for each intermediate support of a continuous beam; and 
if the ends of the beam are simply supported, the number of the equations 
is equal to the number of statically indeterminate moments at the sup- 
ports. Hence all unknowns can be found from these equations. 

If the left end of the beam is built-in at the support 0, we have an 
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additional condition stating that the left end of the beam does not 
rotate. . ^In our previous notations, this means that ^o,i vanishes. Using 
the first of Eqs. (45), we. find that this condition becomes 

Mi^oli . AiCi ^ 

SEh ^Eh liEIi 


Introducing bending moments again, instead of end moments, we obtain 

2Mo + Ml = - (58) 

It is seen that a built-in end introduces an additional unknown moment 
Mo, but at the same time we have an additional equation (58). Hence 
the number of unknowns is again equal to the number of equations. 
An equation similar to Eq. (58) can also be written for the right end of 
the beam if that end is built-in. 

As a first application of the three-moment equation (57), let us con- 
sider the case of a beam carrying a uniformly distributed load on each 
span. If qn is the intensity of load on the span In, we have An = qJn^/ 12 
and Cn ^ dn = ln/2. We obtain similar expressions for the span In+i. 
Equation (57) then becomes 


MnVf- + 

In 


(r + ^) 

\In in+l/ 


+ M, 




In+1 


a 1 3 
y[n^n 

4jr 


qn-\-ll^ n-Jrl 

4 / 71 , 4.1 


(59) 


Take, for example, a beam of uniform cross section on five supports 
and with simply supported ends. In this case Mo ~ M 4 = 0 and the 
moments Ml, M 2 , M 3 at the intermediate supports will be calculated 
from Eqs. (59), which are 


2 Mi(?i + h) + 

MJ,, + 2M,{h + h) + M,h = - 

M,h + 2M,{U + ?4) = - ^ 

If all spans are equal, h = h = h = U = I, and the equations give 
Ml = — 2^ I 

P — X™ (—4^1 4- 12^2 + 12^3 — 4 ^ 4 ), / 

■^3 = — ^ (21 — 332 + llga + ISgi). ) 


( 60 ) 
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Taking, for example, = qz = q^ = 0 and only qi different from zero, 
we obtain the case shown in Fig. 396a. The moments at the inter- 
mediate supports, from Eqs. (60), are Mi = = +'^qil^y 


«™iniL 







(a) 


((?) 


4J^ 



Mz = —siTqil^- The corresponding bending-moment diagram is shown 
in Fig. 3966. 

If a load of constant intensity covers the entire length of the beam, 
qi == qz = q^ = qi = q, and Eqs. (60) give 

Ml = M2 - -^ql^ = --i^qlK 

The corresponding bending-moment diagram is shown in Fig. 396c. 

If a concentrated load Pn acts in a span 
In (Fig. 397a), the area is represented 
by the triangle shown in Fig. 3976 and we 
obtain 




n-t 


P n^nf n 


1 


(J'n “b ^n)j 


-4- 


Jt'. 

TET 


*72 


dn — g (J^n Hh jfn)* 


(&) 


Such expressions for each concentrated 
force acting on the beam must be used in 
calculating the right side of Eq. (57). 

As an example involving concentrated 
forces, let us consider a beam of uniform 
cross section on five supports and loaded as shown in Fig. 398a. From 
symmetry we conclude that Mi = Ms, and we have to write only two 
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equations. For the loads and distances indicated in the figure, we find 
j4i = /‘t® ton-ft.^, Cl = di = 9 ft., — 360 ton-ft.^, Ca = da = ^ ft. 
Substituting in Eqs. (57), we obtain 


2Mi • 39 + iWa • 21 = - 
Ml • 21 + 2Ma • 42 + Mi • 21 = -6 • 360, 


6-360 


which give 


Ml - -17,0 ton-ft., Mg = -17.2 ton^ft. 

Using these moments, the bending-moment diagram shown in Fig. 3985 
can be constructed. 



(d) 


-i-rrrr^ 

If 

1 

lU. 


¥' 

HI. 


Ton 

t 

7.43 

L 

5 ^ 

1. JL 

1 


..iH. 



(c) 

Fig. 398 . 


j „ 

Mn Mn 

} i ■ 

1- in— 

n 

V Vj 

1 


1 ^ 


(a) 


(b) 


Fig. 399 . 


When the bending moments at the intermediate supports have been 
calculated, the reactions at the supports can be found from equations of 
statics. Considering the support n (Fig. 399), we calculate separately 
the reaction Un produced by bending of the span In and of the span 
Zn-fi and then take the sum of these two reactions. Thus, from Fig. 
399a, we conclude that the first part of the reaction is 


^ -- Mn 

J^n n — — J- ^ — > 

f'n 


(c) 
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where Bn represents the reaction produced by lateral loads. Considering 
Fig. 3996 in the same manner^ we conclude that the second part of the 
reaction at the support n is 

Hu" + Xd) 


Taking the sum of expressions (c) and (d), we find for the total reaction 
at the support n 


Bn ~ Bn + Bn ^ 


Mn—1 


In 


Mn , Mn+l - Mn 
i 1 ^ 


hi+l 


(61) 


where Bn + Bn^ is the magnitude of the reaction at the support n that 
would be obtained if the continuous beam were cut at all intermediate 
supports and thus transformed into a system of simply supported beams. 
It should be noted that if loads are applied over the supports they will 
be transmitted directly to the supports and reactions equal to these 
loads must then be added to those calculated from Eq. (61). 

Using Eq. (61) in the case shown in Fig. 398, we obtain the following 
values of the reactions: 


Bq = Bi = 1.56 ton, Bi = Bs = 7.43 ton, B 2 = 8.02 ton. 


The corresponding shearing-force diagram is shown in Fig. 398c. 

In all previous examples, we have assumed a continuous beam of 
uniform cross section. In such a case, the moments of inertia appearing 
in Eq. (57) cancel, and the magnitudes of moments at the supports do 
not depend on the cross-sectional dimensions of the beam. If the cross- 
sectional dimensions of the beam in different spans are different, we 
multiply Eq. (57) by an arbitrary constant moment of inertia Jo* and 
introduce the notations 


Jo 


Jo 


7 — 7 ' 7 —.7 ' A tA A f 

vn j I'W 5 t-n+l j t'n+l 7 j ~~ j 

In J- n+l ^ n 

With these notations, Eq. (57) becomes 

Mn~~lln' + 2ilJ„(J/ + InX-l) + = 


-4n+lJo 

Jri+1 


= A 


n+l - 


^An dn CnX-1 


In 


'73#4" 1 


(e) 


(62) 


This equation does not contain moments of inertia, explicitly, and the 
problem is reduced to that of a beam of uniform cross section for which 
the modified lengths of spans h', 1% , , . . and the modified moment 
areas il/, A^'j . . . are calculated from Eqs. (c). 

Let us considej* now the effect of settlement of supports on bending 
of a continuous beam. Assuming that the vertical displacements of 
three consecutive supports n — 1, n, and n Ar 1 are An, and A^+i 

* Usually we take for Jo the cross-sectional moment of inertia in one of the spans. 
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and considering the two consecutive spans shown in Fig. 395c as simply 
supported beams, we conclude that the angle of rotat on of the span h 
due to settlement of the supports is (A„ — An-i)/ln- In the same manner 
for the span In+i, we obtain (A„+i — An)/ln+i- Using these angles 
together with Eqs. (47) (see page 337), we obtain, instead of Eqs. (a), 
(page 342), the following equations: 




n,n — n — hij'n 


An A,. 


3FJn 6F7n 

M 71+ 1 I 1 1 

ZEIn+l &EIn+l ln+lEIn+1 ln+1 


if) 


Again, introducing bending moments, instead of end moments, and 
equating the angles and dn,n+h we obtain 




.1 ^ + 2M, 

i n 


i -4- ^^+1 I 
\Tn ^ In^lJ 


+ M, 


I 


•n+1 


n+1 'j 

i n+1 

+ 6E 


QAndn ^Afi+l^n+l 




Inl n 

— A„_i 


In+ll 7t>+l 

An+1 - A: 


In 


'n+1 




(ff) 


If the beam has a constant cross section with moment of inertia / along 
the entire length, we multiply Eq. (g) by I and obtain 


%Andn 


In 


Afn—lln “b ^JM^nQ'n *4“ “t" -^n+lln+l 

+ 6EI ~ 


%An+lCn+ l 

ln+1 

An+1 A 


n+l 


=)■ 


(63) 


If the moments of inertia in different spans are different, we multiply 
Eq. (g) by an assumed constant moment of inertia lo. Then, using 
notations (e)^ we represent the three-moment equation in the following 
form: 


Mn^ll/ + 2Mn(ln' + L+Z) + Mn+lL+Z 


6A,/dn 

In 


GAyt-fl Cn+1 
ln+1 


+ &EI, 



An+l 


ln+1 




(64) 


It is seen that in this case the three-moment equation has the same 
form as before. Hence the moments at the supports can be readily 
calculated if the magnitudes of settlement An^i, A^, and A,j+i are known. 


PROBLEMS 


251. Find the bending moment Mi at the intermediate support of the two-span 
continuous beam of uniform cross section shown in Fig. 400a if a uniformly distributed 
load acts on the iShst span and the ratio equal to a. 


-4ns. 


'SE ^ ^ 

8 * 1 -h 
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(c) 

Fig. 400 . 


252. Solve the previous problem if the ratio equal to 7 . 

263. Find Mo and Mi for the continuous beam shown in Fig. 4006. Assume that 
the cross section is uniform along the entire length and that the intensity of load is q. 

qB 2 4- 4a , __ ql^ 2 
Ans. - - -j- Ml - 8'3+4«‘ 

264. Solve the previous problem if both ends of the beam are built-in (Fig. 400c) 
and the cross section is uniform along the entire length . 


Mo = - ■ 


, ,, ql^ 2 -h 3a qB 2 7,7 _ _l ^ ^ 

Ans. Mo- 8 '3(1+ a)’ ~ 8 '3(1+ a)’ " "^8 3(1+ a) 

266. A beam of uniform cross section rests on four supports and is loaded as shown 
in Fig. 401a. Find the bending moments at the supports if the intensity of load is g. 
. 4(or + /3) M - 4- ^ 2a 

Ans. Ml- 8 ’ 4(1 +«)(„ _ ^ 2 ’ +8 4(1 + a)(a + fl) - «* 


rm 

TrmMi^ 

p 

} A 

— / >■ 


— at ’ 

(dJ 

Fig. 401 . 


32 L. 

~^t 


266. Solve the previous problem if the middle span is loaded as shown in Fig. 4016. 

2aH«4-2^) M ^ 2aK2AA) ■ 

IS. Ml - 8 - 4(1 + «)(a +( 8 ) - 8 4(1 +«)(« + / 3 ) - 

26T. Solve the preceding problem if both ends of the beam are built-in and = 1, 

<7/2 an 4cy3 

Ans. Mo = Mz = -g- • 3(1 4. 2a)’ i = Ms = - • 3(1 2 q,)’ 
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59. Influence Lines for Continuous Beams. — In the preceding article, we' con- 
sidered the analysis of continuous beams under the action of stationary loads only. 
In the case of moving loads, we must begin the problem with a selection of the most 
unfavorable load distribution, f.e., the one that produces maximum stresses. This 
can be accomplished with the help of influence lines, the construction of which requires 
an analysis of continuous beams loaded in only one span. Some special features of 
this problem will be considered first. 



Referring to Fig. 402, assume that a beam with seven spans is loaded in only one 
span as shown and that the cross section is uniform along the entire length^ of the 
beam. In such a case, the three-moment equation has the form 

Mn-lL + 2 Mn(ln + Z»+l) + Mn+Jn+l = - („) 

Applying this equation to the first two spans of the beam and observing that there is 
no load on these spans and that Mo = 0, we obtain 


2Mi{li “f* I 2 ) d" M^2l2 ^ 0. 


From this equation, we find 


^2 

Ml 


2 {li + Z 2 ) 

h 


“^2, 


(&) 


(c) 


where k 2 is a number depending on the ratio of the span lengths li and h. Since there 
is no load in the second span and the moments Mi and M 2 are of opposite sign, the 
bending-moment diagram for this span is an inclined straight line intersecting the 
axis of the beam at a point m 2 . The position of this point is completely defined by 
the ratio M 2 : Mi and, as can be seen from Eq. (c), is entirely independent of the kind 
of load acting to the right of support 2. For any loading of that portion of the beam, 
the bending moment at m 2 vanishes, that is, m 2 will be an inflection point. Such a 
point ‘m 2 is called a fixed point^ for the span h- Proceeding now to the third span and 


^ It has already been shown that in the case of different values of the cross-sectional 
moment of inertia in different spans the problem can readily be brought to that of a 
beam of uniform cross section (see p. 347). 

2 The notion of fixed points was introduced in the theory of continuous beams by 
C. Culman ; see his “ Anwendungen der Graphischen Statik ’' prepared for publication 
by W. Ritter, voL III, Zurich, 1900. There is given in that book a graphical method 
of treating continuous beams. 
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again using Eq. 

(a), we obtain 

■ ' 


Mih 4- 2MAh + Is) + Mzh = 0. 

(d) 


Eliminating Mi from this equation, by using Eq. (6), we obtain 


(e) 
(/) 

It is seen that the moments M% and Mz are again of opposite sign and that the bend- 
ing-moment diagram for the span h is a straight line intersecting the axis of the beam 
at the fixed point m3, the position of which is entirely defined by the constant kz and 
is independent of the load acting to the right of the third span. In general, if there 
are no loads acting on the first n spans, we can proceed as above and will find that the 
position of the fixed point mn in the span In is defined by the quantity 

Applying this equation to the case of equal spans (Zi ~ I 2 — h ^ • • • = ^), we obtain 
/d 2 =4, kz — 3.75, A;4 — ^5 = * * • 3.73. 

In determining the fixed points m2, m3, ... mn, we started from the left end of 
the beam and assumed that the load is applied somewhere to the right of the span 
under consideration. In a similar manner we can start from the right end of the 
beam and determine the fixed points pe, ps, . . . , as shown in Fig. 402, assuming that 
the load is applied somewhere to the left of the span under consideration. Denoting 
by kn the ratio —Mn-i-Mn defining the position of the fixed point p^ in the span In 
and proceeding as before, we obtain the following expression for this ratio : 



Using Eqs. (65) and (66), we can, in each particular case, determine the two series of 
fixed points nin and p^. One series gives the inflection point in each span when the 
load is applied anywhere to the right of that span. The second series gives the inflec- 
tion point in each span when the load is applied anywhere to the left of that span. In 
the first span, the moment at the left end of the beam vanishes, ki - 00 , and one of 
the fixed points coincides with the end of the beam. The second fixed point is found 
from Eq. (66). For the last span, one of the fixed points coincides with the right end 
of the beam, and the other is found by using Eq. (65). 

With these two series of fixed points, the construction of the bending-moment 
diagram for the case in which only one span is loaded is reduced to the calculation of 
bending moments at the ends of that span. If we know, for example, the moments 
M 3 and M4 in Fig. 402, we finish the construction of the bending-moment diagram by 
drawing the system of straight lines through the fixed points m3, m2 on one side of the 
loaded span and through the points ps, pe on the other side. 

To find the moments Mz and M 4, we apply Eq. (a) fii'st to the spans 3 and 4 and 
afterward to the spans 4 and 5, In this manner, we obtain 

M2l^ + 2M^(h + h)+Md^=-^^■ 

.Mzh + 2MSi + h) + Md, = 

14 . 


from which 


Iv I I2 h 
'^h2{li+h) 


/bs == 2 + 
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These equations can be represented in the following form : 

/o I -^^2X1 _ 6A4C4 


Observing that 


MaIa “h 
Mdi + MaU 

m _ 

M, 


2 + ■ 

2+; 

' kz 




and 


M.a 


h 

6/14^4 


J_ 

h' 


and using Eqs. (65) and (66), we write Eqs. (g) in the simplified form 


MiU + MzUi = - 

Mdz + MdJod = - ^4^'’ 

Li 

from which 


■nf _ 6Ai(ciki' — di) _ ^Aiidiki — cj) 

' IA(A - kiki') ' ^ ' IA{1 - kiki') 

In the general case, when the nth span is loaded we shall obtain 


Mn-i 


^AniCtikn dft) 


^Aii{dnkn Cfi) 


ig) 


ih) 

(67) 


By using these equations together with Eqs. (65) and (66) defining the fixed points, a 
beam with any number of spans and loaded in one span can be readily analyzed. 
Assume, for example, that all spans in Fig. 402 are equal and that the middle span 
carries a uniform load. Then k^ — k^' ~ 4, kz ■= k^ = 3.76, ki = ki =* 3.73, 
A4 « ^^V12, C4 ^ di ^ l/2j and Eqs. Qi) give 


Mz - Mi 


qU 

18.9 


From the positions of the fixed points, we then obtain 


Ml 

15* 

It is seen that the moments at the supports away from the loaded span diminish 
rapidly from one support to the next and remote spans have only a negligible effect 
on the magnitude of the moments at the ends of the loaded span. If w^e take, for 
example, only five spans in the preceding numerical example, removing the first and 
last spans, we obtain ilfs ^ Mi — — ^qV^^ which differs from the previously obtained 
value only by about one-half of 1 per cent. 

Having the solution of the problem in which only one span is loaded, we can 
readily answer the question regarding the most unfavorable distribution of uniform 
live load on a continuous beam. For example, to produce maximum positive bending 
moment at the middle of the span (Fig. 403a), we must load that and alternate 
spans as shown. The same load distribution must also be used to produce maximum 
negative bending moment at the middle of the span To produce maximum 

negative bending moment at the support n — 1, the load must be put on the two 
spans adjacent to this support, and the loaded and unloaded spans must alternate as 


= If 5 - 
M l ^ M, - 


Ml 

kz 

Ml 

h. 


__ 

3.75’ 

Mz 

4 • 3.75 
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sliown in Fig. 4036. The load distribution shown in Fig. 403c is selected to produce 
maximum positive bending moment at the support n — 1. 
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that a unit load is successively placed at each division point. Then for each position 
of this load we calculate the required quantity, bending moment, or shearing force 
at a certain cross section, for which we wish to construct the influence line. This 
quantity gives the corresponding influence coefficient. Figure 404, for example, 
shows the construction of the influence line for bending moment at the middle of the 
span Zn. Putting the unit load at the division points 1, 2, . . . in succession, we 
construct the corresponding bending-moment diagrams as already shown in Fig. 402. 
Several such diagrams are shown in Figs. 4046 to 404e. Taking from these diagrams 



Fig, 405. 


the values of the bending moment at the middle of the span we obtain the ordinates 
^ 1 , 2 / 2 , ... of the required influence line, shown in Fig, 404/. 

All details of the construction of an influence line for shearing force at the left 
end of the span U are shown in Fig. 406. Having, from the previous analysis, the 
bending moments at the supports for each position of the unit load (Fig. 404), we 
can calculate the reactions at the supports from equations of statics [see Eqs. (61), 
page 347] and can construct shearing-force diagrams for each position of the load as 
shown in Figs. 4056 to 405e. From these diagrams the ordinates i/i, 2 / 2 , - • . of the 
required influence line, shown in Fig. 405/, are obtained. With influence lines for 
bending moments and shearing forces, the most unfavorable position of a moving 
load in each particular case can be readily determined. 

The reciprocal theorem can- also be used for the construction of influence lines. 
It becomes especially simple in the case of an influence line for bending moment at 
one of the supports of a continuous beam. As the first state of loading, we consider 
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the case in which a unit load acts on the beam as shown in Fig. 406<i. Then, to 
obtain the influence line for bending moment If we take as the second state of 
loading the case shown in Fig. 4066. The continuous beam is cut at the support n, 
and two equal and opposite unit couples are applied to the two portions of the beam 
as shown. By using fixed points, the bending-moment diagram and the deflection 
curve for the second state of loading can be readily obtained.^ Thus we have no 

1 ^ 

^ 

n-l r . ^ 

(a) 



diflficulty in calculating the deflection y and the angles of rotation Bn,n-i and Qn„n-^i. 
Applying now the reciprocal theorem to these two states of loading, we obtain 


Hence, 


1 • 2/ + Mn{Bn,n-^l — Bn,n-~l) = 0. 


Mn 


1 • y 


Bn,n+1 Bn,n—l 


(i) 


from which we see that the deflection curves shown in Fig. 4066 give the shape of the 
required influence line for Mn> To establish the scale for this line, we have only to 
divide the deflections y by the quantity (^n.«+i — Bn,n-i)- 

Having the moments at the supports, we can calculate the bending moment and 
shearing force at any cross section of the beam which indicates that all necessary 
influence lines can be obtained from the influence lines for bending moments at the 
supports discussed above. 

PROBLEMS 

268. Construct the influence line for bending moment at the middle support of a 
continuous beam with two equal spans (Fig. 407). 



/ --H / 


Fig. 407. 

Solution: Since the required influence line will be symmetrical about the middle 
support, we need to consider only one span. For the load in the first span, 

^ Each span represents a beam bent by couples applied at the ends. For this 
case there are ready equations for the deflection curve and for the angles of rotation of 
the ends; see ^‘Strength of Materials,'^ vol. I, p, 159. 
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Ml = -1 


x(F — 


Hence the required influence line will be the curve shown in Fig. 407. The numerical 

maximum of the moment Mi is obtained when x — Z/Vs. 

269. Construct the influence line for bending moment at the cross section mn of 
a continuous beam with two equal spans (Fig. 408). 

Solution: When the unit load is to the left of the cross section mn and at a dis- 
tance X from the support, the bending moment at mn is 

7if ^ 1 _ 1 

^ ^ ’ I . 4Z2 Z ' 


When the load is to the right of the cross section mn in the first span of the beam, the 
bending moment at is 

■,r 1 (^ - 1 ^ 

M - L' I i • ^^2 • ^ • 

When the load is in the second span, the moment at mn is 


The three corresponding branches of the influence line are shown in Fig. 408. 


a 



Fig. 408. Fig. 409. 


260. Construct the influence line for the reaction at the left end and for the shear- 
ing force at a cross section mn of a continuous beam with two equal spans (Fig. 409a). 

Ans. The influence line a5c for the reaction is obtained as the deflection curve 
of the beam loaded as shown in Fig. 4096. For the shearing force at mn, the ordinates 
of the shaded areas must be used. 

261. Referring to Fig. 410, calculate ilfmax. and Mmm. produced at the middle of 
the first span of the two-span beam by the 24-ton carriage shown in the figure. 

Ans. The influence line for bending moment at mn, calculated as in Prob. 259, 
is shown in Fig. 4106. To obtain Mmax., one of the wheels must be at the cross section 
mn, and we measure the ordinates indicated in the first span. Thus 

Mniax. = 12(2.40 + 3.72) = 73.44 ton-ft. 

To obtain Mmin. the carriage is put on the second span as indicated, and we obtain 
Mmin. -12(1.11 + 1.11) = 26.64 ton-ft. 
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60. Simple Bents and Frames. — In the analysis of simple bents and 
frames like those shown in Fig. 411, the slope-deflection equations, derived 
in Art. 56, can be used to advantage. Beginning with the case shown in 



Fig. 411a, we see that lateral load acting on the bar AB produces not only 
bending, as indicated by dotted lines, but also axial compression of the 
bars. When the bars are sufficiently rigid so that the compressive axial 
forces are small in comparison with Euler’s critical load, the influence of 
axial forces on bending can be neglected. We can also neglect the cor- 
responding small shortening of the bars and assume as a first approxima- 
tion that the rigid joint B does not move laterally but only rotates by a 
certain angle due to bending of the bars. With these assumptions, the 
bending moment Ms at the joint B will be found from the condition that 
the angles and 6^^ indicated in the figure, must be equal in the case 
of a rigid joint at B. Using Eqs. (45) and assuming that the two bars 
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are identical^ we obtain 


Mhal qP 
ZEI 24cEf 

— Mnlf 


Equating these angles and observing, from the equilibrium of joint B, 
that M&a =-■ Mac, we obtain 

? 

d"Er 2411 * 


Since the end moment Mbc 
(see page 335), we find 


is identical with the bending moment Mb 



The corresponding bending-moment diagram is shown in Fig. 4115. 
It should be noted that the equality condition 6^ = O^c is the same as 
was used in the derivation of the three-moment equation, which sug- 
gests the use of this equation in the analysis of frames. Treating the 
frame ABC as a two-span continuous beam and using the three-moment 
equation [Eq. (59)], we obtain directly 

AMil = - 

which gives the same value for Mb as that calculated above. 

Having the magnitude of the bending moment If &, we can find from 
statics the axial compressive forces in the bars and 50^ and the cor- 
responding small displacement of the rigid joint B, which was neglected 
in the first step of our analysis. Upon introducing the additional angles 
of rotation of the two bars, due to this displacement, a correction to the 
previously calculated value of ilf& can be found by using Eqs. (47). 
This correction is usually small and can be disregarded in most practical 
calculations. 

As another example, let us consider the bent shown in Fig. 411c. 
Again neglecting the axial deformations of the bars, we conclude that the 
bending-moment diagram will be the same as for a two-span continuous 
beam with built-in ends. Using the three-moment equation (57) 
together with Eq. (58) for the two built-in ends, we obtain 


2Ma. + Mb.== 0 , 
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From these equations we find 


12q!7 + 1 

where 


M. = - 1 Ms, . ilf„ = - i Ms - (a) 


h 


“ = r 



When Ji is very large in comparison with Jg, the quantity j becomes 
very small and the moments Mh and Me approach the* value ~gP/12 
as for a beam with fixed ends. For any given values of the ratios a 
and 7 , the values of the moments Mh^ and Me are readily calculated 
from expressions (a). The corresponding bending-moment diagram is 
shown in Fig. 41 Id. 




Fig. 412. 

In the case of a symmetrical frame loaded as shown in Fig. 412a, 
there will be no lateral sway, and the three-moment equation can be 
applied in calculating the bending moments at the rigid joints B and C. 
Using Eq. (57) and observing from symmetry that Mh = Me, we obtain 

2M, + lj + Mt,l= - 

Using the notations 

h h 

a - i, y, 
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we find 


Mb = Me = 



1 

2ay + 3 


(b) 


The corresponding bending-moment diagram is shown, in Fig. 4126. 

If the columns are built-in and the load is applied as shown in Fig. 
412 c, the bending-moment diagram is the same as for a three-span con- 
tinuous beam with built-in ends and loaded along the middle span. 
Assuming that ,the cross section is uniform along the entire length of the 
frame, the bending moments will be the same as for the continuous beam 
discussed in Prob. 257 (see page 349). Hence, 



qP 4a^ 


Ma = Ma = - I Mb, 


where a = l/h. The corresponding bending-moment diagram is shown 
in Fig. 41 2d. 

If there is no symmetry, the top of the loaded frame will move 
laterally and this motion must be considered in calculating the bending 
moments at the rigid joints. Take, as an example, the case shown in 
Fig. 413a, where a load P is applied nonsymmetrically. To solve the 
problem by using the three-moment equation, we assizme first that there 
is a horizontal force H applied as shown and of such magnitude that the 
lateral sway of the frame is prevented. Then, proceeding as before, 
the bending moments Mh and Me at the rigid joints B and C are obtained 
from the following three-moment equations : 


it + h ~ 

Mb' + 2Me' (j-^ + = 


PeiP - 

Ih 

Pe(l ~ e)(2l - e) 


(c) 


When the bending moments Mb and M/ have been found, the axial forces 
acting on the horizontal girder BC can be calculated from equations of 
statics. These forces, assuming positive bending moments Mb and 
M/, are indicated in Fig. 4136. The condition of equilibrium then gives 

and the force required to restrain the frame against lateral sway is 

Me 


H 


Mb' 


h 


(d) 


To find the values and Jf <, of the bending moments when there is 
no horizontal restraining forceTf, we consider the auxiliary problem shown 
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in Fig. 413c. The required moments will eyidently be obtained by super- 
posing the solutions for this case and that shown in Fig. 413a. Denoting 
by Mh" and M/' the bending moments at B and C for the case in Fig. 
413c, we obtain 

MJ + 

The bending of the frame in this case is of a very simple nature since, 



from symmetry of the frame, the horizontal reactions of the hinges A 
and D must each be equal to H/2. Hence, 


M," = -Me" - ~ 


hH 


Substituting for H its value (d), we obtain 

and Eqs. (e) give 


Mi" = -M" = 


Mi = Me 


Mi' + Me' 


(/) 


{g) 


The sum of the moments M^' and MJ is obtained by adding together 
Eqs. (c), which gives 

Mi' + Me' = ' 

Hence the required solution is 

Mi=. Me = (h) 


3Pe{l — e) 




2Z ( 3 + 2 


In the foregoing example, we obtained the required solution by super- 
posing the solutions of two separate problems as shown in Figs, 413a 
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and 413c. In the first of these problems the lateral sway was restrained, 
and in the second only the effect of lateral sway was considered. This 
same method of analysis will often be used in our further discussions of 
more complicated frame structures. 


PROBLEMS 

262. Find the bending moment Mb for the bent shown in Fig. 411c if, in addition 
to the uniform load, there is a vertical concentrated force P acting on the girder BC 
at a distance e from the support C. 


Ans. Mb — 


where a = h/l, y = J 2 /I 1 . 


ry where a = h/l, y 


Ans. Ml = B - where a = h/l, y = L,/h. 

263. Find the bending moment Mb for the bent 

TiTiriTr-f^ loaded as shown in Fig. 414. 

T 11 ' = h/l,y = 

" h/i. 

264. Find the bending moments Mb and df^for 
the frame shown in Fig. 413a if the girder BC k 

h uniformly loaded along the right half of the span 

and the frame is free to sway. 

qB 

Ans, Mb — Me == — -Errs' a — where a == 

Cl o(4 -j- M<xy) 

* F...414. 

265. Find the bending moments at A, J5, C, and 

D for the frame shown in Fig. 413a if lateral sway is restrained and the columns are 
built-in at A and Z). Ans. With a = h/l and y == l^/Ih 

2Peil ^ e)[ay(l + e) + 2e] 

+2)(3aT +2) ' 

M ^ 2Pca - e)[ayi2l - c) H- 2{ l - c)] 

IKay A-2){3ay +2) 

M. = - M,! = - 

266. Solve the preceding problem if the load is uniformly distributed along the 
right half of the girder. 

Hint: Substitute gde, instead of P, in the answers of the preceding problem, and 
integrate with respect to e from 0 to 1/2, 


Fig. 414. 


61. Frame Structures with Lateral Restraint. — Such structures as 
continuous frames, office buildings, and trusses with rigid joints represent 
highly statically indeterminate systems with many redundant elements. 
The piwiously discussed methods of analysis of statically indeterminate 
systems (see Chap. V) become impractical in such cases since their 
application results in a system of many linear algebraic equations, the 
solution of which represents a cumbersome problem. A more satis- 
factory method of analysis of frame structures can be developed by using 
the slope-deflection equations (46) and (48) derived in Art. 56.* 


* This method was developed by Axel Bendixen; see his book, ^^Die Metbode der 
Aipha-Gleichungen zm Berechnung von Rahmenkonstruktionen,” Berlin, 1914. See 
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In general, we consider two kinds of frame structures, those which 
remain rigid if hinges are placed at all joints (see Fig. 411) and those 
the rigidity of which depends entirely on the rigidity of the joints as in 
the case shown in Fig. 412. In the first case there can occur only very 
small displacements of the joints due to changes in the lengths of the 
members produced by axial forces. In frames of the second kind, dis- 
placements of the joints result from bending of the members and can be 
of considerable magnitudes. Analyzing frame structures, we proceed 
as in the previous article and, as a first approximation, neglect the 
changes in length of members produced by axial forces. We assume also 
that, in the case of frames of the second kind, displacements of the joints 
are prevented by some special constraints. In this manner we obtain 
frame structures without lateral sway, the deformation of which is 
entirely defined by the angles of rotation of the rigid joints. The 
analysis of such structures will be discussed in this article. The addi- 
tional stresses that occur in frames of the second kind when we remove 
the special constraints, mentioned above, will be discussed in Art. 63. 
The effect of changes in length of members on the magnitude of end 
moments will be considered in Arts. 67 and 68. 

To simplify our writing in using the slope-deflection equations, we 
introduce the notation 

EImn 


Imn 


= 


( 68 ) 


and call the quantity k^n the stiffness factor of member mn. We also 
observe that the terms in Eqs. (46), which contain the bending-moment 
area A as a factor, are the fixed-end moments and for them we use the 
notation introduced in Art. 57. With these notations for any member 
mn, Eqs. (46) become 


Mnm = 2/b; 


{26 

mn + e nm ) + 311 mnj 

{26 

nm + 6mn) + 9TZ nm* 


(69) 


From these equations the end moments can be calculated if the angles of 
rotation of the ends and the fixed-end moments are known. 

In the particular case where the end n of the member mn is built-in, 
we have Bnm = 0 and Eqs. (69) become 


1 (70) 

n- I 

If the end n of the member mn is hinged and no moment is acting on that 


■i^nm “ ^krrtnBmn 3Fn 


also the paper by Wilson and Maney in Univ. Ill, Eng. Expi. Sta., Bull. SO, 1915. A 
further development of the method is due to A. Ostenfeld; see his book, ^‘Die Defor- 
mationsmethode/^ Berlin, 1926. 
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end, we have Mnm = 0 and the second of Eqs. (69) gives 


Substituting this value of 6nm in the first of Eqs. (69), we obtain 


+ 


( 71 ) 

( 72 ) 


This equation, instead of the first of Eqs. (69), must be used if the end n 
of the member mn is free to rotate. 

By putting dmn = 0 in Eq. (72), we obtain a member fixed at m and 
hinged at n. The last two terms together in Eq. (72) therefore represent 
the end moment at the fixed end m of such a member. 



The application of the derived equations will now be explained on 
the example shown in Fig. 415a. Observing that at each built-in end 
we have three unknown reactive elements (two components of reactive 
force and an end moment) and that at a hinged end, like the support c, 
we have two unknowns, we can conclude that the structure in Fig. 
415a has eight redundant elements. If we disregard the axial forces 
in the members of the structure, the number of statically indeterminate 
quantities reduces to six. We can take, for example, the end moments 
acting on the members ad, ah, and ae as redundant quantities and use 
for their determination one of the methods discussed in Chap. V, for 
example, the principle of least work. But the solution of the problem 
can be greatly simplified by the use of Eqs. (70) and (72). 

Observing that the angles of rotation at the fixed ends 6, e, and d 
vanish and that rotation at c is entirely free, we conclude that the end 
moments of all members of the structure can be readily calculated from 
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Eqs. (70) and (72) if only we know the angle of rotation 6a of the rigid 
joint a. To determine this quantity, we need only one equation, and this 
equation can be .derived from the condition of equilibrium of the joint a. 
Considering the actions of the members of the structure on the joint a, 
we obtain the system of moments shown in Fig. 4166.* All these 
moments are evidently equal and opposite to the corresponding end 
moments of the bent members of the structure; and, from equilibrium 
of the joint a, we obtain 


Mah + Mac + Mad 4" Mae = 0. (ft) 

Now applying the first of Eqs. (70) and using for the fixed-end moments 
the known values^ 




(jig}? 

12 


we obtain 


and, from Eq, (72), 


J 

PI 

3Ead = Sllac = SnZae = 0 , 

(b) 

Mah 

= » ) 



= 4kad6a A 1 

(e) 

Mae 

4/Caedaf f 



Mae = 3kac&a. 

id) 


Substituting the end moments (c) and {d) in the equation cf equilibrium 
(a), we obtain 

^a(4&a& + + 3fcac) = 

from which 

{qW/l2) {Plaa/S) 

“ A{hah + kad + kae) + 

Substituting this value of 6a in Eqs. (c) and (d), w^e obtain 

■nf qlalT I ( qiab^ -FZordX 

=^ + raa 

Ma. = r,e(^^-~y 

- j. (5^ _ -^iV 

ac ^^^\12 8/ 

* There are also shearing forces transmitted to the joint a. These forces will he 
ill equilibrium with the axial forces of the members and will not enter into the equa- 
tion for calculating 0a. 

1 Observe that end moments and angles of rotation are taken positive if they are 
clockwise in direction (see p. JJ35k / 
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where 

kah 

kah + kad + kae + T^ac 

kae 

~ kab + hd 4 - Ke + ikaJ 

The expression in parentheses on the right side of Eqs. (/) is the alge- 
braic sum of moments acting on the joint a, calculated on the assumption 
that this joint does not rotate. This sum, equal to the sum of the fixed 
end moments of all members meeting at a, but with opposite sign, is 
called the unbalanced moment at joint a and will be denoted by 
It is seen from Eqs. (/) that, owing to rotation of joint a, the unbalanced 
moment distributes between the members in proportion to their stiffness 
factors. In the case of a member the far end of which is hinged, only 
three-quarters of the stiffness factor must be used. The factors (73) 
b}^ which the unbalanced moment is multiplied in Eqs. (/) are called 
distribution factors. We see that their magnitudes are independent of 
the loading and can be readily calculated if the dimensions of the members 
are known. It is also seen that in this calculation only the ratios of the 
stiffness factors k enter. Hence w^e can use, instead of the actual values 
of these factors, some numbers proportional to them. 

With the introduced notions of unbalanced moment and distribution 
factors we can recapitulate the solution of the problem in Fig. 415, 
in a more condensed form, and give it a physical interpretation that will 
be useful in our further discussion. We start the problem with the 
assumption that joint a does not rotate, i.e., is locked by some constraint, 
and calculate all fixed-end moments. The sum of these moments at 
joint a is the moment with which the constraint is acting on the joint to 
prevent its rotation. Unlocking the joint is equivalent to the applica- 
tion of the unbalanced moment^ which is equal and opposite to the moment 
of the constraint. This unbalanced moment is distributed among the 
members meeting at joint a in proportion to their distribution factors. 
The final end moments at joint a are then obtained by superimposing the 
distributed moments on the previously calculated fixed-end moments, as 
shown by Eqs. (/). 

Returning to our example in Fig. 415, let us assume that kah = kad 
and kac = kae = ikab', we assume also that 

^ = 50 kip-ft., ^ = 27 kip-ft. 

Then the unbalanced moment at joint a is 

Ma = = 50 Mp-^ft. — 27 kip-ft. ==5 23 kip-ft. 


rad 

rac 


k 


ad 


kah "4" kad “t“ kae 4:kac 

4:^ac 

kah + kad + ^ ae + ikac 


(73) 
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The distribution factors are obtained from Eqs. (73), which give 

Tab “ Tad ~ 'S S 7 ~ ae ~ WS* 

The distributed moments then are 

Tah^a “ 8 kip-ft., Ta<M-a = 8 Mp-ft., 

TaMa = 3 kip-ft., ra,.Ma = 4 Hp-ft. 

Superposing these moments on the fixed-end moments, we obtain the 
final values of end moments at Joint a as follows: 

Mab = -~50 + 8 = -42 kip-ft., Mad = 27 + 8 = 35 kip-ft., 

Mac = 3 kip-ft., Mae = 4 kip-ft. 

For the end moments at the far ends of the members meeting at a, 
we use the second of Eqs. (70), which states that the end moments there 
are obtained by superposing on the fixed-end moments the carTy-over 
moments (see page 340) each equal to half the corresponding distributed 
moment. In this way we obtain 

= 50 + 4 = 54 kip-ft., Mda = -27 + 4 = -23 kip-ft., 

Mea = 2 kip-ft. 

The corresponding bending-moment diagrams are shown in Fig. 415c. 

Let us consider, now, a more general case 
and assume that joint a, the angle of rota- 
tion of which we are calculating, is attached by 
several bars to other portions of an elastic 
structure as shown in Fig. 416. We begin 
the solution with a calculation of the end 
moments at joint a. With notations 0a, 06, 

0c, . . . for the angles of rotation of joints a, 

6, c, . . . , respectively, Eqs. (69)* give Fm. 416. 

Mab ~ +2fea6(20a + 6^ + SQtab, \ 

Mac = +2A;ac(20a + 0c) + . 

Mad — +2A;ac?(20a + 0d) + I ^ 

Mae — H“2fcae(20a Oe) -f- SHlloe. / 

Adding these equations together and observing that the sum of all end 
moments at joint a must vanish, we obtain 

4:(kah + ^ac + ^ad + ^<xe)0a + 2fca&06 + ^kacOc + ^^ad^d + 2kae^e = Ma 

■ . ';( 74 ) 

where Ma = — (SfEaz, + SfEac + + OTae) is the unbalanced moment 

* It is assumed as before that any lateral sway of the structure is prevented by 
certain constraints. 
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at joint a. A similar equation can be written for each joint of a structure, 
and we shall obtain as many equations as there are unknown angles of 
rotation. Upon solving them for these angles and using the angles in 
Eqs. (69), all end moments can be calculated and bending-moment 
diagrams drawn. 

If one of the bars jointed at a, say the bar ab, is built-in at the other 
end, we have only to substitute = 0 in Eq. (74). If a bar, say the bar 
ae, is hinged at the end e, we use Eq. (71), which gives 


This value of Be must be substituted into Eq. (74) if the bar ae is hinged 
at c. In this manner we obtain 


+ kac + kad + ikae)Ba + 2kabBb + 2kacBc + 2kadBd “ 


where 


-(3Ha5 + SOlac + ^ad + ^ae ^ i^ea) ^ 


The last two terms in parentheses on the right side of this equation 
represent, as we see from Eq. (72), the end moment at the end a of the 
bar ae assumed fixed at a and hinged at e. Ma is then again, following 
our terminology, the unbalanced moment, and Eq. (75) differs from Eq. 
(74) only in that Ikae, instead of kae, is used on the left side. 

If there is an external moment applied at joint a, this moment must 
^ be added with proper sign^ to the un- 

t balanced moment at joint a. 

^ Equations (74) and (75) were de- 
""" I t ^ rived on the assumption that there are 

four members jointed at a, but evi- 
Tj dently it can be readily extended to 
^ any number of bars. 

^ ^ As a first application of the derived 

equation, let us find the end moments 
FiG‘417. for the members of the frame in Fig. 

417 if lateral movement is prevented by a horizontal force H. Applying 
Eqs. (74) to joints b and c of the frame and observing that only the mem- 
ber 6c is laterally loaded, we obtain 

"^(kab 4“ kbc)Bb “k 2kbcBc — Snz&c? 

4(/r6c “k kcd)Be -k 2kbcBb == — SOIcs* 

From these equations, we find 

1 It is taken positive if acting clockwise. 


Fig. 417 . 
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h 


e. 


— 2(khc -f- kcd)^bc kbc^cb 
S{kah kbc) (kbo kcd) — 2kbc^’ 

— 2(kah -jr kbc^^cb ~t~ kbc^hc 

^ (kah "4” kb(^ (kbc ”i~ kcdi) 2kbc^ 


© 


In the case of a single concentrated load P (Fig. 417) we have (see page 
342). 


^bc = 


Using the notation 


Pe^l - e) 
P 


mCcb 


Pe(l - ey 


ajj 


kbc kbc h I2 

kab kcd i 

expressions (i), substituted into Eqs. (70), give 

2Pe{l - e)[ay{l + e) + 2e] 
P(ay + 2)(3ay + 2) ' 

2Pe(l - e)[ay(2l - e) + 2(1 


Mba = ^kab^b = 


Med “ ^kab^c — 
Mah = iMbay 


e)] 


P(ay + 2) (Say + 2) 


Mdc = iM^ 


cd* 


From these expressions we obtain the values of the bending moments 
already given in problem 265. 


. Qe(h-f) 


m' 

’ a 1 

|6 

J 

* 

h 

.%Qe 

r 


1- 



%Qe 





1 

1 

f 





1 *n 



f 

m 

n 


^ (a) (b) M 


Fig. 418 . 

As a second example, let us consider the frame shown in Fig. 418a. 
The action of the load P on the overhang we replace by the axial force P 
acting on the column and by the external moment —Pd applied at the 
joint, a. Then, using Eq. (76), we obtain 

^ea(kab + ikac) = -^ao + i^ca ^ Pd, (j) 

. ^ -Mac + i^ca - Pd 
^ ^kab 4“ Skac 

The required end moments, from Eqs. (70) and (72), are 

^ + 1 ^ 

Mba = iMah} 
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Mae = i ^ca + (-^Tta^ + | ^oa - P(^- (1) 

We have now to calculate and to substitute into expressions (fc) and (1) 
the fixed-end moments 31lac and Wca> Considering the column ac as a 
simply supported beam, the bending-moment diagram is as shown in 
Fig. 4185.* Applying Eqs. (53) to each of the two triangles forming the 
bending-moment area, we obtain^ 


= 


Qef(2h - 


/)(3/ - h) 


Upon substituting these values of the fixed-end moments into Eqs. (k) 
and (1), the required end moments can be readily calculated for any value 
of the ratio ///i. Assume, for example, that h = I = W ft., / = 6 ft. 
and that the cross sections of the column and of the girder are identical. 
In such a case f/h = |, kah = kacj and w^e obtain 

Mah = Pd)y Mac — — + f(t¥¥Q<2 Pd). 

In the particular ease in which / becomes infinitesimal the same calculations as 
above give 

Mca == 0 , Mac = 

Mab = f(Qc — Pd), Mac = — Qe + ^(Qe — Pd). (m) 

It is seen that the external moment —Pd is divided in such a manner that f of it is 
transmitted to the girder and f to the column, while the moment Qe, which also is 
acting on the joint a, since / = 0, is distributed in a different way. To explain the 
cause of this discrepancy, we assume that / is not zero but very small. Then the 
bending moment at joint a produced by the moment Qe is 4Qe/7 (Fig. 418c), and 
the end moment Mac is equal to — 4Qe/7, as given by Eq. (m). When we are con- 
sidering the moment Qe as an external moment applied at joint a, we must take a 
cross section mn very close to joint a but below the cross section in which the 
moment Qe is applied. The moment acting on the cross section mn is equal to 
--"4Qe/7 + Qc = 3Qc/7 as it should be in the case of an external moment Qe. 


PROBLEMS 

267. Make bending-moment diagrams for the girder and column in Fig. 418a if 
F == 0 == 6,000 lb., d = 4 ft., c = 2 ft., l^h ^ 16 ft.,/ =:= 6 ft. 

268. Draw a bending-moment diagram for the frame in Fig. 418a if a uniform 
load g is distributed along the beam ma6. 

269. Draw a bending-moment diagram for the uniformly loaded continuous beam 
hac, with built-in ends and rigidly connected at a to the column ad (Fig. 419a). 
Assume q = 1,000 lb. per ft., hac — had == 0.8fca6. 

Ans. The bending moments in kip-feet are shown in Fig. 4195. 

* In deterixiining the signs in this diagram we assumed that bar ac is made 
horizontal by rotating clockwise and then used the conventional rule. 

^ Notations shown in Fig, 418 are usM in these formulas. 




62. Calculation of Axial Forces in Members of a Frame. — In the 
discussion of the previous article, we assumed that the lateral movements 
of frames are restrained. We also neglected the changes in length of 
members of a frame due to axial forces. With these assumptions the 
deformation of a frame is completely defined by the angles of rotation of 
its rigid joints. These angles can be calculated in each particular case 
by using Eqs. (74) or (76), and after this all end moments can be found 





m 


n 


(b) 

Fig. 420. 


^nm 


from Eqs. (69). The axial forces in the members of a frame and the 
forces of constraint preventing lateral movements do not enter in these 
calculations. For their determination, shearing forces acting at the ends 
of the members of a frame must be considered. Let a bar with simply 
supported ends (Fig. 420a) be acted upon by lateral loads and end 
moments. Considering shearing forces positive when they have the 
directions shown in Fig. 4206, and using equations of statics, we obtain 


T/ _ TT ' _ nm 

Y — K 7 ^ 


■TV = y ' 

r nm r nm 


^mn 

Mmn Mn 

^mn 



(76) 
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The symbols VmJ aad YnJ in. these equations denote the shearing forces 
at the ends produced by lateral loading. Equations (76) can be applied 
to each member of a frame. Assuming that the end moments are already 
calculated, as explained before, the shearing forces at the ends of each 
member will be found from these equations. The forces equal and 
opposite to these shearing forces represent the shear actions of the bent 
members of a frame on its Joints. Considering these actions as external 
forces applied at the joints, we can calculate the axial forces in all members 
and also the forces restraining lateral movements of a frame. 

Let us consider, as an example, the frame in Fig. 421a. In this case. 



we obtain for the end moments the following values (see page 369) : 

_ 2Pe(l — e)[m(l + e) + 2e] 

" l\m + 2)(Zm + 2) ’ 

_ 2Pe(l - e)[m(2l - e) + 2(1 ~ e)] 

Z2(m + 2)(3m + 2) 

Mah = iMha, Mdc — ^Mcd. 

Substituting these values of the end moments into Eqs. (76), we obtain 
shearing forces in all members for any values of m and e. Assume, for 
example, that 7i = / 2 , h *= Z, e = 0.3Z. Then, 

Mm = -Mm = 0.0532PZ^ Med = -Mci, = -0.0868PZ, 

Mai = 0.0266PZ, Mae = -0.0434PZ. 

Substituting these values into Eqs. (76), we obtain 

= Via = -0.0798P, Vm = 0.3P - 0.0336P, 

Vcb = -0.7P - 0.0336P, Yea = F* = 0.1302P. 



Fig. 421 . 


The actual directions of the end moments and of the shearing forces are 
shown in Fig. 4216. To obtain the shear actions on the joints 6 and c 
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we have to reverse the directions of the forces shown in Fig. 4216. In 
this manner we obtain the forces shown in Fig. 421c. From this figure 
we conclude that all bars are under compression. The compressive force in 
the girder be is 0. 1302P, The compressive forces in the columns ah and cd 
are 0.2664P and 0.7336P, respectively. Finally, the compressive force in 
the bar 6/, preventing any lateral movement of the frame, is 0.0504P. 

In the case shown in Fig. 415, assuming the length of all bars equal to 
24 ft. and using the values of the end moments given in the preceding 
article, we find that on joint a there acts a vertical force of 17 kip and a 
horizontal force of i kip as shown in 
Fig. 422. It is seen that the calculation 
of axial forces in this case represents a 
statically indeterminate problem. The 
magnitudes of these forces depend on 
the ratios of the cross-sectional areas. 

Assuming, for example, the cross sections 
of the vertical bars equal, we conclude 
that the vertical force of 17 kip will be 
equally divided between the two vertical 
bars and we shall have a tensile force of 
^ kip in the bar ac and a compressive 
force of V’ kip in the bar ae. The horizontal bars ad and ab can be treated 
similarly. From the two examples considered, it is seen that the axial 
forces in the bars can be calculated without any difficulty provided that 
the end moments are known. 

63. Frames without Lateral Restraint —In the discussion of the two 
preceding articles, it was assumed that any lateral movement of a frame 
under consideration was restrained. If there is no such restraint, some 
lateral movement of the frame will usually occur under the action of 
external forces and must be considered in the calculation of end moments 
and axial forces. In discussing such cases, it is advantageous to divide 
the analysis into two steps. First, we calculate the end moments and 
shear actions on the joints, assuming lateral constraints. Then we 
remove the lateral constraints and consider the effect of lateral movements 
alone. The true values of the lateral movements are found from the 
condition that the shear actions on the joints due to these movements 
must balance the previously calculated shear actions produced by 
external loads in conjunction with lateral restraint. 

In calculating end moments produced by lateral movements alone, 
we use Eqs. (48), which in the absence of lateral loads and with notation 
(68) become 

■ M^n - 2k mn ( 26 mn + ^nm) ^ktnn^mnj I 

^ 2k mn(2Bnm “f“ ^mn) ““ ^ktnn^mn* | 



( 77 ) 
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It is seen that the end moments Mmn and can be readily calculated 
if the angles of rotation of the ends Bmn, 6nm and also the angle deter- 
mined by the amount of lateral movement, are known. Equations (77) 
have the same form as Eqs. (69), which were previously used, and we 
can state that the end moments produced by lateral movements alone 
can be calculated in the same manner as in the case of frames with lateral 
constraints. It is necessary only to replace the fixed-end moments 
9Tlmn, STCkw by the quantity —6A:TO«9mB. 

In a particular case w’here the end n. of a member mn is hinged, we 
have Mnm = 0, and the second of Eqs. (77) gives 

= - %^ + I 0m«- ' (78) 

Substituting this in the first of Eqs. (77), we obtain 




'7nn^mn 




(79) 


We shall now apply the derived equations to the case shown in 
Fig. 423. The end moments and the shear forces in this frame, when 
it is laterally restrained, have already been calculated in the preceding 
article (Fig. 421), and we consider now only the moments and forces 
produced by the lateral movement A as shown in Fig. 423a. From sym- 
metry of the frame we conclude that db = dc- We also have 6a == 6d = 0, 
Qab = --A/h, Hence, there is only one unknown, the angle of rotation 
6b, and for its determination we need one equation, which is the equation 
of equilibrium of joint h, 

Mbc 4" Mho, = 0. (a) 

Substituting for the end moments their expressions through the angles 
of rotation [Eqs. (77)], 

^6h(Jk'ah + ^^6c) + 2kbc6b = 6fca60a&. (&) 

From this equation the angle db for any magnitude of the lateral dis- 
placement A can be calculated. Taking the numerical example of the 
preceding article (Fig. 421) and putting A == Z, Ii = 1 2 , we have he = hh, 
and Eq. (b) gives 

6b = fBo6. 

The corresponding end moments are now calculated from Eqs. (77), 
which give 

Mah ~ Mdc ^ *^kab6b ^kah^ah “ ^~kah^ah, V 

Mba = Med = Akab6b 6fca&0a6 = ^"kah^ah, I (c) 

Mbc ~ Mcb ~ ^kah6b ^ ^^kal0ah’ | 

The shearing forces at the ends of the members of the frame are now 
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obtained from Eqs. (76), which give 


V ah ^ ha 


42 hab^ah 


75 . = 7.5 = 


36 kahOah 
5 I 


Noting the rule of signs for shearing forces (Fig. 420) we conclude that 
for positive 0 a 5 , that is, for clockwise rotation, the horizontal shear action 
at 6 is as shown in Fig. 4236. For the negative value of 0 a 5 , assumed in 
Fig. 423a, the shearing force Fsa, equal to Vcdj is negative, and the cor- 
responding horizontal shear action on the girder be will be as shown in 



Fig. 423. 


Fig. 423c. The magnitude of the lateral movement of the frame will now 
be found from the condition that the horizontal forces indicated in Fig. 
423c must balance the horizontal forces shown in Fig. 421c. In our 
previous discussion these forces were balanced by the force in the restrain- 
ing bar 6/ (Fig. 421c). In the present case there is no such , bar, and the 
frame moves laterally (Fig. 423a) far enough for the corresponding shear 
actions to become sufficient to establish the required equilibrium. The 
equation of equilibrium then is 


2 • y • + 0.1302P - 0.0798P = 0, 

and we obtain 

-Is 

The corresponding end naoments, from Eqs. (c), are 

Mai = Mao = 

= Mod = -isl ■ 0.0504P. 
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Having these moments, we can construct the bending-moment diagram 
shown in Fig. 423d. These -moments must be superimposed on the 
moments found for the laterally restrained frame in Fig. 421a. The 
result of this superposition gives the bending moments for the frame 
without , lateral restraint. 

In the previous discussion, the symbol Bab was used to define the rota- 
tion due to lateral movement. In a numerical calculation of the lateral 
movement of a given frame it is often advantageous to assume at the 
beginning a certain numerical value for this movement, say 1 in., and 
calculate the corresponding values of the end moments and shear actions 
on the Joints. Naturally, these shear actions will not balance the shear 
actions calculated for the laterally restrained frame. But, since the shear 
actions on the Joints are proportional to the assumed value of the lateral 
displacement, it is easy to find in each particular case a numerical factor x 
by which the assumed lateral displacement must be multiplied in order to 
ascertain the required equilibrium of the frame. 

To show this method of calculation, let us consider the nonsymmetrical 
frame shown in Fig. 424a and calculate the end moments, assuming that 
the frame is free to move laterally. The problem will be solved again 
in two steps. First we calculate the end moments and shear forces for 
each member of the frame assuming that no lateral movement is allowed. 
Then we separately investigate the moments and the shear forces pro- 
duced by an assumed lateral movement alone. The true magnitude of 
the lateral movement will be finally adjusted so as to satisfy the equilib- 
rium requirement. 

Considering the frame with lateral restraint and using Eqs. (74) and 
Y75), we obtain for Joints b and c the following two equations: 


4:(JCab 4“ kbc)0b 4“ 2kbc0c == —SOXfca 
4:(kbc 4“ ikcd)0c 4“ 2kbc0b == — 9Tlc6 


^bc, 

^cd 4“ 


(d) 


Let us assume that the cross sections of all three members of the frame 
are identical and that their lengths and lateral loads are as shown in the 
figure. Then 


kbc — kahj kcd 2kcd>f 
Mba = 288 • 102 ft.-lb., 
SfHob = 384 ' 102 ft.-lb.; 


^ah = -192 • 102 ft.-lb., 
mbo = -576 * 102 ft.-lb., 
= mdc = 0. 


Thus, Eqs. (d) give 


4:db + Oa 

6b 4~ 5^c 


288-102 
2ka^ ' 
384 


102 


2k 


'ah 


(e) 
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Bb — Be 


96 - 10^ 
^kab 


Denoting by . . . the end moments if there is no lateral 

movement and using Eqs. (69), we obtain 


Mah[ = SnfCoft + 2kabBb = — 96 * 10^ ft.-lb., V 

Mba' = -Mbc' = ma + ^kabBb = 480 • 102 ft.4b., I (/) 

Mob' = -Me/ = m.eb - 2kabBb = 288 ‘ 102 ft.4b. I 


Using these values of the end moments, we calculate from Eqs. (76) the 
shear forces in the columns and the horizontal shear actions on the joints 
h and c as shown in Fig. 4245. 


6' 


Q- 


12' 


a 

mo ib. b 


-s~ 


P-20xl0^lb 
12 - 


10x10^ lb. 


(a) 


(b) 



c 2880 !b. 


b 

(c) QMlkab 

^db ^cd 

Fig. 424 . 

Now remove the lateral restraint and assume that the girder 5c 
moves to the right by an amount A = 0.1 ft. Then 

Oa& = -STO; ^hc = 0, Qod — lil)- {§) 

Equations for calculating the corresponding values of and 0c are 
obtained from Eqs. (d) by substituting —6fca&Ba6 for SOXba, —&kcd^cd for 
and OEdc, and zero for Mbc and TOcb, which gives 

^(kab ”l~ kbc)Bb *4“ 2kbcBc ^ ^kab^abf 

{Akbc + Zkcd)Bc + 2kbcBb = 3fecdBcd- 

Observing that in this case khe = feab and hd = 2kab and using the numerb 
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4" 6c == 0.015, 

Of, + 5dc = 0.030, 

from' which 

^6 = 0.00237, Be = 0.00552. 

The end moments due to lateral sway, from Eqs. (77), and (79), are 

Mab^ = 2kab6b — ^kab^ab = — 0 . 0253 feaZ)j | 

Mba' = 4:Kbeb - ekabOab == -0.0205A:«5, > Qi) 

Me/' = -Me/' = ^kaado ~ UdSde = -0.0269/c^,. j 

The shear actions on the joints h and c, due to these moments, are shown 
in Fig. 424c. Since the magnitude of the lateral displacement was taken 
arbitrarily, these forces usually will not balance the forces shown in 
Fig. 4245. To obtain equilibrium, we multiply the assumed displace- 
ment by a factor x. The shear actions shown in Fig. 424c must then be 
also multiplied by and the equilibrium equation is 


(- 


0 458 fcai, 0 . 0269 fc„t 

^ah ^cd 


) 


X = 7,920 - 2,880 = 5 , 040 . 


Observing that lab = 20 ft., la = 10 ft., we obtain 


5,040 • 20 
ommkab ' 


Multipl 3 dng the moments (h) by this factor, we obtain the true moments 
produced by the lateral displacement of the frame. 

K 040 -90 

Mab'” = a: • Mai" = - • 0.0253 = -25,600 ft.-lb., 

Mba"' = -Mbo'" = a: ■ Mba" = - • 0.0205 = -20,750 ft.-lb., 

MJ" ^ -Mab"' = X • Maa" = - • 0.0269 = -27,200 ft.-lb. 

Adding these moments to the moments (/), we obtain the required 
total end moments. 

Mab = Mai' + Ma,'" = -35,200 ft.-lb. 

Mba -Mba = Mba' + Mba!" =27, 2hQ it Ab. . 

Mad = -Mab = Mad' + = -56,000 ft.-lb. 

With these moments, the bending-moment diagram can be readily con- 
structed. Several more complicated cases of calculating end moments 
due to lateral sway will be discussed later. 
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64, Gontinuotis Frames. — Very often, especially in reinforced-eon- 
crete structure^, we have to analyze continuous frames like those shown 
in Fig. 425. Application of the general Eqs. (74) and (75) gives us a 
simple solution of this problem. If the ends of the girder are built-in 
at a and e (Fig. 425a), there will be no lateral movement and the deforma- 
tion of the frame is completely defined by the angles of rotation i9&, dc, 
and Qd- Equations (74) for the determination of these angles are 

4(fco6 + khc + khf)db + ^kuBc == “~(9Tl&a + ^bc + 2nz&/) = M&j | 

4(&6c + kcd + kcg)dc + 2kbc0b + 2kcdSd = — (91lc6 + + 9Ecf?) = Me, I 

4:(kcd + kde + kdh)Bd + 2kcd0e = —(WLdc + ^de + 9TIja) == M^. | 

(a) 

If the dimensions and lateral loads are given, all values of k and of fixed- 
end moments can be readily calculated and we obtain, from Eqs. (a), 
three linear numerical equations of the same kind as we had in the case 
of continuous beams. The solution of these equations in each particular 
case does not present any difficulty. Take, for example, 

= Z, h = 21, == /2 = Jg = /4 = /, h = Z, 

I, I, ^ 0.5J. (6) 

Then, 

kab ~ kdey kbc ~ kcd O.Skabj kbf ~ keg ^ kdh ~ O.Skdb* (c) 

Assume also that a uniform load of constant intensity q covers the entire 
length of the girder ae. Then, 

atTa!, = aiTd. = -SJKfta = -^ed = “ 

aitic = ^cd = -an;.!. = -^dc = - y’ 

and the fixed-end moments for the columns vanish. Equations (a) 
then become 

qP 

SkabOb 4“ kab^c = 

kab^b 4“ Qkab^e 4“ kab^d = 0, 

qP 

kah^c 4~ Skab^d = 

and ' we obtain 

The end moments are now calculated from Eqs. (69), which give 
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-Mei 

== 

— 

qP 

12 

+ 

qP 

16 

= 

— 

qP 

48’ 


~Mde 

= 

qP 

T2 

+ 

qP 

8 

= 

5 

24 

qP 

7 

Mic = 

-Mac 

= 

— 

qP 

3 

+ 

qP 

16 

= 

— 

— qP 
48®^’ 

Mcb = 

—Med 


qP 

3 

+ 

qP 

32 

= 

35 

96 

qP 

7 

Mbf = 

-Man 

== 

qP 

16 








li, instead of built-in ends, there are hinges at a and e (Fig. 4256) 
and lateral motion is restrained, we use Eq. (75) for joints b and d. In 
this manner, 

(^kah + ^he + ^hf)0b+2hcec= -^ba- ^hc + i^aJ>-^bf= Mfc, | 

Mhc + hd + K)ee + 2hceb + 2kcd0d = - (^cb + ^cd + ^cg) = M., i (^) 

(4.kcd + Skde + 4:kdh)ed + 2kedec == -Mac- mCde + i-^^ed - y(ldh = Md. J 

These equations are of the same form as Eqs. (a) and can be readily solved 
for any particular kind of loading. 




Fig. 425. 

Let US now consider the case where the frame is free to move laterally. 
If the frame and the load are both symmetrical with respect to the 
vertical (Fig. 4.256), there will be no lateral motion and Eqs. (d) give 
us the final values of the angles 06, ^c, If there is no symmetry, the 
continuous frame in Fig. 4256 will have a lateral movement and the 
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effect of this movement on the end moments must be investigated sepa- 
rately, as was shown in the preceding article. 

As an example let us consider the case in which a uniform load covers 
only half of the girder, as shown in Fig. 4256. The problem will be solved 
in two steps as before. Assuming first that there is a lateral constraint 
and using Eqs. (d) together with assumptions (6), we obtain 

"T" JCfxhSe 

qP 

kabOh + QkabOc + kabOd == g”? 

kab^c ~h TkabOd ~ 0 . 

Solving these equations, we obtain 

di = 0.0388 9, = -0.0635 da = 0.00908 

i^ah i^ab f^ah 

With these values of the angles of rotation we calculate all end moment s 
by using Eqs. (69) and (72). Assuming, for example, q = 1 kip per ft. 
and I = 12 ft., we obtain 

Mba = 34.8 kip-ft., Mbc = —46.0 kip-ft., Mcb = 35.3 kip-ft., V 
Med = -17.00 kip-ft., Mdc = -6.57 kip-ft., Mde = 3.92 kip-ft. | 

In our further discussion we shall need the end moments in the 
columns, which are 

= 2Mfb = 2kabdh, Meg = 2Mgc = 2kab6cj Mdh — 2AiM = 2kab^d’ 

The corresponding shearing forces at the upper ends of the columns, from 
Eqs. (76), are 

jT ^kabOb xr ^kab^c xr ^kab^d 

Vbf F”' hT' ”■ F“ 

Using the rule of sign for shearing forces, given in Fig. 4206, we conclude 
that a positive shearing force at the upper end of a column has the direc- 
tion from left to right. The corresponding shear action on the girder 
has the opposite direction. Hence the total horizontal force transmitted 
from the columns to the girder in the direction from right to left is 

Vbf~{- V eg A- Vdh = — (6b + dcAr 6d). (g) 

The sum of the angles in parentheses is obtained by adding Eqs. (e), 
which gives , 
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e, + e. + d,^ "64^; 

Then, 

Fv + yc. + F,. = (h) 

It is seen that the total horizontal shear action on the girder is positive, 
i,e., it acts from right to left as shown in Fig. 4255. To prevent any 
lateral motion, the horizontal force H must be applied as shown in the 
figure. 

Let us consider now the effect of a lateral movement of the frame. 
Assuming that the girder ae moves to the left by an amount A, we have 

©6/ ©cj; ^dh ‘ ©0 

©a& ~ ©6c ~ ©cdf ~ ©de = 0, 


and equations for calculating the angles of rotation of the joints 5, c, and d 
are obtained from Eqs. {d) by substituting “6ifc6/©o, ““6&c^©o, —^kdh^^ioT 
Wihfj and 911^6, respectively, and making the rest of the fixed-end 
moments vanivsh. Hence, 


(^kah H“ ^khc + 4:kbf)db -{- 2khc0c = &khfOQ, ^ 

(4A;6c + 4fccd + 4:kcg)6c + 2khcBb + 2kcd0d = QkcgOo, i (f) 

(4:kcd “H 4JCdh 4" ^kde)^d “h 2/Ccd^c — 6AdA©0« J 
Using assumptions (5), we obtain 

7db ~i~ ^ 3©o, \ 

Ob + 6^c + = 3©o, i (j) 

Oc + 70d = 3©o. j 

From these equations, the angles Obj Ocj Od for any assumed value of ©o 
can be readily obtained. The corresponding end moments will then be 
calculated by using Eqs. (77). For the columns these end moments are 

Mbf = 2kab0b — 3A;a6©0, Mfb = kahOb — ^kah^Qf 

eg ~ 2kab0c ^kab^Qj ^gc ~ kabOc 3ifca6©0, 

Mdh = 2kab0d ““ 3fca6©0, Mm kahOd “ 3fco6©0. 

The corresponding shear forces at the tops of the columns are 



SkabiOb - 2©o) 


h 


Vea = 


Bkab(0c 2©o) 


Fd. - - 


^kah(0d ~ 2©o) 


h 


The total shear action on the girder from right to left is 
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Vif + Yco +■ V,H = - ^ (^6 + dc + da- 600). (fc) 

By adding Eqs. (j), we obtain 

^6 + = fOo. 

Substituting this in Eq. (fc), we find that the total shear action induced 
on the girder by the lateral movement A is 

Fw + Vo, + VaA = ^ • ^00. (1) 

The true value of the lateral displacement is now found from the condition 
of equilibrium of the forces (1) and (h), which gives 


3 , 3iba& 39 


0Q = — 


A 

h 


qP 

8 • 39fca6 


(m) 


From this equation the actual value of the lateral displacement can be 
calculated in each particular case if the magnitude of the load and the 
dimensions of the frame are given. Substituting this value in Eqs. 
(j), we shall then find that the angles of rotation of the Joints produced 
by the lateral motion are 

eh = 00 = da = - 8 • 8 -^3 ■ fco!,' 


The corresponding end moments, for ^ == 1 kip per ft. and I = 12 ft., are 

Mu = Mhc == Mch = Med = Mdc = Mde = = >-0.519 kip.-ft. 

These moments must be added to the previously calculated moments (/) 
to take care of the lateral movement of the system. It is seen that in 
our numerical example the numerically largest moment will be only 
slightly changed by the lateral movement. 

66. Calculation of End Moments by Successive Approximations. — 
We have seen in preceding articles that the calculation of end moments 
for the members of a frame structure with rigid joints requires the solu- 
tion of a system of linear equations like Eq. (74). In many cases these 
equations have the same form as three-moment equations previously 
used in the analysis of continuous beams. Such equations can be readily 
solved in each particular case. But sometimes we have more complicated 
systems of equations, and their solution becomes cumbersome. We 
encounter examples of such systems in studying secondary stresses in 
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trusses (see Art. 68) and in the analysis of complicated building frames. 
In the solution of such equations, the application of the method of suc- 
cessive approximations is very usefuld To explain this method let us 
consider again the frame in Fig. 425b. With the assumption of lateral 
constraint we have already obtained the following system of equations 
(see page 380) : 

4{^hha “b ^6c + khf)0b 4“ ^kbcOc = M&, | 

2kcb0b + 4(kcb + kcd + kcg)dc + 2kcdSd ~ Me, / (a) 

2kdc^c H“ 4(kdc + ikde + kdh)&d = J 

In each of these equations one of the coefficients is considerably larger 
than the others, and this fact is utilized in the calculation of successive 
approximations.^ We begin the calculation with the second equation, 
corresponding to the joint c, in which the unbalanced moment, produced 
by the load shown in Fig. 4256, is numerically the largest. The first 
approximation 6/ for the angle Be is obtained by neglecting the terms 
containing Bb and Bd^ which gives 

nr Mg /7 \ 

^ ^ 4(keb + Kd + k^g) 

Substituting this first approximation for Be in the first and the third of 
Eqs. (a), we obtain the first approximations for the angles Bb and Bd. 



4(^kba + kbc + kbf) 

J , 

4(kdc 4 " ikde 4 " kdh) 


1 kbc 

2 keb 4 “ kcd 4 “ keg 



1 kdc 

2 keb 4 ~ kcd 4 *" keg 




To calculate the second approximations for the angles, we again use 
Eqs. (a). Substituting the first approximations (c) for Bb and Bd in the 


^ This method was developed in connection with calculation of secondary stresses 
in trusses and is described in the book by O. Mohr, ^^Abhandlimgen aus dem Gebiete 
der Technischen Mechanik,^^ p. 429, 1906, In this country the method was first used 
by S. Hardesty and is fully explained in the book by J. A. L. Waddell, “ Bridge Engineer- 
ing,^' 1916. The extension of the method to the analysis of highly statically indeter- 
minate frame stmetures is due to K. A. Calisev, who used it in analysis of building 
frames with and without lateral constraints. See Tech. List., 1923, No. 17-21, Zagreb, 
A German translation of this paper appeared in Puh. Intern. Assoc. Bridge Structural 
Eng., vol. 4, pp. 199-215, 1936. The final form of the method of successive approxi- 
mations was obtained in the paper by H, Cross; see Trans. A.S.C.E., rol. 96, 1932. 
Solutions of many engineering problems by using the methods of successive approxi- 
mations are discussed in the book by R. V. Southwell, “Relaxation Methods in 
Engineering Science,'' Oxford, 1940. 

2 Various methods of solving systems of linear equations, such as are obtained in 
the analysis of highly statically indeterminate systems, are discussed in. the paper by 
R. Misesand H. Pollaczek-Geiringer, Z. M Mech., vol. 9, pp. 58, 152, 1929. 
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second of Eqs. (a), we shall obtain the second approximation for the 
angle dc- Instead of calculating this second approximation it is preferable 
to calculate the correction that must be added to the previously found 
value 6/ to obtain the second approximation for the angle. Denoting 
this correction by dc', we shall write the second of Eqs. (a) in the following 
form: ■ 

2kch0b "h 4:{kcb kcd ~h keg) (9/ + 0/') -f- 2kcd9d 
Substituting for 6o its value (b), we obtain 

A(kch "f" kcd + kcg)6j' = —-2kcb9b 2kcd9d 

and 

nff '^^kebOb ~~ 2kcd9d 
^ A{kcb + kcd + keg) 

In the same manner we calculate the corrections Bb' and Bd^ from the 
first and third of Eqs. (a). Substituting Bj + Be' for Be in those equa- 
tions and using Eqs. (c), we find 

^{iikoa + kbc + kbf)Bb' = ^2kbcBc'j \ ... 

4(fccjc + ikde + kdh)Bd' = ’-2kdcBc"- | 

Continuing the calculation of consecutive corrections, we shall always 
obtain equations of the same form as Eqs. (d) and (/). To get, for 
example, the second correction BJ" to the angle Be, we have only to 
substitute Bt" and Bd' for Bb and Bd, and B/'' for B/' in Eq. (d). Sub- 
stituting for Be' in Eqs. (/), we shall find the second corrections 
Ob'" and Bd" for the angles Bb and Bd, etc. Such calculations of con- 
secutive corrections must be continued until the calculated corrections 
become very small. Then the expressions 

Be == Be' + Be" + Be" + * • • ? Bb = Bb ~\r Bb" + Bb" +*•'’, 

Bd = Bd' + Bd" Bd" + • • * 

give the angles of rotation with sufficient accuracy. Upon substituting 
these angles in Eqs. (69), the end moments for all members of the 
structure can be calculated and bending-moment diagrams constructed. 

Instead of calculating the angles of rotation first and the end moments 
afterward, we can work directly with the end moments. In our previous 
discussion we started with the second of Eqs. (a) and calculated Be, 
assuming that Bb and Bd vanish. This operation is equivalent to the 
assumption that joints b and d are locked and the joint c is allowed to 
rotate freely under the action of the unbalanced moment Me. This 
case is similar to that discussed in Art. 61 (see Fig. 415). We know that 
the unbalanced moment Me will be distributed between the members 
ebj edy and egr in proportion to their stiffness factors, and the distributed 


id) 

{e) 
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moments will be 

M cb “ Med ~ Ted'^^cf M^cg ” ^c£?M]cf (80) 

where 

fcc& ^cd , ^cg , / \ 

+ fced + A^cg^ keb + ked + A^cg A^efe + A^c^ + kcj ^ 

are the distribution factors for the members meeting at joint c. The 
first approximations for the end moments at joint c are obtained by 
adding the distributed moments (80) to the initially calculated fixed-end 
moments STlcs, SfEcd, Meg. 

When we are unlocking the joint c, the joints ?>, dj and g are considered 
as fixed. Hence the moments equal to iMcbj iMcd\ and -Jlfcg' will be 
carried over to the far ends of the members cbj cdy and eg, respectively, 
where they must be algebraically added to the fixed-end moments at 
those ends. Taking, now, joint b, we have to distribute not only the 
initially calculated unbalanced moment M6 but also the carry-over 
moment —iMcb produced during unlocking of the joint c. The distrib- 
uted moments at joint b then are 


MJ ^ na(Mb - iMcb')A 

Mb/ = rbc(M.b — ^Mcb)> 1 (h) 

Mb/ = nAMb - iMc/l I 

where 

jkba _ fee fejT 

fA^&a 4“ kbc + kbf ikba + fc&c + kbf ihia + kbc + kbf 


The factor ffcba instead of hba appears in these formulas since the joint a 
is hinged, while joints c and/ are assumed fixed during unlocking of joint 
6. Equations similar to Eqs. ih) can be written also for the distributed 
moments at joint d. Adding the distributed moments, calculated in this 
manner, to the previously calculated fixed-end moments at the joints h 
and d, we obtain the first approximations of the end moments at these 
joints. 

In the calculation of consecutive corrections, we start again with joint 
c. During unlocking of the joints b and d, the moments iMh/ and ^Md/ 
were carried over to the joint c, and an unbalanced moment of the 
magnitude + Ifd/) was created at this joint. Distributing 

this moment, we obtain the first corrections to the end moments at joint 
c. Now we can calculate corrections to the end moments at joints h 
and d, distributing the unbalanced moments created at these joints during 
the unlocking of joint c. To calculate the second corrections, we again 
start with joint c and proceed as before. The calculation of consecutive 
corrections must go as far as to make these corrections negligibly small. 
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The end moments will then be obtained with sufficient accuracy by adding 
to the first approximations all the calculated consecutive corrections. 
Whether we work with angles or with end moments, we obtain the same 
consecutive corrections to the end moments, since in both cases we unlock 
only one joint each time. 

Recapitulating the described method of successive approximations, 
we see that the process of calculation consists in repetition of very simple 
operations of distribution of unbalanced moments and carrying over 
moments to the adjacent joints. In each particular case, we assume 
first that all joints, except hinged ends, are locked and calculate on this 
assumption the fixed-end moments for all members of the structure. 
The sums of these moments for each joint, taken with reversed signs, 
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give us the unbalanced moments. We calculate also for each joint the 
distribution factors for the members meeting at that joint. After this 
preliminary work, we begin preferably with the joint in which the largest 
unbalanced moment is found. We unlock this joint and distribute the 
moment between the members meeting at the joint. In our previous 
example it was joint c, and the distribution of the moment was 
accomplished by using Eqs. (80). Now we carry over moments to the 
adjacent joints and add to the unbalanced moments at these joints 
the moments equal to the carry-over moments, but with opposite sign. 
The obtained sums we again distribute, using equations similar to Eqs. 
(80). When the distribution of moments is accomplished at all joints, 
we obtain the first approximations for all end moments by adding the 
distributed moments to the previously found fixed-end moments. To 
get the first corrections, we repeat the moment-distribution process, but 
this time we distribute only the carry-over moments remaining after the 
first cycle of calculation, etc. 

Since we always repeat the same simple operations, it is not necessary 
to write equations, which were used in our previous discussion. Instead, 
all calculations can be put in proper order on a sketch of the structure. 
Take, for example, the continuous beam shown in Fig. 426. Assuming 
that, at the supports a, 5, and c, the cross sections of the beam cannot 
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rotate and that at the support d the rotation is free, we obtain the fixed- 
end moments in kip-ft. as shown dn the first line of the table attached 
to the figure. In calculating the distribution factors, we assume that 
kah - he == §kcd- .Then, 

kah n c 

kch f\ n T^kcd 4 

'^cb j 0,6, Ted T ~7 0.4:. 

keb “h 4ikcd keb H” ‘^ked 

In this calculation we observe that the end d of the member cd is free to 
rotate and introduce iked^ instead of hd, in our formulas. The calculated 
values of the distribution factors are shown in the figure. We now begin 
with joint c. The unbalanced moment at this joint is 

-(24.0 - 48.0) = +24 kip-ft. 

Distributing this moment between the members cd and cb in proportion 
to their distribution factors Ved and ?'c&, we obtain the distributed moments 
at c, equal to +9.6 kip-ft. and +14.4 kip-ft. Taking now joint &, we 
find that the fixed-end moments at this joint balance each other, and we 
have to consider only the moment —7.2 kip-ft., equal and opposite to the 
carried-over moment 7.2 kip-ft. produced during unlocking of the joint c. 
This moment will be equally distributed between the members be and 
ha^ and we obtain the distributed moments at b each equal to —3.6 
kip-ft. Considering now joint a and observing that the end a is built-in, 
we conclude that the correction moment —3.6 kip-ft. acting at b produces 
the carry-over moment —1.8 kip-ft. at the fixed end. All distributed 
moments are shown in the second and third lines of the table in Fig. 426, 
and the heavy horizontal lines below these corrections indicate that the 
first cycle of calculation is concluded. The second cycle we agaih begin 
with joint c. Considering the carry-over moment —1.8 kip-ft. created 
during unlocking joint 6, we have an unbalanced moment +1.8 kip-ft. at 
joint c. Distributing this moment between the members cd and c?), we 
obtain the corrections +0.72 kip-ft. and +1.08 kip-ft. Taking now 
joint bj we have to distribute the moment —0.54, equal and opposite 
to the carry-over moment +0.54, which gives the corrections —0.27 and 
—0.27; and finally we obtain the correction —0.14 at the built-in end. 
We see that the corrections are already small, and we can limit ourself to 
two cycles of calculations. The third cycle of calculation is also indi- 
cated in the figure, and under the double horizontal lines there are given 
the final values of the end moments equal to the algebraic sums of the 
initially calculated fixed-end moments and all the corrections. 

As a second example, let us consider the continuous frame shown in 
Fig. 4255 and assume that lateral movement is restrained. The solution 
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of the corresponding system of Eqs. (a) by successive approximations 
has already been discussed, and we give in Fig. 427 only the numerical 
calculations, assuming that Z = 12 ft., q—l kip per ft. and that the 
other dimensions are as given by Eqs. (6) of the preceding article (see 
page 379). With these numerical data the distribution factors are cal- 
culated as shown in the figure. We start with a calculation of the 
fixed-end moments, assuming that joints 6, c, and d are locked and that 
there are hinges at the ends a and e. The calculated values of these 
moments in kip-ft. are given in the first horizontal line of the table above 
Fig. 427. The distribution of the unbalanced moments we begin from 



joint c, at which the unbalanced moment has the largest numerical 
value. The results of this distribution are given in the second horizontal 
line above joint c and in the second vertical line to the right of column 
eg. Considering, now, joints b and d, we distribute the moments there 
as shown in the third horizontal line above joints h and d and in the ver- 
tical lines to the right of columns hf and dh. This finishes the first cycle of 
calculation, the results of which are underlined in Fig. 427. The second 
cycle we again begin with joint c, at which we have the unbalanced 
moment “~(5.43 -j- 1.15). The results of the second distribution at this 
joint and also at the joints b and d are again underlined in the figure. 
There is given in the figure also the third cycle of calculation, which gives 
only very small corrections of end moments; thus we conclude the cal- 
culations with this cycle and put under the double lines the sums of the 
initially calculated fixed-end moments and of all corrections that give 
us the required end moments. The same numerical values were obtained 
[see Eqs. (/), page 381] by the direct solution of the corresponding system 
of Eqs. (d) (see page 380). 

The method of successive approximations can be used also in case 
the continuous frame is free to move laterally. Let us take again the 
example shown in Fig. 427. The calculated end moments in the columns 
produce on the girder ac the horizontal shear action in the direction 



390 


THEORY OF STRUCTURES 


[Chap. VIII 


from, right to left 'equal to 

3 Mhf + Meg + Mdh _ 3 

' ' /2-, ■ h 2 


■11.19 + 18.30 - 2,62 
12 


5611b. (i) 


To prevent a lateral movement, a horizontal external force of the same 
magnitude but acting from left to right must be applied. If there is 
no such force and the frame is free to move laterally, it will move to the 
left by such an amount as to produce shearing forces at the top of the 
columns sufficient to balance the above-calculated force (f)- In dis- 
cussing the end moments and shearing forces produced by lateral move- 
ment alone, we assume first that the joints 6, c, and d do not rotate during 
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this movement. Then the end moments equal to — fifes/Os/, -‘QhcgQcg, 
— QkdhBdh will be produced at the ends of the columns 6/, eg, and dh [see 
Eqs. (77)]. In our case all these end moments are equal since the stiffness 
factors and the angles of rotation are the same for all columns. Since 
we do not know in advance the magnitude of the displacement, we start 
the calculation by assuming that it is of such magnitude that 

QkbfQbf = QkegOeg = Qkdh^dh = +1.000 kip-ft. 

The corresponding end moments are indicated in the first vertical lines 
to the right of the columns in Fig. 428. It is seen that there are unbal- 
anced moments equal to 1.000 kip-ft. in joints b, c, and d. Distributing 
them in the usual way, we finally obtain the values of the end moments 
written under the double lines. Having these moments, we calculate 
the shearing forces in the columns by using Eqs. (76), and we find that 
the total horizontal force acting on the girder ae in the direction from 
right to left is 

3(0.875 + 0 ^0) kip-ft. 

It is seen that to balance the horizontal force given in Eql (t) we have to 
QkhfObf = ^kcgBcg = ^kdhBdk ^ '-- 1^000 • kip-ft. = —1.38 kip-ft., 
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instead of the previously assumed value LOGO kip-ft. Hence the end 
moments due to lateral movement will be obtained by multiplying by 
— 1.38 the values given in Fig. 428. In this manner we find 


Mc\ 


Mde == -0.375 • 1.38 


-0.518 

kip-ft. 


These moments were obtained before by solving the system of equations 
of equilibrium in the preceding article (see page 383). 

66. Analysis of Btiilding Frames. — In the design of building frames we have to 
analyze complicated structures of the kind shown in Fig. 429. The solution of the 
problem is usually divided into two parts, (1) a calculation of end moments produced 
by vertical loads, assuming that there are no lateral 

movements; (2) a calculation of end moments pro- ^ ^ q p 

duced by lateral movements, the latter being pro- 
duced, not only by lateral, but also by vertical 

loads. a TIIITITn i lT 6 c d 

If there are no lateral movements, 'we apply the 
method of successive approximations described in 

the preceding article. Using the known dimen- ^ U ^ 

sions of the structural elements, we calculate the 

distribution factors for the members meeting at ^ ^ ^ 

each joint. We calculate also the fixed-end mo- ^ ^ 

ments produced by actual loads. When this pre- 
liminary work is finished, we start with distribution 
of unbalanced moments and proceed in exactly the 

same manner as already described in the preceding Tig. 429. 

article. 

If the load is applied in one span only, the end moments produced by it diminish 
rapidly as we consider joints farther and farther away from the loaded span. Using 
this fact, we can simplify the calculations by considering, instead of the entire struc- 
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ture, only a portion of the structure adjacent to the loaded member. Assume, for 
example, that, for the case shown in Fig. 429, the load covers only one span ah. Then 
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an approximate solution is obtained if we consider only the portion of the structure 
shown in Fig. 430a and assume that the upper joints m, n, o, the lower joints e, f, 
and joint d are fixed. Assuming that the fixed-end moments and the distribution 
factors have the numerical values indicated in the figure, the results of the first cycle 
of calculation will be as underlined by the heavy lines in the second and third lines 
in the figure. There are shown in the figure, also, the calculations of the second and 
third cycles, and under the double lines the final values of the end moments are 
given... , 

If more accurate values of the end moments at the joints a and b are required, the 
effect of rotations of the joints n, e, and /on these moments can be readily taken 

into account. This calculation is shown in Fig. 
4306. We start by writing in the end moments Mab 
= -13.14, Mae - +7.89, and Mam = +5.26, ob- 
tained from our previous calculation. The carry- 
over moments at joints m and e are then +2.63 
and +3.95, respectively, as shown in the first verti- 
cal line in the figure. Hence at joints m and e there 
are the unbalanced moments —2.63 and —3.95. 
Unlocking these joints and assuming that tma == i 
and Tea — we distribute the moments and find 
the carry-over moments —0.44 and —0.46 at joint 
a as shown in the second vertical line. Distributing, 
now, the corresponding unbalanced moment + (0.46 
+ 0.44) at a, we finally obtain under the double lines 
* the required corrected values of the end moments at 
joint a. In a similar manner the corrected values of 
the end moments at joint 6 can be calculated. When all calculations, made on the 
assumption that there are no lateral movements of the structure, are finished and the 
numerical values of all end moments for columns are obtained, w^e calculate, by 
using Eqs. (76), the horizontal forces acting on each floor of the building. 

The calculation of the end moments produced by horizontal forces will now be 
explained by a simple example of a symmetrical three-story frame loaded as shown 
in Fig. 431.* We begin with a discussion of the three auxiliary problems shown in 
Fig. 432, in each of which we assume a relative horizontal displacement in one story 
only. In the case shown in Fig. 432a, we assume first that the upper part of the 
frame is displaced horizontally without any bending. To produce such a displace- 
ment, a proper horizontal force is applied at 6, and also couples are applied at joints 6 
and / of such magnitude as to prevent any rotation of these joints. If Ai is the magni- 
tude of the displacement, the end moments at the tops of the columns of the first 
story will be 

Mba — Mfe ^ -~Zkab~T~' 

ai 

For our further calculation let us assume some numericah value for these moments, 
say Mba — Mfc — 9kip-ft. Now we assume that any further lateral movements of 
the joints of the frame are prevented by special constraints, and we unlock the joints 
6 and/. In calculating the end moments resulting from rotations of the joints, we 
observe from symmetry that there will be inflexion points at the middles of the 
girders. We can assume hinges in these points and consider only one-half of the frame 

* This example is discussed in the mimeographed course of lectures on frame struc- 
tures given at the University of Michigan by L.C. Maugh. 
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as shown in Fig. 433a. The numbers proportional to the stiffness factors of the 
girders, indicated in Fig, 431, must now be multiplied by 2, and three-quarters of 
these values must be used in calculating the distribution factors. The values of 
these factors are indicated in Fig. 433a. Starting calculations with joint 5, in which 
we assumed an unbalanced moment of 9 kip-ft., we obtain as usual the values of all 
end moments. They are written under double lines in Fig. 433a. Upon substituting 
these moments in Eqs. (76), the shearing forces in all columns and the horizontal 
forces acting on the girders are obtained. These latter forces in kips are as indicated 



in Fig. 432a. Combining them, we obtain the horizontal forces that must be applied 
at joints 6, c, and d to keep the frame in the assumed displaced position with all 
joints unlocked. These forces are also indicated in Fig. 432a. 

Considering the problem in Fig. 4326, we assume that, by a proper application of 
horizontal forces and couples at the joints 6, c, g, and /, the upper story of the frame 
is displaced with respect to the lower story so that only the columns fee and fg are 
bent. If A2 denotes the amount of horizontal displacement, the end moments for 
these columns are 

Mhc — Mch — M fg ~ Mgf = Qkbc 

Taking for these moments an arbitrary value, say —10 kip-ft., and assuming that 
there is no lateral movement of the frame from its displaced position, we unlock the 
joints and calculate as usual the resulting end moments and horizontal shear forces. 
These moments are given in Fig. 433fe, and the shear forces and horizontal forces 
required to produce the assumed lateral displacement A2 are shown in Fig. 432fe. 
The case shown in Fig. 432c can be treated in a similar manner. Assuming for the 
end moments in columns cd and gh the value —6 kip-ft., we obtain the values of the 
end moments and horizontal shear forces as shown in Fig. 433c and Fig. 432c, 
respectively. 

After solving the three auxiliary problems in Fig. 432, we can, by a proper com- 
bination of these solutions, obtain the required solution for the horizontal forces 
shown in Fig. 431. It is evident that, if the displacements Ai, A2, and A3, which were 
assumed in the auxiliary problems, are changed in a certain proportion, the corre- 
sponding horizontal forces will change in the same proportion. Assume, now, that 
the displacements are Aia:, A2y, A32, and select the values of x, 1/, and z in such a way 
that the superposition of the horizontal forces corresponding to these displacements 
will give us the actual horizontal forces. To accomplish this, we have only to multiply 
the horizontal forces given in Figs. 432a, 432fe, and 432c by x, y, and z, respectively, 
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and after superposmg them put the obtained resultant forces equal to the actual 
horizontal loads in Fig. 431. In this manner we obtain the equations ■ 


0.051a; - 0.392?/ -b 1.1842: 4, V 

-0.521a; -b 2.386?/ 1.5762: -= 8, I (a) 

1.336a; - 2.229?/ + 0.4172: = 8, I 

which give 

X ^ 26.61, y = 13.63, s = 6.75. 

To calculate the actual end moments for the members of the frame in Fig. 431, 'we 
have to multiply the moments given in Figs. 433a, 4335, and 433c, respectively, by 
X, y, and z and then superpose the obtained results. In this manner we obtain 


Mba = -6.928 • 26.61 + 1.882 • 13.63 - 0.202 • 6.75 = -160.1 kip-ft. (5) 


To check this result, we observe that in our case the total horizontal load 
4 ^ g g -a 20 kip-ft. is equally divided between the two supports a and c. Hence 
the ttue value of Mba is —10 • 16 = -160 kip-ft. For the remaining end moments 
in the columns, we obtain, by using equations similar to Eq. (6), the foliovring values: 
Mbe ~ —25.3 kip-ft., Mcb - —46.7 kip-ft., Med “ —7.8 kip-ft., Mdc = —16.1 kip-ft. 







*3.218 





-0.47! 




(c) 


We have considered here a frame with three stories (Fig. 431), but the same method 
can be used for any number of stories. As the number of stories increases, the 
number of equations of equilibrium similar to Eqs. (a) naturally increases and the 
amount of arithmetical work required may become very great. However, to obtain 
a satisfactory approximate solution, we do not need to consider all stories of the 
frame simultaneously. The effect on the end moments of the lateral distortion 
assumed in one story dies out rapidly as we go farther and farther from the distorted 
story. Hence we can get a satisfactory approximation by considering each time 
only three consecutive stories. In analyzing lateral deflections of a building frame 
like that shown in Fig. 429, we start from the top of the building and consider the 
three upper stories. Assuming that there are hinges at the mid-points of the columns 
in the third story from the top, we obtain a problem similar to that in Fig. 431, and 
we can calculate all end moments after solving a system of three equilibrium equations 
similar to Eqs. (a). The results obtained in this way will not be exact, but they will 
be accurate enough for the top floor. We can then remove the upper story, replace 
its action on the remaining portion of the frame by the forces and the moments that 
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have already been calculated, and consider again only three consecutive stories by 
assuming hinges at the mid-points of the columns of the fourth story from the top, etc. 

67, Effect of Temperature Change on Bending of Frames— Let us 
begin with a uniform change in temperature of a structure. If the 
supports are arranged in such a manner that 
the structure is free to expand, as shown in Fig. 

434, no additional stresses will be produced by 
a uniform temperature change. Often, how- 
ever, especially in reinforced-concrete structures, 
the members are rigidly attached to the 

foundation, and any temperature change produces bending, which must 
be considered. Take, for example, a symmetrical frame ahod (Fig. 435a). 
Any uniform temperature increase of this frame increases the length 
of its members, which produces bending of the members as indicated in 
the figure by dotted lines. It is seen that equal elongations of the two 
columns can occur freely and that the girder he moves in this case ver- 
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tically without bending. On the other hand, an expansion of the girder 
produces bending in all members of the frame. Let A denote the thermal 
expansion of the girder. Then, from s,ymmetry, we conclude that the 
deflections of the upper ends of the columns are equal to A/2, and we 
obtain 

Oed ~ Oflfe = 2^* (^) 

Assuming first that the joints h and c are locked, we find the fixed-end 
moments from Eqs. (77) (page 373), which give 

A ' ^ 

2^ 


Wba = -^cd = 6j*Ca 


(h) 


Now unlocking the joints and observing that from symmetry — —^ 5 , 
we find the angle of rotation of joint c from the equilibrium equation 
(74),' which gives - , 

(^^ab ^kt,c)dc = (c) 
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The end moments at joint c, then, are 

Furthermore, from symmetry we conclude that 

Mhc = —Mchj Mha = — M cd‘ 
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; m 

ikah 4 “ 2 kbc h 


If the lower ends of the columns are hinged, as shown in Fig. 4355, 
we obtain, instead of Eq. (5), " 

A 


^ha = == Skah 


and, instead of Eq. (c), 


(Skab + 2kbc)0c == 3fca6 


Then, 


2h 

2h 


M^b - -ilf. 


Skdbkbc 


cd 


^kdb I 2kbc h 


In the case of a nonsymmetrical frame (Fig. 436) we divide the 
calculation of moments, produced by a uniform temperature change, into 
two steps. First we assume that any lateral displacement of joint b 

is pi’evented by some constraint and calculate 
the angles Obc and Ocd, shown in Fig. 436, by 
using the known thermal elongations Ai, Aa, 
As of the members. The corresponding fixed- 
end moments then are 

= —6kcdOcd, = ^hc = “6ib&c0&c. 

With these fixed-end moments we calculate, 
in the usual manner, the end moments in all 
members of the frame and also the horizontal 
shear forces acting on the girder he. In the 
second step of our calculation, we assume some 
lateral mov^ement of the girder; and, proceeding as before (see page 
377), we finally adjust this movement in such a way as to balance 
the previously calculated horizontal shear forces acting on the girder 
by the shear forces due to lateral movement. More complicated frames 
can be analyzed in the same manner. 

The described method of analysis can be applied also to investigate 
the effect that the elongations of the members of a frame due to axial 
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forces may have on the bending of a frame. The analysis of frames in 
Art. 61 was based on the assumption that axial deformations of structural 
members can be neglected. If we wish to take these deformations into 
consideration, we treat our previous results as an approximation and 
apply them to calculate the axial forces and axial deformations in all 
members of the structure. The changes in length, obtained in this way, 
can then be used in exactly the same manner as we just used the thermal 
changes in length, and we can calculate the additional moments at joints 
produced by axial deformations. 

These moments are usually negligible 
in frame structures, but they may 
become important in trusses with rigid 
joints. This latter question will be 
discussed in the next article. 

Let us consider now a particular case 
of nonuniform temperature distribution in 
a member of a frame and assume that the 
temperature at the neutral plane of the mem- 
ber remains unchanged, while in other planes 
it varies in proportion to the distance from 
the neutral plane. In such a case the length 
of the member remains unchanged, but' the 
member becomes curved. Let t denote the difference in temperatures of the two 
most remote fibers of the member, a the coefficient of thermal expansion, and d the 
depth of the cross section. Then the curvature of the member produced by such 
nonuniform heating is found from the equation (see Fig. 437o) 



d _ od dx 
r ^ dx 

which gives 

1 ^ ^ 
r d 


(e) 


We can prevent the member from bending and keep its axis straight by applying end 
moments (Fig. 4376) of the magnitude^ 


iHfoa Af. ah 


El 


Elat 

d 


if) 


Having these moments for each nonuniformly heated member of a frame and con- 
sidering them as fixed-end moments, we can calculate the end moments for all mem- 
bers by the same procedure we should use if the fixed-end moments were produced 
by lateral loads. 

Take, for example, the frame in Fig. 435a. If the horizontal girder he is non- 
uniformly heated, as assumed in Fig. 437, there will be fixed-end moments 


“ “■ ~ JCbcat * 


I 

d 


^ In the derivation it was assumed that for an observer moving from a to 6 the 
temperature is higher to the right of axis a6. 
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Unlocking the joints, we obtain the angle of rotation Be from Eq. (74), with Bb 
which gives 

(4i^!!c<Z “H ^keb') Be “ ““ JCbcOit 


from which 


The thermal end moments then are 




4:kcd Hh ^keb d 


li/r 71 yf ^kbeked . ^ 

Med ^ -Me, d 


The same method is applicable if there are several nonuniformly heated members 
in the frame. 

68. Secondary Stresses in Trusses. — In our previous analysis of trusses, it was 
always assumed that the truss members are joined by ideal hinges and that the loads 
are applied only at the joints. Thus the members of a truss are subjected to axial 
forces only, and these can be determined by the methods discussed in Chaps. II 
and VII. In actual cases the joints are usually riveted or welded; and because of 
this fact the members undergo, not only axial forces, but also bending. This bending 
can be analyzed as explained in the preceding article. In the case of building frames, 
in which the members carry lateral loads, the influence of such secondary bending on 
maximum stresses is usually negligible. But in bridge trusses, where the loads are 
applied only at the joints, all fixed-end moment's vanish, and the only bending we 
have to consider is that due to changes in the lengths of the truss members. Naturally, 
under such circumstances, it must be considered in more detail. 

Stresses produced by axial forces are usually called 'primary stresses, while those 
due to bending are called secondary stresses. In discussing secondary stresses we shall 
consider only trusses in one plane and assume that this plane represents the plane of 
symmetry for all members and that external loads are acting in the same plane. 
Then secondary bending of the members of a truss 'will occur in the plane of symmetry 
and there will be no twisting of members.^ 

Let us begin with a discussion of the symmetrical structure ahe, shown in Fig. 
438a, which consists of three members rigidly connected at the joints. Under the 
action of a vertical load P the inclined bars ah and be undergo compression, 'while the 
horizontal bar ac undergoes extension. Owing to the rigidity of the joints, the ends of 
the members cannot rotate with respect to each other during deformation, and some 
bending ensues. In this case the bending is easy to visualize since joint h must 
move down to hi and joints a and c are moving apart to positions ai and ci. At the 
same time the angles between the tangents to the elastic lines at the ends of the bars 
must remain unchanged. Hence, bending must be as shown with some exaggeration 
in the figure. The rigid joint f>, from symmetry, does not rotate during this deforma- 
tion, while joint a rotates clockwise and joint c counterclockwise by the same amount. 
On the bar a& there will act, not only the axial forces (Fig. 4385), but also the end 
moments Mha, Mab and the shearing forces Ta6 and Vba- Considering, now, the forces 
acting on joint h (Fig. 438c), we see that the load P is balanced, not only by the axial 
forces S in the bars, but also by the shearing forces V. This indicates that the axial 
forces calculated on the assumption of ideal hinges at the joints are not the exact 
values of these forces in the case of a truss with rigid joints. However, this dis- 


^ For a discussion of twist see ^'Strength of Materials,” vol. II, p. 265. 
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crepancy is small and usually can be neglected. Some idea regarding the magnitudes 
of the shearing forces V in our example (Fig. 438) can be obtained from the following 
considerations: Let us assume that If to — and introduce the notations 
o-p ~ primary stress/ 
as = maximum secondary stress, 
r = length of the bar, 

d = depth of the bar in the plane of bending, 

A — cross-sectional area of the bar, 

Z = the section modulus of the cross section of the bar. 

Then, 

S “ AcTj), (C') 

jy, 2Mba 2asAi^ . . 

^ = “T = -1^- 

P 



Fig. 438. 

Assuming d — 0.1^, ^ = 0.4d, c = 0.5d, we find, by comparing expressions (a) and (5) 
that ' 

V = 0.064S-- 

ap 

This shows that, when as is as large as 50 per cent of ap, the shearing force is only 
about 3 per cent of the axial force. In our further discussion it will be assumed that 
the shearing forces are negligible and that the axial forces calculated on the assumption 

* This is the case if the horizontal member ac is absolutely rigid. Owing to 
flexibility of this member, Mab is smaller than ilf&a, and the discussion gives for V an 
exaggerated .value. 
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of ideal liinges represent with sufficient accuracy the true axial forces in the members 
of a truss with rigid joints.^ 

We assume also that the changes in distance between joints depend entirely on 
the extensions or contractions of the members and that the changes of length due to 
curvature of the members can be neglected. This assumption is also accurate enough 
if we are dealing with stocky members such as compression members of heavy riveted 
bridges, where the calculation of secondary stresses becomes of practical importance. 

The foregoing assumptions greatly simplify the analysis of secondary stresses 
since they allow us to divide the problem into two steps. First, assuming ideal hinges, 
we calculate all axial forces and the corresponding displacements of the joints. For 
this latter part of the calculation, we can use the methods discussed in Chap. VI. 
Using, for example, the Williot diagram, we obtain graphically the displacements of 
all joints. Then, taking a specific member, we determine from this diagram the 
components of the displacements of its ends in the direction perpendicular to the axis 
of the member. With these components, the angles of rotation such as the angle Bab 
in our example (Fig. 438a) can be calculated readily. This finishes the first step in 
the analysis of secondary stresses. 

In the second step, we introduce one more simplification, namely: we neglect the 
effect of axial forces on bending of the truss members. This does not cause sub- 
stantial errors in the case of stocky compression members, for which secondary stresses 
are of practical importance, and represents common practice in bridge engineering.^ 
With this final simplification, the problem of secondary stresses becomes similar to 
that of calculating end moments in frame structures. We write for each joint of the 
truss an equation of equilibrium [see Eq. (74) and Eq. (77)], 

= fiSfcaiOat, (c) 


in which the summation includes all members meeting at the joint under considera- 
tion, The right sides of these equations can be readily calculated since the angles Bai 
are already determined from the Williot diagram. The solution of Eqs. (c) can then 
be made by successive approximations as explained in Art. 65. We have only to 
consider, instead of fixed-end moments, produced by lateral loads, the fixed-end 
moments, such- as —QkaiBaif due to angular displacements Bai of a bar ai: 

For the example in Fig. 438, the Williot diagram is shown in Fig. 438d. Upon 
taking joint a as immovable and observing that joint c has a horizontal displacement Oc, 
the displacement of joint 6 is represented by the vector Obj and the component of this 
displacement perpendicular to the member ah is db. Dividing the length db by the 
length of the bar a5, we obtain the angle Gab. Assume, for example, that the numerical 
value of the angle obtained in this manner is 0.001. Assume also that 

kab ~ he = kac — 2 • 10® ft.-ib. 

^ The effect of shearing forces can be taken into account later, as explained on p. 
401. 

® The first complete analysis of secondary stresses is due to H. Manderla, Jahresher, 
Tech, Hochschule Muncherij 1878“1879, p. 18, a>nd Allg€meine Bauzeihmgj l8SQ. It 
considers the effect of axial forces on bending of members, which naturally compli- 
cates the calculations. Omitting this effect of axial forces, 0. Mohr considerably 
simplified the secondary-stress analysis and gave it a form that has found wide practi- 
cal application; see his work in Zimlingenienrj 1892, p. 577, and 1893, p. 67. A review 
of methods of secondary-stress analyms in bridges is given in the book by G. E. Grimm, 
^'Secondary Stresses in Bridge Trusses,^' 1908. A more recent review is given b^^ 
Cecil Von Abo in Tmns. A./S.G.jE?., voL 89. 
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Efltaft == ^Iba = -Mbc = = -ekabOub = “12,000 ft.-lb. 

Unlocking the joints and observing from symmetry that dh = 0 while dc 
obtain for joint a, from Eq. (c), 


Hence, 


(Akah d” 2Ajac) da — Qkab^ah’ 


Ba = Bab = 0.001. 


The distributed moments then are 


Mab “ Akabda == 8,000 ft.-lb., 

Mac — 2kacda — 4,000 ft.-lb. 


(d) 


“6»a, we 


The total end moments are obtained by superposing the distributed moments on the 
fixed-end moments (d), which gives 

Mab == “12,000 + 8,000 - -4,000 ft.-lb., 

Mac = “Mca = 4,000 ft.-lb. 

Considering also the carry-over moments, we obtain 

Mba - -Mbc = -12,000 -{-4,000 = -8,000 ft.-lb. 

The largest moments are at joint 5. They must be considered in calculating maximum 
secondary stress. 

Having the foregoing values of end moments, we can improve our solution by 
calculating the shearing forces Y and evaluating that part of the load P which is 
balanced by these forces. Only the remaining part of P is balanced by the axial forces 
Sj and we can obtain a better approximation for these forces and for the axial defor- 
mations of the members. With these new values of the axial deformations, a better 
approximation for the angle Bab and for the end moments can be obtained. In 
practical applications, however, such refinement in calculation is usually not justified. 

With the approximate values of axial forces and end moments, we can investigate 
also the deflection of members and find the magnitude of errors that result from 
omitting the influence of axial forces on bending, and the effect of curvature on lengths 
of members.^ 

As a second example, let us consider the truss shown in Fig. 439, loaded at the 
middle. 2 All necessary dimensions are given in Table X.* By using the figures in 
the last column of this table, the axial deformations of all bars can be calculated, and 
the Wiiliot diagram can be constructed. The angles 0 for all bars can be obtained 
from this diagram. Multiplying these angles by the corresponding values of — 6HJ 
we obtain the fixed-end moments given in the sixth column of the table. All these 
moments are negative since each 0 is positive for the left-hand part of the truss. The 

^ These effects may become important in the case of slender members as in air- 
plane structures. See papers by B. W. James, W.A.C.A. Tech. Note 5M, 1935, and 
by N. J. Hoff, J . Aeronautical Scu, vol. 8, p. 319, 1941. 

2 T]iis example is discussed by using somewhat different methods in the book by 
Johnson, Bryan, and Turneaure, “Modern Framed Structures,” pt. 2, p. 441, and also 
in the book by J. I. Parcel and G. A. Maney, “Statically Indeterminate Stresses,” 
■p. 323. ■■■ 

* The truss is symmetrical, and all calculations are made for the left haMt Joints 
6 and 7, from svmmetry, do not rotate. 
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calculations required in using the method of successive approximations are given in 
Fig. 440. Starting the distribution of moments with joint 5, in which the unbalanced 
moment is the largest, and proceeding in the usual way, we finally obtain the end 
moments written tinder the double lines in Fig. 440. Using these moments and the 



figures in columns (4) and (5) of the tabled we can calculate the secondary stress at 
each end of each member. The largest secondary stresses in this case occur in the 
horizontal bars at joints 7 and 6. These stresses are shown in Fig. 439. For the 
bar 4-7, the secondary stress is about 66 per cent of the primary stress given in column 
(7) of the table. 

Table X 


( 1 ) 

Member 

(2) 

Area, 

in.^ 

(3) 

Length, 

in. 

(4) 

I, 

in.'* 

1 (5) .. 'i 

in. 

(6) 

l 

Ib.in. 

1 

(7) 

^P7 

lb. /in.® 

1-2 

29.44 

320 

1,218 

9.12 

1 -1,145 

+ 7.30 

1-3 

58.49 

490.7 

4,490 

1 9.54 
114.08 

-2,384 

- 5.63 

2-3 

16.00 

372 

94.8 

5.4 

- 49 

0 

2-4^ 

29.44 

320 

1,218 

9.12 

-1,107 

+ 7.30 

3-4 

29.42 1 

490.7 

805 

7.5 

- 350 

+11.35 

3-5 • . 

52.35 

320 

3,978 

1 9.19 
114,43 

-4,440 

- 8.20 

4-5 

26.48 

372 

750 

7.5 

- 226 

- 9.42 

4-7 

45.48 

320 

1,907 

9.12 

^ -1,932 

+ 9.45 

5-6 

52.35 

320 

3,978 ’ 

f 9.19 
114. 43 

-3,220 1 

-12.3 : 

5-7 

20.58 

490.7 

358 

6.0 

- 107 

+16.0 

6-7 

14.70 

372 

288 

6.0 

0 

0 


The foregoing example shows that, by using the method of successive approxima- 
tions, the secondary stresses may be obtained without much difficulty. Such stresses 
are especially important in the design of compression members. 

In the analysis above it was assumed that the axes of all members meeting at a 
joint intersect in one point. If some members are attached to a joint with certain 
eccentricities, the corresponding moments must be treated as external moments and 
must be algebraically added to the previously considered unbalanced moments pro- 
duced by rotations of the« members. 

1 For bars 1-3, 3-5, and 5-6, unsymmetrical with respect to their gravity axes, 
two values of c are given in column 5. 
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The lengths of members in the preceding analysis were taken as the theoretical 
lengths, Ae., the distances between the centers of joints. Actually, the ends of each 
member are reinforced by plates at the joints; and, to take this fact into consideration, 



Fig. 440. 


Eqs. (c) must be replaced by those developed for members of variable cross section.^ 
Calculations of this kind indicate that reinforcements at the joints may have a con- 
siderable influence on the magnitude of secondary stresses.^ 


69. Simply Supported Beams of Variable Cross Section. — Often, 
especially in reinforced-concrete structures, beams are deepened near 
their supports as shown in Figs. 441a and 4416 in order to avoid the sharp 
re-entrant corner that otherwise occurs at the junction of abeam with a 
column. In such a case there arises the question of how the haunches 
affect the angles of rotation of the ends of the beam. To calculate these 
angles, we use Eqs. (42) of Art. 56. Multiplying and dividing these 
equations by the constant moment of inertia Jo of the uniform portion 
of the beam, we obtain 



1 See Art. 70. 

2 See paper by K, A. Calisev previously mentioned (p. 384). 
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In this manner ■ the problem is reduced to that of a beam of uniform 
flexural rigidity EIq. To take care of the cross-sectional variation, we 
have only to use MIq/Ij instead of M. This means that the fictitious 
load is given in this case by the modified bending-moment diagram, 
obtained by multiplying the bending moment at each cross section by the 



P 



c 



ratio Iq/L Take, for example, the case shown in Fig. 442a. A beam 
with reinforced ends is bent by a load P applied at the middle. The 
modified bending-moment diagram is shown by the shaded area in Fig. 
4426. Along the reinforced portions of the beam, of length XZ, the 
ordinates of the bending-moment diagram ac6 are reduced in a constant 
ratio The angles of rotation of the ends of the beam are now 

obtained if we divide by jBIo the shearing forces produced at the ends 
of the beam by the fictitious load represented by the shaded area in Fig. 
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4426. It is seen that owing to the reinforcement of the ends of the beam 
these angles of rotation will be diminished in the same ratio as the fic- 
titious load is diminished when we replace the bending-moment area acb 
by the modified bending-moment area. Assume, for example, that 
X = -i and lo/h = i. Then the fictitious load is reduced in the ratio 
7 : 8, and the angles of rotation will be diminished by one-eighth of the 
values obtained for a beam having uniform flexural rigidity EIq, 

In such cases as shown in Fig. 441, the ratio lo/I varies along the 
length of the haunches, and instead of the straight lines ad and eb shown 
in Fig. 4426 we shall obtain certain curves. We always can trace these 
curves with sufficient accuracy by dividing the length \l of a haunch into 
several parts and calculating the ratio lo/I for each division part. Natu- 
rally the shape of the modified bending-moment diagram will depend on 
the form of the haunches. Assume, for example, that the beam with 
straight haunches (Fig. 4416) is bent by a couple Mab applied at the end A, 
Then the bending-moment diagram is the triangle shown in Fig. 441c. 
Since the depth of the beam increases linearly with the distance ^ from 
the uniform portion of the beam and since I is proportional to the cube 
of the depth, we obtain 


/ = Jo 



where h is the moment of inertia at the support. Taking, for example, 
Ji//o = 10, X = 0.3, we find 


= 

0 

1 

1 

2 

3 

4 

1 

u/i = 

1 

0.467 

0.255 

0.154 

0.100 


The corresponding modified bending-moment area is shaded in Fig. 
441c. Treating this area as a fictitious load and calculating the cor- 
responding shearing forces at the ends of the beam, we obtain the angles 
of rotation 

= 0 . 526 ^, 06 . = - 0.760 

In a similar manner the angles of rotation of the ends can be calculated 
for other shapes of haunches and for various kinds of loading. 

For the shapes of haunches that are most often encountered in 
practical applications, there are tables calculated from Eqs. (81). 
Using such tables, the problems of bending of beams of variable cross 
section can be easily solved.^ For illustration we shall consider the sym- 

1 Such tables were calculated by A, Strassner ; see his book, Neure Methoden zur 
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metrical beams of rectangular cross section shown in Fig. 441. The 
first of these beams has parabolic haunches, and the second has straight 
haunches.. If an end moment Mab acts on such a beam, the angles of 
rotation can be calculated from Eqs. (81) and represented by the following 
equations, 

. ^ Mubl , __ Mabl 

where and <Pba are numerical factors, smaller than unity, representing 
the effect of haunches on the angles of rotation. These constants depend 
on the ratio X of the length of a haunch to the length I of the beam and 
also on the ratio n = h/Ii. The values of these factors for parabolic 
and straight haunches are given in Tables XI and XII, respectively. 


Table XL-— Constants (pab and <pya for Parabolic Haunches (Fig. 441a) 


X 

n = 

0.60 

0.30 

0.20 

0.15 

0.12 

0.10 

0.08 

0.06 

0.05 

0.04 

0.03 

0.02 

0.50 

(pab == 

(pba = 

0.820 

0.904 

iO.640 

0.790 

0.559' 

0.731 

0.510 

0.G93i 

0.476 

0.665 

0.45l' 

0.642i 

0 . 422 ' 

0.616 

0.389 

0.585 

0.370 

0.566 

0.348 

0.543 

0 . 323 ' 

0.515 

0.292 

0.479 

0.40 

! (pab = 

(pba = 

0.850 

0.935 

0.699 

0.858 

0.631 

0.818 

0.589 

0.792 

0.560 

0.773 

0.539 

0.757 

0.515 

0.739 

0.486 

0.718 

0.470 

0.704 

0.452* 

0.6891 

■ 

0.430 

0,670 

0.403 

0.644 

0.35 

(pab “ 

(pba = 

0.866 

0.949 

0.730 

0.889 

0.669 

0.857 

0.631 

0.837 

0.605 

0.821 

0.586 

0.809 

0.564 

0.795 

0.538 

0.777 

iO. 524 ' 

0.767 

0.507 

0.754 

0.487 

0.739 

0.462 

0.719 

0.30 

■ <pab 

^ba ^ 

0.883 

0.962 

0.763 

0.916 

0.709 

0.892 

0.676 

0.876 

0.653 

0.865 

0.635 

0.856 

0.616 

0.845 

I0.593 

0.832 

0.580 

0.824 

0.565 

0.814 

0.547 

0.803 

0.525 

0.787 

0.25 

(pah ~ 

<pba ™ 

0.899 

0.973 

0.797 

0.940 

0.751 

0.923 

0.722 

0.913 

0.702 

0.904 

0.687 

0.897 

0.671 

0.889 

0.651 

0.880 

|0.639 

0.874 

0.626 

0.867 

0.611^ 

0.859 

0.592 

0.848 

0.20 

(pah ~ 

(pba ~ 

0.918 

0.982 

0,834 

0.96ll 

i 

0.795 

0.950 

0.771 

0.942 

0.755 

0.937 

0.743 

0.932 

0.729 

0.927 

0.712 

0.921 

0.703 

0.917 

0.692 

0.913 

0.679 

0.907 

0.663 

0.900 

0.15 

(pab ~ 

ipba ~ 

0.937 

0.990 

1 

0.872' 

0.977^ 

0.842 

0.971 

0.823 

0.967 

0.811 

0.964 

0.801 

0.961 

0.790 

0.958 

0.777 

0.954 

0.770 

0.952 

0.761 

0.950 

0.751 

0.946 

0.738 

0.942 


If a uniformly distributed load acts on a beam of the form shown in 
Fig. 441, the angles of rotation of the ends are numerically equal and are 
represented by the equation^ 


Statik der Rahmentragwerke,’^ 4th ed,, voL I, Berlin, 1937. Following the work of 
Strassner, W. Rnppel prepared an extensive set of tables for haunched beams; see 
Trans. A.S.C.E., vol. 90, p, 152, 1927. A useful series of charts for calculating beams 
of variable cross section are given also in the book by It. Guldaii, “ Rahmentragwerke 
und Diirchlauftrager,^’ Vienna, 1940. The curves used in our further discussion of 
beams of variable cross section are taken from the latter book.^ ^ 

^ This can be proved by using Eqs. (81). See the above-mentioned book by 
A. Strassner, p. 83. 
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Solving these equations for Mab and Mta, we obtain 


in.6 = ~ (oie^ + pOba) 8 g , ) 

Mta = ^ + m) -7^Qab+ 8 j 

where a, p, y, and 5 are beam constants having the following values: 


12(pah 


— <Pba^ 

^ f /D 

y = o = o; + ft 

^ha 






^<Pba 


(87) 


2(pab + ^ba 


Equations (86) are the slope-deflection equations for uniformly loaded 
symmetrical beams of variable cross section. 



When n = Jo//i = 1, we have <pah 1, a = 4, = 2, 7 = 6^ 

5 = 1 and Eqs. (86) coincide with Eqs. (48). To simplify the use of 
Eqs. (86), charts for the coefficients a, ft and 5 have been constructed for 
various shapes of beams. Figures 443, 444, and 445 represent such 
charts of a, ft and 5, respectively, for beams with straight haunches as 
shown in Fig. 4416. Some applications of these curves will be showm 
later. 

In the case of a concentrated load P (Fig. 446) the slope-deflection 
equations are 

Ma> = ~(ada + peta) - y-Oab - VabPl, 

Mia = ^ (adia + fiOai) “ 7 ^ OaJ + nbaPl 


( 88 ) 
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X 

Fig. 445 . 





Art. 70] 


BEAMS AND FRAMES 


These equations differ from Eqs. (86) only in the last terms, depending 
on the kind of lateral load. The values of the constants riai and iqha 
calculated for beams with straight haunches and for various positions 
of the load P are given by the curves in Figs. 447 and 448. * 


X=030 




X=0.25 


Fig. 448. 

70, Statically Indeterminate Beams of Variable Cross Section.—* 
By using the slope deflection equations of the preceding article, various 
statically indeterminate problems for beams of variable cross section 

* In the previously mentioned book by R. Guldan there are given charts also for 
symmetrical beams with parabolic haunches and for some unsymmetrical beams. 











412 


THEORY OF STRUCTURES 


[Chap. VIII 


can be readily solved. Let us begin with a beam one end of which is 
hinged and the other built-in (Fig. 393). If a known end moment Mab 
acts, as shown, the magnitude of the end moment If produced at the 
fixed end 5 is found from the second of Eqs. (84). Substituting 6ha = 0 
and q =’ 0 in this equation, we obtain 

= (89) 

If the form of the beam is such as is shown in Fig. 441a or Fig. 4415, 
the values of the constants (pba and (pah can be taken from Table XI or 
XII and the magnitude of the moment ilf carried over to the fixed end 
■By can be readily calculated. Since cpia is larger than (pah the carry-over 
factor (pbaj'^Tah is larger than ^ as for uniform beams (see page 340). 

To establish the relation between ilfo& and Qah we use the first of Eqs. 
(86).- Substituting ha = 0, Qab = 0, ^ = 0 in this equation, we obtain 

Mob = dab. ( 90 ) 

In the case of a symmetrical beam with straight haunches the value of a 
can be taken from the curves in Fig. 443. In the case of parabolic 
haunches, a can be calculated from the first of Eqs. (87) by using Table 
XI. 

If a uniform load acts on a symmetrical beam with one end built-in 
(Fig. 3936), the redundant end moment Mba is obtained from the second 
of Eqs. (84). Substituting Mab == 0, dba == 0 in this equation, we obtain 

Mba = ‘^f- Vgi) 

(pah ^ 

This moment can be readily calculated by using Table XI or XII. 

In the case of a concentrated force acting on the beam, we use Eqs. 
(88). Substituting ilf a6 = 0, 6ba — 0, Bab = 0 in these equations, we 
obtain 



To calculate this moment, we have in each particular case to substitute 
for the beam constants a, jd, Tjabj and ' 76 a the values taken from Figs. 443, 
444, 447 and 448. 

Let us consider now the case of symmetrical beams (Fig. 441) with 
both ends built-in and find the fixed-end moments. If the beam is 
uniformly loaded along the entire span, we use Eqs. (86). Substituting 
Oab = Sba == 0a6 = 0 in thcso equations, we find for the required fixed-end 
moments the following expressions: 
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(93) 

The values of d for straight haunches are given by the curves in Fig. 445. 
These curves show clearly how the end moments are affected by reinforce- 
ment of the ends. Take, for example, X = 0.3 and n = Jo/Ji = 0.3. 
Then, from the corresponding curve in Fig. 445, we find ^ = 1.165, and 
the required moments are 

sjtioi = -arite = -1.155- 2^- 


We see that, owing to haunches, the fixed-end moments in this case 
become larger by about 16 per cent than for a uniform beam. We 
see also from the curves in Fig. 445 that for smaller values of n and 
larger values of X the fixed-end moments may become still larger and that 
they approach the value 1.5gZ^/12 as n approaches zero and X approaches 
the value 0.5. It should be noted that, although the end moments are 
increased owing to the haunches, the section modulus at the ends of the 
beam is increased in a greater proportion. Thus any reinforcement of 
the ends of the beam results in some decrease of bending stresses at the 
supports. 

In the case of parabolic haunches the values of the coefficient 5 in 
Eqs. (93) can be readily calculated by using the last of Eqs. (87) together 
with Table XI on page 406. 

If a beam with built-in ends is loaded by a concentrated force P, 
we use Eqs. (88). Substituting dab = Oha = Oab = 0 in these equations, 
we obtain 

^ab = -VabPl, m.ba = VhaPl (94) 

The values of the factors ??«& and rjha for symmetrical beams with straight 
haunches are given by the curves in Figs. 447 and 448. We can see 
from these curves how haunches affect the values of the fixed-end moments 
if we observe that the curves marked n = 1 give us fixed-end moments 
for beams of uniform cross section. 

If bending of a symmetrical beam of variable cross section is produced 
by displacement of support B by an amount A with respect to support A 
and no rotations of the ends are allowed to occur during that displacement, 
we obtain the end moments from Eqs. (88) by substituting 


This gives 



dab 

1! 

11 

= 0. 

Mah = 


Elor. 

EIo 

~~y 

Qab - ■ 

_^T- 

Mba == 


Elor. 

EIo 

-T 




A 

T 

A 



( 95 ) 
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In the case of straight haunches, the factor 7 = a + in these equations 
can be determined by using the curves in Figs. 443 and 444. In the 
case of parabolic haunches, we use Eqs. (87) together with Table XI to 
calculate 7. 

Now let us consider a continuous beam of variable cross section. 
Assuming that all spans have symmetrical form as in Fig. 441 and 
considering two adjacent spans as shown in Fig. 395, we obtain, for a 
uniformly distributed load, from Eqs. (84), 


~ SE(Io)n 


Bn. 


w+l 


ZE{h) 


n+l 


Tn,n-{-l 


M n—l, 7 tln 

mEu 

“ 6^7(/o) 


<Pn-~-l,n 








24 :Eihy. 

“1 n A 1:1/ 7 ' \ <Pn+l >n- 


24J^(Jo) 


w+l 


In the particular case where all spans have the same constants and the 
same cross sections within the uniform portions of the spans, we obtain 


(-7o)ji (7 o)w4-1 ^ 0} ^n,n—l Tn,n-\-l Taby Tn—l,n — Tba- 

Equating the angles On,n-i and 6n,n-{-i and introducing bending moments 
at the supports instead of end moments, we obtain the following three- 
moment equation: 

^n—l^nTba “f" n^ahQ^n ”f“ ^n+l) “f" M 

= - W + qn+xln+x^). ( 96 ) 
In the case of a beam of uniform cross section, we haA^'e 

^ab “ Tha ^ 1 , 

and Eq. (96) coincides with that for a continuous beam of uniform cross 
section. 

Take, for example, a uniformly loaded beam with four equal spans, 
and assume that within each span the form of the beam is as shown in 
Fig. 449a. Assume also that n = Jo/Ii == 0.12 and X = 0.25. Then 
from Table XII on page 407 we obtain <pah = 0.608, (pia = 0.836. Writing 
Eq. (96) for spans 1 and 2 and then for spans 2 and 3 and observing that, 
from symmetry, Mi = Mz, we obtain the following equations: 


AMil 

• 0.608 + Mil ■ 

• 0.836 = 

2 ' 

• 0 . 836 , 

2Mil ■ 

0.836 + ^Mil ■ 

0.608 = 

qP 
2 ' 

0 . 836 . 


From these equations, we find 

Ml - --0.148#, M 2 = --0.0703#.^^^^^^^^^^^^^^^^^^^^ 

The corresponding bending-moment diagi'am is shown in Fig. 4496* 
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For comparison there is shown also, by a dotted line, the bending- 
moment diagram for the case of a beam of uniform cross section. It is 
seen that owing to the effect of haunches the bending moments at the 
supports 1 and 3 are increased by about 38 per cent,, while at the middle 
of the spans the bending moments are decreased. 



71. Frames with Nonprismatic Members. — In our previous analysis of frames, we 
always assumed that the members are of uniform cross section. However, the same 
methods of analysis can be extended to cases where the members are of variable cross 
section. In the analysis of a frame by the method of successive approximations, we 
have to perform three kinds of operations in which the variation in cross section must 
be considered, namely: (1) calculation of fixed-end moments, (2) calculation of dis- 
tribution factors, and (3) calculation of carry-over factors. The fixed-end moments 
for symmetrical members are obtained from Eqs. (93) or (94). In the case of straight 
haunches, the beam constants 5 and i? appearing in these equations can be taken from 
the curves in Figs. 445, 447, 448. Otherwise, it will be necessary to determine the 
beam constants by using the general method described in Art. 69. 

In calculating distribution factors, we have to use Eq. (90) (page 412), which 
determines the moment required to rotate the simply supported end of a member 
through a given angle when the other end is fixed. Using the notation h with proper 
subscripts for the quantities EIo/l, we obtain from Eq. (90) 

M ah “ Oiabkab^abj (^) 

where aab is a beam constant that, in the case of straight haunches, can be taken from 
the curves in Fig. 443. If there are several members meeting at joint a with their far 
ends fixed and an unbalanced moment Mo acts on the joint, the angle of rotation da of 
the joint is obtained from the equation of equilibrium 

Ba'^(X,aikai ~ hlaj 

where the summation includes all members meeting at joint a. The portion of the 
unbalanced moment that is transmitted to a member ah is 

Hence the distribution factor in this case is 
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Having calculated these factors for all members at each joint, we can accoitiplish the 
distribution of unbalanced moments in the same manner as in the case of prismatic 
members. 

If one of the members meeting at joint a, say the member ah, is hinged at the far 
end, we use the first of Eqs. (82) (page 406) and, instead of Eq. (a), we obtain 

M., = ^ (b) 


In the case of symmetrical beams with straight or parabolic haunches, <pab can be taken 
from Tables XI and XII. In calculating the distribution factor rah, we have then to 
substitute S/<pah, instead of aai, into Eq. (97). 

In calculating carry-over moments, we use Eq. (89) (page 412), which states that 
the ratio of the moment induced at a fixed end B to the moment producing rotation at 
the other end A is 


Cab — 


<pha 

2i<Pab 


(98) 


The beam constants <pba and <pab for symmetrical beams with straight and parabolic 
haunches are given in Tables XI and XII. It is seen that, in the analysis of frames 



with nonprismatic members, the fixed-end moments, the distribution factors, and the 
carry-over factors depend on the shapes of the members. All these quantities can 
be readily calculated if the necessary beam constants are given by curves or tables. 
In such cases frames with nonprismatic members can be analyzed by the same methods 
as already shown for frames with prismatic members. 

Take, for example, the frame in Fig. 450, the girder ahc of which carries a uniform 
load ^ = 1,000 lb. per ft. The bending-moment diagram, calculated on the assump- 
tion that the members are prismatic, is shown in Fig. 419. In Fig. 450 the beams ah 
and be have symmetrical straight haunches. Owing to this reinforcement of the ends, 
the fixed-end moments wdll be larger than previously calculated. Assuming that for 
both beams X = 0.25 and n ~ h/h — 0.10,* we find, from the curves in Fig. 445, 
the beam constants Bai = Bhc = 1.235 and we obtain from Eqs. (93) 

mba = -Mab == 1.235 • 12 • 103 = 14,820 Ib.-ft., 

= -micb = 1.235 -27 -103 -- -33,350 Ib.-ft. 

The unbalanced moment at joint h is 

Ma = -(14,820 - 33,350) = 18,530 lb. -ft. 

*In calculating X and n bX h we assume that the straight-line haunches are pro- 
longed up to the axis ed of the column, as shown hr do*- ted lines. 
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In calculating the distribution factors, let us assume that the prismatical portions 
of the members a6, 6c, and hd are of such dimensions that 

kbc ” ^bd “ O.Sfcoft* 

Furthermore, from the curves in Fig. 443, we obtain, for X = 0.25, n = 0.10, 

otha == Otbc ~ 10 . 


In considering the column 5d, hinged at the bottom, we have to calculate the beam 
constant corresponding to <pah in Eq. (6) . A satisfactory approximation is obtained 
on the assumption that the column is absolutely rigid along the portion he of its 
length. Assuming that this portion represents one-tenth of the length of the column 
and using the method illustrated in Fig. 441c, we obtain 


Hence, 


Afbdl^ 


0.93 0.729 


and 


= 4.12. 


With the calculated beam constants we obtain, from Eq. (97), the following values of 
the distribution factors, 


_ lOkab 

■" 10hbl- 8kab + 4.12 • OMab 


0.470, 


Tbc = 0.375, Tbd = 0.155, 


and the distributed moments are 

Mba' - 0.470 • 18,530 = 8,710 ft.-lb., Mb/ = 6,950 ft.-lb., Mb/ = 2,870 ft.-lb. 

The carry-over moments are calculated by using Eq. (98). For our case we 
find from Table XII, for X = 0.25, n — 0.10, 

— 0.591, <Pba — 0.828. 

Hence, 

0.828 

Cba Cbc 2 . 0.591 

and the carry-over moments are 

Mch == O.TOli^c' == 4,870 ft.-lb., ilf«/ = 6,110 ft.-lb. 

The moments that result because of unlocking joint h must be superposed on the pre- 
viously calculated fixed-end moments, and we finally obtain 

= -8,710 ft.-lb,, i¥i,a = 23,530 ft.-lb., 

Mbc == -26,400 ft.-lb., Mcb = 38,220 ft.-lb., 

Mbd = 2,870 ft.-lb. 

Comparing these moments with those calculated for prismatical members as shown 
in Fig. 419, we see that, owing to haunches, a considerable increase of moments at 
the supports occurs, while the bending moments at the middle of the spans decrease. 

In our example any lateral movement of the frame is prevented by the fixity of 
the ends of the girder. In the case of a frame that is free to move laterally such 
motion must be considered. The procedure in calculating the lateral motion is the 
same as in the case of a frame with prismatical members. We assume first that, by 
an additional constraint, any lateral movement is eliminated, and we calculate all 
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end moments as explained in the previous example. Knowing these moments, we 
calculate the shearing forces acting on the girder by using Eq. (76). In the second 
step, we assume a certain lateral movement A while the Joints do not rotate and calcu- 
late the angles of rotation 0 of the columns and the corresponding end moments. In 
the case of a column mn symmetrical with respect to the middle, these moments are 
[see Eqs. (88),, page 408] 

Mmn “ Mnm ~ yrnTJ^mn^mn^ (c) 

The values of ymn for the cases of parabolic and straight haunches can be readily 
calculated by using the third of Eqs. (87), together with Tables XI and XII. 

Having the end moments from Eqs. (c) and using the same procedure as in the 
case of frames with prismatical members (see page 376), we find the shearing forces 
corresponding to the assumed value of A and then adjust the value of A so as to 
balance the shear forces previously calculated on the assumption of no lateral 
movement. 



CHAPTER IX 


ARCHES 

72, Stresses in Curved Bars.^ — In discussing stresses in an arch rib; 
it is common practice to assume that the cross-sectional dimensions of 
the rib are small in comparison with the radius of curvature and to use in 
the calculation of stresses the formulas derived for a straight bar. Before 




going into such a simplification of the problem, we shall consider here 
the arch rib as a curved bar and shall investigate under what conditions 
it is permissible to neglect the effect of curvature and use the straight-bar 
formulas without substantial errors. Let abed (Fig. 451a) represent an 
element of an arch between two adjacent cross sections normal to the 
center line nn( of the arch. To simplify our discussion, we assume that 

r The theory of curved bars and its application to analysis of arches were developed 
by Bresse, ^^Recherches analytiques sur la flexion et la resistance des pieces courbes,” 
Paris, 1854, and by E. Winkler, Formanderung und Festigkeit gekrummter Korper, 
ins besondere der Ringe, Cwilingenieur yo\. 4, p. 232, 1858, and Mitt. Arch. Ing. Yer. 
Bohmerif 1868, p. 6. A further development of the theory of arches in connection with 
the design of arch bridges and voussoir arches will be found in the following publica- 
tions: W. Ritter, /Anwendimgen der graphischen!3 Statik,^^ vol. IT, Zurich, 1906; 
H. Mulicr-Breslau, ^^Die graphische Statik der Baukonstructionnen,’VvoL II, pt. 2, 
Leipzig, 1908; J. Melan and Th. Gesteschi, ^Rogenbrticken, Handbuch fur Eisen- 
betonbau,’^ vol. XI, 1931; E. Mdrsch, ^^Der Eisenbetonbau,'' vol. II, pt. 3, Stuttgart, 
1935. In the last two publications many applications of the theory of arches to 
analysis of niodern important structures can be found. 
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cross sections of the arch have an axis of symmetry in the plane of the 
center line and that all external forces are acting in this plane. In such a 
case, we have to consider deformation of the arch in one plane only, 
namely, the plane of symmetry. The radius of curvature of the center 
line we denote by r, the distances of the fibers from the cylindrical surface 
nn' passing through the center line and perpendicular to the plane of 
that line we denote by and the angle between two adjacent cross 
sections we denote by d<j). Then, the length of the element nn' is 


ds r d<i>j 

and that of an element of a fiber at distance y 

(r ~ y)d4>. 


The distance y is taken positive if it is measured from nn' toward the 


center of curvature 0. 

The calculation of stresses in an arch will be based on the assumption 
that cross sections of the arch during bending remain plane. ^ On this 
assumption, let us consider first the case of tensile stresses a uniformly 
distributed over the cross sections ad and be (Fig. 451a) of an infinitely 
short element between two adjacent cross sections of the arch. Owing 
to these stresses a fiber at a distance y from the cylindrical surface nn' 
will elongate by an amount^ 

(a) 

This elongation is proportional to the distance r — ^ from the center of 
curvature 0 of the center line. Hence, a uniformly distributed tensile 
stress produces, not only elongation of the center line nn' by an amount 
A(ds) ^ (rr d<i>/E, but also rotation of the cross section ad with respect 
to the cross section he by an angle (Fig. 451a) equal to 


^ 


a d(j> N d4> 

~W ~ ~Je’ 


(99) 


where N is the total axial force and A the cross-sectional area of the arch. 

As a second simple case of deformation of the element of the arch 
let us consider the case in which the cross section ad rotates with respect 
to the axis through n and perpendicular to the plane of the figure as shown 

rigorous solution of the problem of bending of curved bars of rectangular 
cross section indicates that the hypothesis of plane cross sections assumed above gives, 
for stresses, very accurate results. See ‘‘Theory of Elasticity,^’ p. 61, 1934. 

2 A rigorous solution of the problem indicates that radial stresses acting on the 
lateral surface of a fiber are negligible, and we can assume that the fiber is in the state 
of simple tension. 
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by the dotted line in Fig. 4516. Denoting the angle of rotation by 
A(d<t>), we conclude that the elongation of a fiber at a distance y from the 
surface nn^ is y A(d^) and the corresponding stress is 


_ y A(d<f,) p 
(r -y)d4,-^- 


(b) 


Summing up the elemental forces corresponding to stresses (b) and their 
moments with respect to the axis of rotation through n, we obtain the 
axial force N and the bending moment M that must be applied to the 
cross section ad to produce the assumed deformation of the arch element. 
These quantities are 


N = 
M = 


y Md<t>) 


jA(r - y}d<p 
Ja (r - y)d<t> 


■ EdA = ^ f 

dcj) Jat - y 
d<l> jAT-y 


Observing that 


(c) 

(d) 


^ ry _ 

r — y r — y ^ 


and 


L 


y dA = O’** , 


we can represent the bending moment ilf in a simpler form, namely: 

M - f f ^ - f sdA)~rN. («) 

d4> jAT-y d^ \ J at- y Ja / 

It is seen that in the assumed case, the resultant of the forces acting on 
the cross section ad passes through the center of curvature 0 of the 
center line nn'. This conclusion could be reached at once by applying 
the reciprocity theorem to the two loading conditions shown in Fig. 
451a and Fig. 4516. In the first of these figures, the resultant force N 

is applied at the centroid n of the cross section ad, and the displacement 

of the cross section is such that point 0 on the radius ad remains fixed. 
In the second figure, point n remains immovable; hence the resultant 
force N must pass through point 0. 

For the calculation of stresses, we apply Eqs. (d) and (6). Using 
the notation 

= aoo) 

we obtain from the first of these equations 

A{d<j>) _ A(d<j>) ^ fmn 

rd<t> ds EF 

* Since nn' is the center line of the arch, y is measured from the axis through the 
centroid of the cross section. 
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Substituting this in Eq. (5), we obtain 


My 1 ___ My r 


( 102 ) 


where p denotes the distance of a fiber from the axis through the center 
of curvature 0. It is seen that the stress can be readily calculated if 
we know the quantity J'. If the depth of the cross section is very small 
in comparison with the radius of curvature r, the quantity y/rin Eq. (100) 
can be neglected in comparison wdth unity and we find as a first approxi- 
mation that J' can be taken equal to the moment of inertia of the cross 
section. To obtain a more accurate value for I' we substitute in 


Eq. (100) 


Then 


1 . = X j_ ^ -n E! _L 

1 — v/t r 




1 + ^ + ^; + 
T 


^dA. 


(/) 

(g) 


Since y is small in comparison with r, the series for I' is rapidly converging 
and the sum of the first few terms gives a sufficiently accurate value 
for I\ Take; for example, a rectangular cross section (Fig. 451c). In 
this case dA = b dy, and Eq. {g) gives 



Taking only the first two terms in the parentheses of expression (103) 
we obtain 



It is seen that when h is small in comparison with r the value of T is 
very close to hh^/l2, which is the value of the moment of inertia of the 
cross section. 

A similar method of calculating F can be applied also in the cases 
of other shapes of cross sections. 

Equations (101) and (102) give us the rate of change of the angle 
and the normal stresses for the case shown in Fig. 4516, in which the 
internal forces distributed over the cross section od can be reduced to 
a force N applied at the center of curvature 0. Combining this case 
with the action of an axial compressive ioto^ N M/r^ we readily 
derive formulas for pure bending of an element (Fig. 452). Using Eqs. 
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(101) and (99) and observing that the rotation of the cross section ad 
is clockwise in Fig. 4516 and counterclockwise in Fig. 451a, we find that 
for pure bending the change in the angle is 


A/JjA ^ L 


.( 104 ) 


Taking, for example, a rectangular cross section and using for J' the 
first two terms in the series (103), we obtain 


A d(i) 


Mds 

El 


1 + ^ ih/2TY 


(105) 



\ / 

V / 

V 
O 

Fig. 452. 


The second factor on the right-hand side of this 
equation represents the effect of curvature of the 
center line on the change in the angle. It is seen 
that this effect is very small if h is small in com- 
parison with r. 

To obtain stresses in the case of pure bending of a curved bar, we have 
only to superpose on the stresses given by Eq. (102) the uniform^ dis- 
tributed compressive stress produced by the axial force N = MJr, 
Hence 

_ My I M 

^ r 1 — yjr tA 


(106) 


Taking, for example, a rectangular cross section (Fig. 451c) and sub- 
stituting y = ± 11 / 2 , we obtain 

__ Mhr __ ^ 

2/'a rbh 21 \7' a &r)’ 

Mhr _ M _ Mh(l r h\ 
cr^m - 2J'c rbh ~ 21 \r I 6r/ 

where a and c denote the radii of the intrados and extrados, respectively. 
When h is small in comparison with r, the expression in parentheses 
approaches unity and the maximum stress approaches that calculated 
by the straight-bar formula. 

Substituting y = 0 in Eq. (106) we see that a positive bending 
moment, shown in Fig. 452, produces some compression of the center 
line nn\ Owing to this action the initial length ds of the center line is 
diminished by an amount 

Comparing this equation with Eq. ( 99 ), we conclude that, if M and W 
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are numerically equal, the change in length A(ds) is numerically equal 
to the change in the angle A(d< 56 ) as it should be in virtue of the reciprocal 
theorem. 

To finish the discussion of stresses in curved bars, we consider the 



Fig. 453. 


action of a shearing force. If there is a shearing force 
Q acting in a cross section of the bar, we assume that 
the shearing stresses are distributed over the cross 
section in the same manner as in the case of straight 
bars.^ In such a case, we can assume that the sliding 
of the cross section ad with respect to cross section be 
(Fig. 453), due to shear action, is equal to 

. aQ ds 


where a is a numerical factor depending on the shape of the cross section. 
In our subsequent calculations, we shall assume for a rectangular cross 
section 

ocE _ ^ 


which gives 


. 3Q ds 


( 109 ) 


Concluding this discussion, we can' state that the effect of curvature on 
angular changes [Eq, (105)] and on the magnitude of maximum stress 
[Eqs. (107)] is small and usually can be neglected in practical calculations. 

73. Deflection of Curved Bars. — ^Let us consider an element, between 
two consecutive normal cross sections ad and bc^ on which bending 
moment ikf, axial force N, and shearing force Q are acting (Fig. 454). 
We take the directions indicated in the figure as positive. Using the 
results of the preceding article we find that, owing to deformation, the 
initial angle d<j> of the element diminishes [see Eqs. (104) and (99)] by an 
amount 



The length of the element ds of the center line diminishes [vsee Eqs. (99) 
and 108)] by the amount 

Mds)^-^ + -rwJ ( 111 ) 


The cross section ad slides with respect to the cross section 5c in the out- 
ward direction by an amount given in Eq. (109). In practical applica- 

^ A rigorous solution for a rectangular narrow cross section shows that this assump- 
tion is very accurate it h < ir (see ^ ■ Theory of Elasticity,'’ p. 73). 
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tions the effect of curvature and the effect of shearing force are usually 
neglected, and, instead of Eqs. (110) and (111), the following simplified 
formulas are used: 

U ds 

..... M ds .... N ds 

A(d4>) = A(ds) = 

( 112 ) 

The accuracy of these simplified 
formulas will now be discussed by tak- 
ing an example as shown in Fig. 455. 

It is required to find the horizontal 
displacement u and the vertical dis- 
placement V of a point C on the 
center line of the curved bar DCB 
fixed at D and loaded by a horizontal 
force H at the end B, These dis- 
placements are produced by deforma- 
tion of the portion DC of the curved 
bar. Considering a cross section of the bar at a point K and taking as 
positive the directions of forces and moments indicated in Fig. 454 we find 
for this cross section 

M — -~H(f — y)j N = H cos (pj Q = H sin <l>. (a) 

Considering, now, an element of the bar between two adjacent cross " 
sections at K and using the simplified formulas (112), we obtain 

Il{f — y)ds .... H cos <l>ds ... 

A(d(t>) = eT^’ "" AW — 

The minus sign in the first of these formulas indicates that the angle 
between the two cross sections increases and the lower portion KCB 
of the bar rotates clockwise with respect to the point K. The correspond- 
ing small displacement of the point C is perpendicular to the direction KG 
and is of the magnitude 

H(f^y)ds. 



where t denotes the distance between the points K and C. 

The two components of this displacement in the directions of the 
coordinate axes, indicated in Fig. 455, are 
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Considering now the shortening A(ds) of the element ds of the center 
line at we see that owing to this deformation the lower portion KCB 
of the curved bar moves toward point K in the direction of the tangent 
at K, The components of this displacement are 

dui = —A(ds) cos dvi = —A(ds) sin (d) 

Summing up the elemental displacements (c) and (d) produced by 



Fig. 455 . 


deformations of all elements of the bar in the portion DKC, we obtain 
the required displacements of point C, 




(113) 

(114) 


where s is the length of the arc DKC. To obtain the displacements of the 
end B of the bar, we have only to substitute for s in the foregoing equa- 
tions the length of the ai'c DKB. 

Let us assume, as an example, that the center line of the curved bar 
is a parabola given by the equation 



(^) 


and also that the cross-sectional areas and the moments of inertia of 
cross sections are inversely proportional to cos <j>. Denoting by 44o 
and Iq these quantities at the cross section D we have, then, for any cross 
section, 


Substituting these values in Eq. (113), we find that the horizontal dis- 
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placement of the end B of the bar is 

'Hjf-yYdx 


Uh 


EIo 


f: 


H cos^ <j) dx 
AqE 


Substituting for y its value from Eq. (e) and observing that 

dx 1 


cos < 5 f> = 


\/dx^ + dy^ •%/! + (2fx/a^)^ 
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we find from Eq. (g), after integration, 

SHaf/, , 15ak^ ^ 2f\ ,,, 

+ WP V’ 

where = Iq/Aq represents the square of the radius of gyration of the 
cross section at D. The second term in parentheses on the right-hand 
side of this equation represents the influence of the compressive force iV 
on the displacement ut. This influence usually is very small. To show 
this we assume that the cross section is a rectangle of the depth h at point 
D, and take h = a/ 5. Then the above-mentioned iV-term has the values 
given in the second column of Table XIII below. 


Table XIII 


/ 

a 

iV-terin 

a ^ 

Values of ^ in Eq. {i) 

- = i 
a ® 

h-u 

a ~ « 

a 

a 

1 

6 

0.2171 

0.2247 

0.0562 

0.0250 

0.0104 

1 

i 

0.0927 

0.0993 

0.0248 

0.0110 

0.0062 

1 

2 

0.0196 

0.0232 

0.0058 

0.0026 

0.0015 

1 

0.0035 

0.0035 

0.0009 

0.0004 

0.0002 


The displacements Ub were also calculated by using the more accurate 
equations (110) and (111)* and by taking care of the shear deformation 
given by Eq. (109). The results of these calculations can be represented 
in the following form: 




map 

15£'Jo 


(1 + i3). 


(^) 


The values of the constant A for various proportions of the curved bar 
are given in the last four columns of Table XIII. It is seen that in the 
case of thin bars, especially if f/a is not small, the displacement Ub is 
obtained with a very good accuracy by neglecting entirely the actions 
of the axial and shearing forces and also the effect of curvature on 
* In this calculation J' was taken equal to /. 
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deformation. For thicker bars, having small values of //a, a , comparison 
of ' the values in the second and third columns of the table shows that a 
good accuracy is obtained by considering only the action of the longi- 
tudinal force N in addition to that of bending moment, and there is no 
necessity to have recourse to the more elaborate equations ( 110 ) and 
(111). In our subsequent discussion of arches, we shall always use the 
simplified equations (112) and shall indicate in only a few cases the 
magnitude of the errors that may result from this simplified analysis.^ 
74. Two-Mnged Arches. — A two-hinged arch represents a structure 
with one redundant reactive force. Since the hinges at the supports 



are immovable, the load acting on the arch (Fig. 456) produces at both 
ends not only vertical but also horizontal reactions and we have four 
unknown reactive forces, for the calculation of which there are only three 
equations of statics. For the derivation of the fourth equation, the 
deformation of the arch must be considered. Assume now that the arch 
is symmetrical and symmetrically loaded (Fig. 457a). In such a case, 
the two vertical reactions are equal and can be readily determined. The 
horizontal reactions are two equal and opposite forces H, called the 
thrust of the arch. To calculate H, we consider the deformation of 
the right-hand half of the arch (Fig. 4576), assuming that the cross sec- 
tion D is fixed. We remove first the force H and calculate the horizontal 
displacement Uh of the hinge B produced by the given loads and the 
vertical reaction 12. Then we consider the action of a unit horizontal 
force applied at the hinge B (Fig. 457c) and calculate the horizontal 
displacement W of this hinge. The required force H will then be found 
from the condition that hinge B is immovable. Hence, 


and we obtain 


Uh Huh = 0 , 



(115) 


To calculate ns, we use the simplified equations (112), and proceeding 


^ The accuracy of the simplified methods of analysis of arches was investigated by 
Timoshenko in the paper Calcul des arcs ^lastiques, Paris, 1922. In the 

subsequent discussion of arches, the results of that investigation are used. 
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as in the example of the preceding article we obtain 

M(f — y)ds cos (j> ds 

Jo ^ 


Uh 


/: 


AE 


429 


(116) 


where / is the rise of the arch and Si is the length of the center line DB, 
For calculating Ub, we use Eq. (113), which gives 


Ub 




(/ - vYds 

El 


/: 


cos^ 4> ds 
___ 


(117) 


Substituting expressions (116) and (117) in Eq. (115) we obtain the 
required thrust H for any symmetrical and symmetrically loaded arch. 



Let us consider, as an example, the case of a parabolic arch the 
variation of cross sections of which is given by Eq. (/) of the preceding 
article. Assume that the load is uniformly distributed along the horp 
zontal projection of the arch. In such a case, the bending moment M 
in Eq. (116) has the same meaning as for a uniformly loaded beam, and 
with the origin of coordinates at D we obtain 

V = |(f-x>) 

Observing that for a parabolic arch 
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and that I — Jo/cos 4>, we find that the first term on the right side of 
Eq. (116) is 








30 E7o‘ 


(a) 


In calculating the second term, we observe that 


N 


R 


Q 


a-^)] 


sin 


which, indicates that the axial force in this case is proportional to sin 4 
and thei^efore is small for flat arches. For arches with a considerable 
rise sin ^ is not small, but from the discussion of the preceding article 
we know that for such arches the effect of axial force is negligible. We 
conclude, therefore, that the second term in Eq. (116) can be neglected 
in an approximate calculation of the thrust H. In calculating Ub, given 
by expression (117), we use Eq. (h) or Eq. (0* of the preceding article. 
Equation (i) gives 

W 


Uh 


15EIo 


(1 + / 3 ). 


( 6 ) 


Numerical values of /3, depending on the proportions of the arch, 
can be taken from Table XIII (page 427) or from Eq. (h). Substituting 
(a) and (&) in Eq. (115), we obtain 


H 


qP 1 
8 / ‘ 1 + 


(118) 


The first factor on the right-hand side of this equation represents the 
thrust for a three-hinged arch. This thrust, as we see, must be reduced 
in the ratio 1 : (1 + p) to obtain the thrust for the two-hinged arch. 

Another example of symmetrical deformation of a symmetrical arch 
is that produced by a uniform temperature change. Assume that the 
temperature of the arch in Fig. 457a increases by t deg. Since the hinge B 
in Fig, 4575 is free to move horizontally, the temperature change will 
produce the horizontal displacement of B equal to atl/2, where a is the 
coefficient of thermal expansion. Substituting this value of in 
Eq. (115), we obtain for the thrust produced by the temperature change 
the value 

atl 


H 


2ub' 


(119) 


where W is given by Eq. (117). 

* In this latter equation, the small effects of shearing force and of curvature are 
taken into account. 
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Consider again the parabolic arch of the preceding example. Then 
v,b is given by Eq. (6), and Eq. (119) gives 

15E/o 


H = 


at 


( 120 ) 


1+/3 

The corresponding maximum compressive and maximum tensile stresses 
produced at the crown of an arch of a rectangular cross section is 


max. 


F _ 6g/ 
.4 0 41 0 ^ 


15 Eh^ at 


(‘40- 


8 12/2 1 + ^ - I. I (121) 

It is seen that the importance of thermal stresses increases with the 
increase of the ratio A//. 



If there is a live load acting on an arch, influence lines can be used to 
advantage. To obtain the influence line for the thrust H of a sym- 
metrical arch (Fig. 458a) we use the reciprocal theorem (see page 250) . 
Comparing the two conditions of loading, shown in Figs. 458a and 4586, 
we conclude that 

Pv + H(ua - ut) = 0, (c) 

where the displacements u and v are taken positive when they are in the 
directions of the positive x- and ^-axes. From Eq. (c) we obtain 

H = — — (122) 

Ua — Uh 

For calculating which represents the decrease in distance 

between the hinges vl and S in Fig. 4586, we use Eq. (113), w^hich gives 


'Iha 'ith 




(/- vYds 
El 


+ 


/: 


cos® (j> ds 
AE 


(123) 
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In calculating ?;, we use Eq. (114). Observing that this equation was 
derived on the assumption that point D is fixed and point B is free to 
move vertically we conclude that the displacement v in Eq. (122) is 
obtained by subtracting the vertical displacement of point B in Fig. 
455 from the expression (114), which gives 





(J-yHxc - x) 


El 


ds 


+ 


cos (j) sin 4) 
'~~AE 


ds. 


The last term on the right side of this equation represents the effect on v 
of the axial force. Usually it is ver^^ small and can be neglected. 

Then, 




(/ " y)(^a - ^) 
El 


ds. (124) 


Substituting expressions (123) and (124) in Eq. (122) and performing 
the integration, we find the ordinates of the required influence line. 

As an example, let us consider again a parabolic arch with I = Jo/cos <t> 
and A = Ao/cos <l>. In such a case, we can use Eq. (6) and put 


Ua — Ub = --2ub 


8 IP 


15 Elo 

In calculating Vj we note that in our example 


/: 


if - y)ixc - x) 
El 


ds 


EIo Jo \ P J 


(1 + ^). 


(xc ~~ x)dx 


(d) 


For Xc = 1/2 we obtain 

jo El V2 / 4:8 EIo 

Equatioa (124) then gives 


fXo^ 

EIo 


(l _ iX 
\2 3 p y 


48 EIo ■ El: 


ro\2 3 p)' 


Substituting the expressions (d) and (e) inEq. (122), we obtain 


H = P: 


15 (5 1 xp ^ 


.)■ 


(e) 


(125) 


8(1 +43) V48/ 2lf ' ZPf) 

The factor by which the load P is multiplied gives us the ordinates of the 
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required influence line for J?. In Fig. 4596, this line is given by curve 
a id lb i. With this line the influence lines for bending moment and axial 
force at any cross section C can be readily constructed. Denoting by 
Mq the bending moments for a simply supported beam AB of the span Z 
and defining the position of C by the distances a, b and c, we find that the 


JP 



bending moment at the cross section C of the arch, for any position of 
the moving load P, is 

M = Mo - He = c (^ - Ijy 

It is seen that the moment M is obtained by multiplying by c the ordinates 
of the shaded area in Fig. 459c, which represents the differences of the 
ordinates of the Jfo/c-influence line and the P-influence line. 

The axial force for any position of the moving load is 

W = jff cos — Fc sin <^ == cos ^ {H — Vc tan 

where Fc is the shearing force at C for a simply supported beam. Hence, 
iV is obtained by multiplying by cos (j> the ordinates of the shaded area 
in Fig. 459d, which represents the differences of the ordinates of the 
H-influence line and the Fc tan <?^4nfluence line. 
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To inquire into the accuracy of. the approximate equation (125), 
more elaborate calculations were made by using Eqs. (109), (110), and 
(111), which include the effects of shearing force, axial force, and curva- 
ture on the displacements u and v. The results of these calculations 
showed that in the most unfavorable case of a flat and very thick arch 
{h/l = 0.1, f/l = tV) the error of the simplified equation (125) is only 
about 0.8 of 1 per cent. This justifies the use of Eq. (125) in practical 
applications. Similar calculations were made also for circular arches, 
and it was found that for such arches the error of the simplified formula 
is of the same order as in the case of parabolic arches. 

76. Hingeless Symmetrical Arches. — A hingeless arch represents a 
structure with three redundant quantities. We can consider as redun- 
dants the bending moment, shearing force, and axial force at some chosen 
cross section of the arch. In a symmetrical arch (Fig. 460a) it is advan- 
tageous to take as unknowns the moment and the forces at the cross 
section D at the crown. In the calculation of these unknowns we need 
to consider the deformation of the arch. To find the components Uc 
and Vg of the deflection at any point C on the center line of the arch (Fig. 
460a) and the angle of rotation 6e of the cross section at C we have to 
consider the deformation of the portion CB of the arch. Taking an 
infinitesimal element cut out from this portion by two adjacent cross sec- 
tions, we define the deformation of this element by the decrease A(d<l>) in 
its initial angle dcj> and by the shortening A(ds) in the length ds of the center 
line. These quantities are given by the approximate equations (112) 

A M ds . , , s N ds . . 

A(d<l>) = A(ds) = -jg ; (a) 

in which M and N are the bending moment and the axial force, respec- 
tively, acting on the element. Proceeding as in Art. 73, we find that the 
deformations (a) of an element of the arch result in the following infin- 
itesimal deflections at C : 

duc == A(dd))(y — yc) + A(ds) cos 4>, | 

dvc = —A(d<j))(x — Xc) + A{ds) sin I (b) 

ddc = A(d<jf)), I 

where x and y are the coordinates of the center of the element under 
consideration and <l> is the angle that the tangent to the center line at 
this point makes with the a:-axis (Fig. 460a). 

Summing up the elemental deflections (6) for all elements of the 
portion CB of the arch and using Eqs. (a), we obtain the total deflections 
at (7, 

Uc ~ 
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Vc 

0c 


M(x — Xc)ds 


El 


+ 


’ N sin ^ ds 
AB ' 


Mds 
El ' 


435 

( 127 ) 

( 128 ) 


If point C coincides with the origin of coordinates at the 
have Xc = yc = 0, and the deflections at D are 




^ r^Myds, P 
- Jo El + Jo 

-L 


N cos <!> ds 


El 

Mx ds 

~w~ 

Mds 

El ' 


/: 


AE 

N sia. ^ ds 
AE ’ 


crown D, we 


( 129 ) 

( 130 ) 

( 131 ) 


Let us apply these equations to several specific cases that will be 
required in subsequent discussions. As the first example, we consider 



the right-hand portion of the arch fixed at B and loaded by a couple M^i 
at the free end D (Fig. 4606). In this case the bending moment M is 
constant along the length D(75 of the arch, and the axial force A vanishes. 
Equations (126) to (128) then give 
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Ue = Md 


(y - yc)ds 

El ’ 


Vc = —Md 


fSh 

J Se 


(x — Xc)ds 

El ’ 




and from Eqs. (129) to (131) we obtain 

'^yds ,, f^xds 


Ud — Md 


i: 


EI^ 


Bd = Me 


r'ii- 

io El 


( 132 ) 


( 133 ) 


It is seen that ua and 6d are both positive for the positive Md indicated in 
Fig. 4606. This shows that the cross section D moves to the right and 
rotates clockwise. Imagine, now, an extension of the cross section D 
in the forto of an absolutely rigid bar DO of^a length d. It is evident 
that the horizontal displacement uq of point 0 depends on both the 
displacement Ud of point D and the rotation Bd of the cross section D 
and is represented by the equation 


Uq Ud r- d ' Bd- (c) 

It is seen that the length d of the assumed extension can he selected so as 
to make Uq vanish. For this purpose we need only put 




(134) 


Assume that the point 0 in Fig. 4606 is selected in this manner. Then a 
couple Md, applied at cross section D, does not produce any horizontal 
displacement of point 0. In virtue of the i-eciprocal theorem we then 
conclude that a horizontal force applied at 0 (Fig. 460c) will not produce 
any rotation of the cross section D. In the subsequent discussion, point 
0 will often be used and will be called the elastic center. 

As the second example let us assume that a horizontal force Hq is 
applied at the elastic center (Fig. 460c); it is required to find deflections 
at C produced by this force. In this case, the bending moment and the 
axial force at any cross section of the arch DCB are 

M = Ho{y d), N — HQCOB<j). 


Substituting these values in the general equations (126) to (128), we 
obtain 


Ue E[ ( 


rsb 

J Si 


(y - y<^(M d)ds 


+M 


PVcos^ ^ ds 


(135) 
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(x — Xc){y — d)ds 


' cos <j> sin <l> ds 
AE 


Be — Ha 


™(z/ - d)ds 


For the cross section D, these equations give 


= f‘'' y(v - d)ds f"’ cos- 

" Jo El Jo A 


e, = Hn 


f‘‘’‘x(y — d)ds 
0 El 
' {y - d)ds _ , 


COS" <i> ds 
AE ’ 

cos (}> sin (i> ds 

_____ , 


It is seen that rotation dd vanishes by virtue of Eq. (134). 

Finally, let us consider the action of a vertical force Vd applied at the 
cross section D of the arch DCB (Fig. 460d). The bending moment and 
axial force at any ci'oss section, in this case, are, respectively, 

.¥ = y„;r, N==-Vd sin <!>. 

Substituting these V'alue.s in the general equations (126) to (128) for the 
deflections at C, we obtain 



(141) 

(142) 

(143) 

(144) 

( 145 ) 
(140) 


With the above obtained solutions of the auxiliary problem.'^ shown i!i 
Figs. 460?> to 4f)()d, the I’odundant forces in a syninietrical arch undiT 
any kind of loading can be calculated. We begin with the case of a, 
symmetrical loa<Iing. From symmetry vve conclude that ihc .■^iicaring 
force at the cros.s .section I) vanishes in this ca.se, and we lua e only two 
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unknowns, tile moment Md and the axial force Nj. shown in Fig. 461a. 
This system of forces can be replaced by the statically equivalent system 
consisting of the horizontal force Ho = Nd applied at the elastic center 0 
and the couple Mo = + Hod shown in Fig. 4616. The. values of 

Mo and Mo will now be determined from the fact that in the case of a 
symmetrical loading the elastic center 0 does not- move laterally and the. 



(dJ 


Fig. 461. 

cross section D does not rotate. From Eqs. (129) and (131), which give 
the deflections produced at D by the load on the portion DCS of the arch, 
we find that the horizontal movement of point 0 is 


My ds 


^ N cos <j) ds 

~~AE 


For the deflections produced by Mo and Hq we use Eqs. (133) and (138). 
Then, from the conditions that point 0 does not move laterally and that 
the cross section D does not rotate, we obtain 



My ds 


+ 


N cos <j) ds 


. f^^Mds 

- ’‘ 1 , -ST 

y{y — d)ds 
El , 


COS^ <l> (isl _ _ 

jo AE J “ 


( 147 ) 

( 148 ) 


From the first of these equations we calculate and from the second M^, 
provided that the arch dimensions and load distribution are known. 

As an example of a symmetrical deformation of an arch, let us take 
the case of a uniform change in temperature. To calculate Ho and Mo 
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produced by 'a uniforin change of temperature,. '.we consider the rig,ht- 
hand side of the arch shown in Fig. 4616, Owing to a uniform rise in 
the... temperature of ^deg., the cross. section D moves, to the. left,, without 
rotation, by an amount atl/2. This displacement is counteracted by the 
thrust iJo applied at 0, which also does not produce rotation of the cross 
section B. The magnitude of iTo is now^ found from the condition that 
the cross section D does not move laterally, which requires [see Eq. (138)] 
that 



From this equation, the thrust produced by the temperature change 
can be calculated if t and the arch dimensions are known. The moment 
Mo vanishes, in this case, since the temperature change and thrust /Jo 
both produce no rotation of the cross section D. Having J/o, w’'e deter- 
mine the bending moment Ma and the axial force Nd at the crown from 
the equations 

Md = -i/od, Nd = i/o. (150) 

The application of Eqs. (149) and (150) to particular cases wall be showm 
later. 

Let us consider now’ the construction of influence lines for symmetrical 
hingeless arches. For this purpose w^e use the reciprocal theorem. To 
construct the influence line for the thrust J/o, w’e have to compare the 
actual condition of loading showm in Fig. 462a wdth the fictitious loading 
shown in Fig. 4626. In the first case, we have the vertical load P at the 
point C and the unknown redundant moment Mo and forces J/o and Fo 
at the crowm.^ In the second case, the load P and the redundant quanti- 
ties Mo and Fo are removed, and, instead of J/o, two opposite unit forces 
are applied. Owing to the specific choice of point 0 [see Eq. (134)] 
the unit forces will not produce an}’' rotation of cross sections D, These 
cross sections will move apart only by an amount 2?ecz, without any 
relative rotation or relative sliding. Hence, the wmrk of the redundant 
moment M o a.nd of the redundant shearing force Fo on the corresponding 
displacements produced by the unit forces in Fig. 4625 vanishes, the 
reciprocal theorem gives 

i/o * 2Md 4" p2^<; = 0, 

and we obtain. 

(151) 

^ To. show these forces laore clearly, ^ a small distance between the extension bars 
,OP is sliowni .in Fig. 462a^ 
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where is . the vertical displacement of point ' (7 taken positive if in the 
direction of the positive y-axis. The ordinates of the influence line are 
given by the ratio ‘—Ve/2ud in which Vc and Ud are the previously calculated 
displacements given by Eqs. (136) and (138), for Hq = 1, respectively. 

Similar methods will be applied to obtain the influence lines for the 
redundant moment Mq and the shearing force Vo- The fictitious loading 

is 



for the influence line of ikfo is shown in Fig. 462c. The unit moments 
shown in the figure do not produce relative movements of the points 0 
and rotate the cross sections D one with respect to the other only by the 
amount 2dd. Hence, the work of Fo and Hq on the displacements pro- 
duced by the unit moments vanishes, and the work of Ifo is Mo20d- 
The reciprocal theorem then gives 

Mo2ed + VeP^O, 

and we obtain 

( 152 ) 

The required ordinates of the influence line are obtained by substituting 
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for Vc and the values given by the second of Eqs. (132) and. the third 
of Eqs: (133), for i¥^. = 1, respectively* 

The fictitious loading for, Fo is shown in Fig. 462d. We have only 
relative sliding^ of the amount 2vd of the cross sections D, and the recip- 
rocal theo,rem .gives 

— Fo2?;j + = 0 

and 

y. = pi- (153) 

The ordinates of the required influence line are obtained by substituting 
in this equation the value of Vc and Vd, for Va = 1; from Eqs. (142) and 
(146), respectively. 

It is seen that, in all the cases considered, the ordinates of the required 
influence lines are proportional to the vertical deflections Vc produced 
in the arch by the unit loads shown in Fig. 462. 

As soon as the values of the redundant quantities Hqj Mq^ and Fo 
at the cross section D are obtained by using the calculated influence 
lines, the values of the bending moment, the axial force, and the shearing 
force at sluj other cross section can be found from statics. If Me and Nc 
at a cross section C are calculated, the magnitudes of the compressive 
stresses at the outermost upper and lower fibers will be given by the 
^ equations 

e . Ac cCj / 1 r 4 \ 

upper ~ ”1 ’ "i — ; O''iower — “1 j ^ 

/ic JLc <Ac Ic 


in wfiiich and ci are the distances to the outermost fibers (Fig. 4Ma). 
Introducing the notations 




(155) 


where pi and p« are the core radii,- we obtain 


^^iipper 


Nm + Me 

Acpi 


^ lower 



( 156 ) 


Observing that the bending mom,ent Me can be considered as produced 
by the eccentrically applied compressive force (Fig. 4636) we obtain 
Me = ATcU, and Eqs. (If56) become 


Piper 


Ncjpi 4- a) 

Aepl 


Ml 

"K’ 


( 157 ) 


Slower 


Neipu g) 
A-ePw 


Mu 


(1,58) 


, ^ The relatiTe rotation and the relative horizontal movement of the cross section D 
evidently van,ish. in this case. 

, ® See Strength of Materials/-^ voL I, p. 235, 1940. 
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where 


Zu = A.cpi == ■ 


Zi — A.cpu 


Cl 


( 159 ) 



Fig. 463 . 


and iifr and Mu are the moments taken with respect to the axes through 

the lower and the upper core points 
Cl and Cu, respectively (Fig. 463a). 
It is seen that the calculation of the 
maximum compressive stresses is 
greatly simplified if the influence lines 
for the core moments Mi and Mu, in- 
stead of the line for the bending mo- 
ment ilfc, are used. 

76. Hingeless Symmetrical Parabolic Arches. — Stresses in a parabolic 
arch produced by a load uniformly distributed along the span will be dis- 
cussed later (see page 458). Here we shall consider the effect of tem- 
perature change and the influence lines for parabolic arches. 

Stresses produced by temperature changes may be of considerable 
importance especially in cases of fiat and comparatively thick arches. 
The discussion of thermal stresses we begin with the application of Eq. 
(149). Later on, by using the more complete equations (109), (110), 
and (111) in analyzing deformations, we shall investigate the accuracy 
of the results obtained from this approximate equation. If we take the 
coordinate axes as shown in Fig. 461, the equation of the center line of 
the parabolic arch becomes 


y 


ia) 


Assuming also that 


A 


cos 


Jo ^ 
cos <t) 


Q>) 


we find the position of the elastic center from Eq. (134), which gives 




I 

3 


( 160 ) 


The integrals in Eq. (149) then are 


/: 


/: 


y{y - d)ds 
EJ 

cos^ <j> ds 
AE 


TfL 

45 EJo’ 
11^ 


arctan 


4/ 
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and we obtain 


EloOit 


A , 45 k^i 

V 16 f 


H , 

:r arctan -f i 
3 I J 


where k is the radius of gyration of the cross section at the crown of the 
arch. The bending moment and the axial force at the crown are then 
obtained from Eqs. (150). 

To show the effect of the variation in I on the magnitude of Hq let 
us consider also the case in which 


cos 


cos^ (p 


Equation (134) then gives 


y cos^ p dx ^ (^1 “ ^ 


. arctan 


cos^ p dx 


4 arctan 


In the case of flat arches, we can put 


arctan 


v = 1 

I I 3 


Then the value (162) coincides with that in Eq. (160). The first of the 
two integrals in Eq. (149) becomes 


{y ~ d)y COS" <j) dx — 


P 1 , I / I 


32EIo 3 4/14/ 


The second' integral remains unchanged, and we obtain 


Hq = m 


El oat 


where 


i + l 1 

3^4/4/ 


arctan Y I 


+ arctan V 

4 /»7 I 


The .. values of this coefficient for various proportions of the arch are 
given in the third line of Table XIV. ^ The figures in the fourth line of the 
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same table are the values of the factor m in Eq. (163) calculated by 
"assuming a rectangular cross section and using the more elaborate equa- 
tions (109) to (111)^ instead of Eqs. (112), which take into account the 
effect on Hq of the shearing forces and of the curvature. In the fifth 
line the errors in per cent of the approximate values of m are given. 
It is seen that the errors in Ho due to the use of the approximate equations 
(112) may become of practical importance only, in the case of arches of 
large thickness h . 


Table XIV. — ^Values of m in Eq. (163) 



f/i = A 

fjl - x'o 

f/l = 1 

f/l=i 

1 

11 

h/l 

I it 

1 

is 

it 

s 

A 

A. 

is it 

3*8 

is 

is 

is 

m 

355.0 876.1 1,384 

484.5 

881.2 

1,039 

457.4 

679.9 

747.3 

395.2 465.8 

481.6 

249.3 

261.81 

264.2 

{ m ) ..... 

327.2 832.5 1,356 

444.1 

846.1 

1,016 

415.6 

655.4 

733.6 

366.4 455.2 

476.6 

237.5 

258 . 4 ' 

262.7 

% 

8.5 5.2 2.1 

9.2 

4.1 

2.3 

10.1 

3.7 

1.9 

7.9 2.3 

1.0 

5.0 

1.3 

0.6 

H'/H. . . 

0.7567 0.4817 0.1962 

0.5778 

0.2753 

0.1470 

0.4272 

0.1686 

0.0839 

0.2118 0.0659 

0.0307 

0.0773 

0.0210 

0.0095 

S/ho 

0.494 0.296 0.156 

0.341 

0.190 

0.124 

0.254 

0.139 

0.094 

! 0.152 0.080 

0.054 

0.081 

0.042 

0.028 

Si/hi. . . . 

0.729 0.521 0.292 

0.546 

0.342 

0.239 

0.408 

! 0.244 

0.169 

0.246 0.137 

0.093 

0 . 122 ; 

i 

1 

0.064 

0.043 


Equations (161) and (163) can be applied in investigating the effect 
of shrinkage of concrete in concrete arches on the magnitude of stresses. 
In such a case, the expected unit contraction due to shrinkage with 
negative sign must be substituted for at in these equations. 

The same equations can also be applied in analyzing stresses due to 
relative horizontal movement of the abutments of an arch. If, under 
the action of thrust, the distance between the supports of an arch increases 
by an amount A, the effect of this movement on the thrust will evidently 
be equivalent to that produced by a lowering of temperature of the arch. 
The equivalent change in temperature will be found from the equation 

— ail = A. 

Hence, upon substituting —A/Z instead of at into Eqs. (161) and (163) 
the change in thrust, produced by the support movements, will be found. 

Let us now calculate the ordinates of the influence lines for parabolic 
arches satisfying conditions {a) and (5). Beginning with the line for 
jHo we use Eq. (151). In calculating the first approximation for Ho, 
the action of the axial force on the deformation is often neglected. 
Then, omitting the second term in Eqs. (136) and (138), we obtain 




{x — Xc)(y — d)dx 

Eh 





y (y ^ d) dx __ 2 f i 
A :'^ A5 Wo 
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Substituting these values in Eq. (151), we find 


Ho 


64 / 




(164) 


Instead of measuring the horizontal distances of the moving load from 
the crown, we can take the distances 1/2 — Xc from the support. Intro- 
ducing then the notation 

1/2 - Xc 


I 


= n, 


(165) 


(166) 


we represent Eq. (164) in the following form 

f/o = ^ jn2(l - n)^ 

It is seen that, if the effect of the axial force on deformation is neglected, the 
values of depend only on the ratio f/l and on the position of the load. To investi- 
gate the accuracy of the approximate Eqs. (164) and (166), calculations were made 
for arches of rectangular cross section in which the effect of the axial force and also 
the effect of shearing force, defined by Eq. (109), were considered. These calcu- 
lations showed that the more accurate value of thrust can be represented by the 
equation 

1 K P7 

i/o = -n)\ (167) 

where mi is a numerical factor depending on the proportions of the arch. Several 
values of this factor are given in Table XV. It is seen that the approximate equa- 


Table XV. — Values of Factor wi m Eg. (167) 


f/l 

iV 


1 

4 

1 

2 

\ h n 

”\ 

! 1 

:tV ! 'i/i 1 "id 

i i 

1 

id 

.1.. 

2 0 

;Vff 

I 

t I t 

I '0 j '2' () 

f 


'ib 1 "A) 

'id 

1. 

2 ! 

0.440 h.749’0.809 

0.635 

0.868 

0.937 

0.869:0.962 

0.982 

i 

0.964.0.990 

0.996 

S' 

I " j 

0.442 0.749 0.860 

0.038 

0.869 

0.937 

0.871:0.962)0.982 

0.9640.990 

0.996 

i ! 

0.450 0.758 0.872 

,0.648 

;0.873 

0.939|0.879h. 96510. 984 

0.9650.990 

,0.996 

,1 . 1 

'S' 1 

0.4,78 e.700X).S78 

i i 

jo. 084 

jo. 886 

0.945|0.909j0.973 

0.988 

0.976 0.993 

0.997 

i 


tions (104) and (106) arc not accurate enough in the case of flat and comparatively 
arclies and that the use of Ecp (167), instead of (166), is necessary in such eases.. 

Ill deriving the influence line for Mo, we use Eq. (152), From, Eqs; 
(132) and (133). we obtain in this case 


i 
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and Eq, (152) gives 



(168) 


More elaborate calcAilations by using Eqs. (109) and (111); instead of 
Eq. (112); show that Eq. (168) is accurate enough in all practical cases 
and can always be used in calculating if o. Having if o we find the bend- 
ing moment if^^ at the crown from the equation 

Ma=-Mo~Hod, (169) 

In deriving the influence line for the shearing force, we use Eq. (153) . 
Neglecting the effect of axial force, we obtain from Eqs. (142) and (145) 


Vc 


Vd 


Hence, 


x(x “ Xc)dx __ 
I 

Iq eiq 


1 A 

EIo \24 6 8 


24:EIo 


Fo 


=i('+ 


4x<,® 


SXi 

T 




(170) 


Examples of influence lines, calculated from Eqs. (166), (168), and 
(170), are shown in Fig. 464. From the influence lines for Ho and ifo 
the influence line for the bending moment Ma at the crown will be obtained 
by using Eq. (169). This influence line is given by the shaded areas in 
Fig. 464d. 

In the case of parabolic arches having 

A = I = , 

cos ^ cos"^ 4> 

the calculations show that Eqs. (167), (168) and (170) still can be applied 
with sufficient accuracy. 

Comparisons of arches of various shapes indicate that considerable 
deviations from the shape of the arch, defined by Eqs. (a) and (6) , produce 
only a small effect on the ordinates of influence lines. This means that 
the influence lines derived for parabolic arches can be used in an approxi- 
mate analysis of arches of other shapes. The application of these lines, 
however, in the calculation of stresses produced by dead load or tempera- 
ture change may result in errors of considerable magnitude. The reason 
for these errors is clearly seen from the influence line in Fig. 464d. If we 
assume, for example, that a dead load q is uniformly distributed along 
the span, the bending moment Ma at the crown is obtained by multiplying 
by q the algebraic sum of the three areas of the influence diagram. It 
is evident that the accuracy with which this sum is obtained will be much 
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lower than the accuracy with which- the ordinates of the Ho-, and M 
influence lines are known. 


Fig. 464. 

77, Hingeless Symmetrical Circtilar Arches. — If the center line of an arch is a 
circular segment (Fig. 465), we have 

X = r sin <i>, y = r(l — cos I ^ 2r sin a, (a) 


limiiiiiimimamiininiimH 


■ , Fig. 465. : 

As. a jSrst example, let us consider an arch of constant cross .section, and assume that 
a load q is, uniformiy distributed along the span (Fig. 465).. The distance d of the 
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elastic center in this case [see Eq. (134)] is 

d ^ Z (a — sin a). (5) 

a 

For calculating /Jo and Mo, we use Eqs. (147) and (148). Substituting in these 
equations' 

1 

jf — "" 2 ~ ” 9 siii^ N = qx sin 4> = qr sin^ <j!>, 

we obtain 


J/o - 


ql 


12 sin o; 


sin a(3of — 3 sin a cos a — 2a sin^ a) — 4 a sin^ a 
^ ^ __ ; 
+ a sin a cos a — 2 sin^ a 4 — 5 “b sin a cos a) 


(171) 


Mo 


16 a sin^ a 


(a — sin a cos a). 


(172) 


The bending naoment Md at the crown is then obtained from Eq. (169). Repre- 
senting Hq and Aid in the form 


/Jo = mql, Md = nqP, (173) 

we give the values of the factors m and n • 10® for arclies of rectangular cross section 
in lines 4 and 6, respectively, of Table XVI. 


Table XVI. — Values on Constants m, n, ?ni, 'm2 foe Circular Arches 


1 

1 

a S5S 

27 deg. 

36 deg. 

54 deg. 

90 deg. 

2 

f/l « 

0.1200 

i 0.1625 

0.2548 

0.5000 

3 

h/l « ;! 




1*0 


Jo 


A 1 

3^0 

A 

Jo 

Jo 

' ',4' 

m 

0.5758 

0.8798 

0.9701 

0.6190 

0.7339 

0,7593 

0.4821 

0.5012 

0.5048 

i 

0.2779 

0.2795 

0.2798 

5 

(m) 

0.6149 

0.8847 

0.9710 

10.6278 

0.7342 

0.7592 

0.4811 

0.5008 

0.5047 

0.2768 

0.2792 

0.2797 

6 

n • 106 

19,732 

7,476 

3,838 

10,020 

3,719 

2,325 

5,122 

2,445 

3 . 132 

12,010 

11,720 

1 1 , 660 

7 

in) • 106 

17,540 

7,066 

3,699 

9,051 

3,564 

2,266 

4,916 

3,408 

3,107' 

12 , 030 

11,720 

11,660 

8 

m% 

526.3 

770.9 

843.5 

233,6 

270.6 

278.9 

53.44 

55.05 

56.36 

6.692 

6,714l 

6.718, 

9 

(mi) 

480.7 

745.0 

823.5 

217.5 

264.9 

276.2 

51.57 

54.54 

55.12j 

6.619 

6.695 

6.707 

10 

(ms) 

536 

865 

974 

282.0 

360.4 

379.7 

107.4 

119.0 

121.4 

70.13 

75.69 

76.80 


Equations (134), (147), and (148) used in these calculations were derived from 
the simplified equations (112). To investigate the accuracy of this simplified deriva- 
tion, calculations were also made on a basis of the complete equations (109), (110), 
and (111). The results of these more elaborate calculations are given in lines 5 and 7 
of the table. It is seen that Eq. (171) is accurate enough in all cases, except for very 
fiat and thick arches, while the errors in values of Md [Eq, (173)], are considerably 
larger. The reason for this has already been discussed in the preceding article 
(see page 446). 

Let us consider now the magnitude of the thrust produced in a circular arch of 
constant cross section by a uniform temperature change. Substituting in Eq. (149) 
'for ^ and d their expressions (a) and (fe) and performing the indicated integrations, 
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we obtain 


where 

'ryii 
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Mo ^ mi 


Bloat 


1*2 


2a sin a 


j^2 

a^ + Of sin a cos a — 2 sin^ a + -— (a^ + a sin a COS a) 


.'449 

'(174) 


The values of this factor are given in the eighth line of the table. In the ninth line, 
the values (mi) were obtained by using Eqs. (109) to (111), instead of Eqs. (112). 
Again we see that more accurate calculations may be required in the case of flat and 
comparatively thick arches. 

We give now some flnal results for a circular arch of variable cross section for 
which 

j .4 0 -jr do 

= } i SSS 

cos <f> COS’^ 


The thrust produced by temperature change again is given by Eq. (174), but, instead 
of factors (mO, factoi*s (m 2 ) given in the tenth line of the Table XVI must be used. 
Comparing the values of (m 2 ) with those of (mi) “we see that, owing to Increase in 
cross sections toward the supports, the thrust produced by temperature change 
increases. 

Having the force Hq produced by temperature change, w^e calculate the bending 
moment and axial force at the crown by using Eqs. (150). From statics, we find also 
the bending moment and axial force at the abutments. With these quantities, the 
thermal stresses can be calculated. Such calculations show that thermal stresses 
may become very large at the abutments of flat and thick arches. We arrive at the 
same conclusion also in analyzing stresses caused by shrinkage of the concrete or due 
to settlement of the abutments. In the case of materials that are weak in tension, 
these stresses may produce cracks at the abutments. This shows that it is advan- 
tageous, in the case of small values oif/l, to use three-hinged arches in which uniform 
temperature change and shrinkage do not produce stresses. 


78. Numerical Calculation of Redundant Quantities in Arches— The 
calculation of redundant quantities requires the evaluation of integrals 
such as we encounter in Eqs. (134), (147), (148), and (149). In the case 
of parabolic and circular arches, which were considered in the two 
preceding articles, thovse integrals can be readily evaluated. But often 
we have more complicated curves, or we have curves for which no 
analytical expression is known and onl^r a system of ordinates is given. 
In all such cases, recourse must be had to an approximate calculation of 
integrals. For this purpose the arch will be divided into a finite numl>er 
of segments and the integration replaced by a summation. In a|.)]flying 
this numerical method of approximate integration, there arises the cfues- 
tion regarding the number of subdivisions that must be use<l in order to 
obtain a required accuracy in the rCvSnlt. This question can be answered 
and the accuracy of oalciilations can be best demonstrated on particular 
examples.' For this purpose, we .select examples the rigorous solution 
for which is know,n; thus the errors of the approximate calcniktions vmi 
be readily seen. . 
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Let US begin witli a parabolic arch for which , 

/ I A -^0 r Iq f \ 

- = a — ■ I — 

I 8 cos <j} cos'* (j> 

and calculate the thrust Ho produced by a uniform change in temperature. 
The position of the elastic center is determined from Eq. (162), which 
gives 

" = -wr 

The calculation of Ho requires the evaluation of the two integrals in Eq. 
(149). The first of these integrals can be simplified by using the notation 

yi = y - d (c) 

and observing that, by virtue of Eq. (134), we have 


“ (y — d)ds 
, M 


yjii 

0 El 


' y(y - d)ds 
El 


“ (yi + d)yids 
El 


f'Ws 
lo El 


The second integral is 


2/1^ cos^ 4 > dx. (d) 


' cos^ (j) ds 
■ AE 


cos^ <j> dx. 


Jo ■ AE AoE Jo ^ 

We now divide the length of the half span into eight equal parts and 
calculate for each subdivision or segment the quantities given in Table 
XVII by using for a parabola the known equations 


cos^ <l> 


1 + Mfxyi^' 


T-vblb XVII. — Data for the Parabolic Arch Given by Eqs. (a) 


xjl 

ytll 


cos^ 4> 

yi^ cos^ 4>/l^ 

siii^ 4> . 

0 

-0.03920 

0.001537 

1 

0.001537 

0 

A 

-0.03725 

0.001388 

M? 

0.001383 

' 1 . 

'2 r» 7 

\ 

-0.03138 

0.000984 

II 

0.000969 

-X 

„ , US 


-0.02162 

0.000467 

III 

0.000452 


■ 'i': 

-0.00795 

0.000063 


0.000059 

A 

\€ 

+0.00963 ! 

0,000093 

iff 

0.000085 

iiVr 

3 

8 

+0.03111 

0.000968 

■If 

0.000849 

■■ . 

A 

+0.05650 

0.003192 

: Ml 

0.002679 


\ 

+0.08580 

0.007362 

: 1 ' 

;■ 0.005890" 

V A : 
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Now applying Simpson’s rule to the integral (d), we obtain 


451 


_1 

EL 


i 

- I cos'2 
0 Jo 


<l> dx = — • I [0.001537 + 4(0.001383 + 0.000452 

luMfl 0 o 

+ 0.000085 + 0.002679) + 2(0.000969 + 0.000059 + 0.000849) 

+ 0.005890] = 0.004929 




8EIo 


Proceeding in the same manner with the integral (e) and assuming a 
rectangular cross section, we obtain 


_1 

AoE 




I 


0.9273. 


Substituting the calculated values of the integrals in Eq. (149), we 
obtain 


8EI, 


(^0.004929 + 0.9273^ = 


atl 

T* 


(/) 


The second term in the parentheses represents the influence of the 
longitudinal force N on the value of Hq, Let us consider the case of a 
very thick arch and assume Jiq/I = -9-. Then Eq. (/) gives 


SEh 


(0.004929 + 0.003816) 


atl 


and we obtain 


Jfo 


Taking ho/ 1 = we find 


Jfo - 747.3 


457.4 

atEIo 




(g) 

m 


The results obtained coincide exactl^y with the values given for our arch 
in Table XIV. This indicates that the subdivision of the half span into 
eight .parts and the application of Simpson^s rule give a very high degree 
of. accuracy. If we divide the half span into only four parts, then Simp- 
son^s rule gives Hq, for the foregoing example, with an error .of about 
0.2 of 1 per cent. This shows that it is not necessary to divide an arch 
into man}?' parts to obtain sufficiently good accu.racy in applying Simp- 
sonts rule. 


As a second example; lot us. consider the case of a circular arch, of coustaut 
rectangular cross section and assmtie that the load is uniformly distribiitecl along the. 
span (Fig, 4G5). For calculating /Jo and Mo, we use Eqs. -(M?) and (148), The 
quantities entering i!ito these equations are 
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a; — r sin j/ = r(l — eos 
r 


d ^ - (a — sin a), (see p, 448), 
ilf - 


qx^ qr^ sin^ <p 

■ "T 2 

“ ga; sin <^ = gr sin^ 0. 


Using again tlie notation yi ^ y — the integrals that we have to calculate become 


f^b M ds 

f Sb y^M ds 

qr'^ f 

Jo El ~ . 

o' 

li 

2EI A 


fsh N cos <t> ds qr‘^ ^ ^ , , , 

jo —AE—^AeJo 


AE 

f^>> y{y-d)ds f^’-yiHs _ r 

jo Ef— = jo -ET -m jo 

f^b M ds qr^ /* « . 0 , 7 , 
jo -wr^-m jo 


l 


El 
«b cos^ 4> ds 
^ AE 


r 

" AE 




sin® 4>)d4> 


f 

'"AE 


g (a - 4>d<^- 


We take ck = 36 deg. and divide the semiarch into eight equal parts. Then 


d = ^ (a — sin a) ~ 0.06451r, 
a ' 

and the quantities under the integral signs have the values given in Table XVI 11. 


Table XVIIL — Data eoe a Circulae Aech Having a = 36 Deg. 


4>, deg. 

yi/r 

yi-M 

yi sin® <35? /r 

sin® <f> 

sin® 4) cos 

0 

-0-06451 

0.004162 

0 

0 

0 

4.5 

-0.06143 

0.003774 

-0.000378 

0.00616 

0.00614 

9.0 

-0.05220 

0,002725 

-0.001277 

0.02447 

0.02417 

T3,5 

-0.03688 

0.001360 

-0.002010 

0.05449 

0.05299 

18.0 

-0.01557 

0.000242 

-0.001487 

0.09549 

0.09082 

22.5 

+0.01161 

0.000135 

+0.001700 

0.14645 

0,. 1353 

27.0 

+0.04448 

0.001978 

+0.009167 

0.20611 

0,1836 

31.5 

+0.08285 

0.006864 

+0.022620 

0.27300 

0.2328. 

36.0 

+0.12647 

0.015995 

+0.043690 

0.34549 

0.2795., ■ 

1 


Using the values from this table and observing that an angle of 4.5 deg. is equal in 
radians to 0.07854, we obtain the following numerical values of all necessary integrals: 

[0 + 4(0.00616 + 0.06449 + 0.14645 + 0.27300 

+ 2(0.02447 + 0.09549 + 0.20611) + 0.34549] = - • 0.07639, 

Se fo ^ - 0.06769, 

m £ . 0.002057, 

~Sl + - . 0.003770. 
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Siibstitiiting theses iiimierical values of the integrals in Eq. (147), we obtain , 

- ^ • 0.003776 + - 0.06769 + Ho (—^ • 0.002057 + ~ • O.oSlo) = 0 

and 

, ^ 0.003776 —2(7»V12r‘“)0.06769 

II 2 ^qq 2057 -h (h\/12r^)0.55W ' 

Taking, for example, k/r = 0.1, we find 


qr 0.003664 
^ ” 2 ‘ 0.002517 


0 . 6191 ^ 1 . 


This coincides up to one unit in the last place with the value given, in Table, XVI. 

Let us calculate now the bending moment Md at the crown. From Eq. (148), we 
obtain 

- 5 ^-) • 0.07639 + ^ • 0.6283 = 0 , 

which gives 

ilf 0 - 0.04389^Z2^ 

and 

Md = Ifa - Ihd - 0.043895/2 - O. 6 I 9 I 5 / • 0.06451r = 0.0099251. 


This moment d,iffers by about 1 per cent from the value given in the sixth line of 
Table XVI. Since the bending moment Af<i is obtained as a difference of the two 
quantities that do not differ much one from another, the accuracy of the result is much 
lower tliaii that for iJo, but it is sufficient for practical applications. 

We arrive at the same conclusion also in applying Simpson’s rule in the calculation 
of influence lines. It can be stated in general that dividing the semiarch into eight 
equal portions and making the calculations to four significant figures we shall always 
obtain the redundant quantities with sufficient accuracy for practical applications. 
In our example of a circular arch all the quantities under the integral signs in Eqs. (147) 
and (148) given in liable XVIII were calculated from forinuias for a circle. If we 
do not lan'e an analytical expression for the center line and the curve is given graph- 
ically, then ail iuv*ossary quantities must be taken from the drawing and a table 
similar to dkible XVllI must be prepared before starting the calculation of the 
integrals in K(is, (147) and (148). 


In applying SimpsorFs rule we have to subdivide the center line of 
an arch into equal |.)a.rts. Sometimes it is simpler to have unequal sul;)- 
divisions, and in this case Simpson^s rule cannot be applied. Then we 
replace the integrations by s,imple summations. We calculate the 
values of the quantities under the integral s,igns for the center of each 
portion and sum up these values. .:To show this kind of calculation let 
us determine the thrust produced a uniform temperature change in 
the voiissoir arch shown in Fig. 466. We begin with a calculation of the 
distance d of the elastic center of the arch., ' For this purpose we divide 
half the arch into eight portions with, centers 1, 2, 3, . . . as shown in 
Fig. 466. The designation of these . portions, their lengths As, and the 
cross-sectional dimensions at the- centers' are given in the first four 
columns of Table XIX. In the fifth eolum.,n are given the moments of 
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inertia, of tlie middle cross sections^and in the sixth column the quantities 
As/J at the centers of the portions. The summation of this column 
gives the approximate value of the denominator in Eq. (134) multiplied 
hj E. The seventh column gives the ordinates of the centers 1, 2^ 3, 



Fig. 466. 


. . . , and the eighth column gives the moments of the quantities As// 
with respect to the ri:-axis. The summation of this column gives the 
approximate value of the numerator in Eq. (134) multiplied by E, 
The required distance d of the elastic center then is 

to Q174 


Table XIX. — Data foe Arch in Fig. 466 


(1) 

(2) 

(3) 

(4) 

(5) (6) 

(7) 

(8) 

(9) 

(10) 

(11) (12) 

Seg- 

As, 

6, 

K 

r As 

i, 

Vi 


Vh 

Asyi^^ 

AS f. 

ment 

ft. 

ft. 

ft. 

It. ft "3 

ft. 

ft.-* 

ft. 

I 

i 

A A 

COS2 p 

1 

3 00 

12 

1.800 

5.832 0.5144 

0.045 

0.0231 

-3.284 

5. 54810. 13910. 138 

2 

3.06 

12 

1.830 

6.132 0.4990 

0.375 

0.1871 

-2.954 

4.3551 

|0. 139 0.131 

3 

3.15 

12 

1.860 

6.4310.4898 

1.050 

0.5142 

-2.279 

2.544^ 

0.1410.123 

4 

3.27 

12 

1.945 

7.2410.4516 

2. 130 

0.9618 

-1.199 

0.649 

0.1410.109 

5 

3.51 

12 

2.040 

8.489 0.4135 

3.720 

1.5381 

+0.391 

0.063; 

0.1430.097 

6 

3.93 

12 

2.190 10.506 0.3741 

5.895 

2.2052 

+2,566 

2.463; 

0.1500.0:87 

7 

4.56 

12 

2.415 14.086 0.3237 

8.835 

2.8602 

+5.506 

9.814 

0.1570.078 

8 

4.20 

12 

2.70019.68310.2134 

12.315 

2.6277 

+8.986 

17,229 

0.130 0.055 





[3.2795 


10.9174 


42.665 

' 0 818 





1 1 







In calculating the required thrust we now use Eq. (149), which gives 
H ' 

- ^ V As cos^ <i> 

Introducing the notation 

2/1 = f — 4 
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we obtain 


Ho 


{y - d)Ls 


atlE 


0, 


(2^+ V As CQS^ 4> 




(i) 


The summations in the denominator of this equation are given in columns 
(10), and. (12) of Table XIX. Assuming now,' for example, a = % • 10“^ 
^ = 25‘^F., and E = 432 - 10® lb. per sq. ft., we obtain 

Ho = 34,870 lb. 

This is the required thrust produced by the temperature change. 

Let us now calculate the ordinates of the influence line for Jfo. In 
this case we use Eq. (151) together with Eqs. (136) and (138). Neglect- 
ing the second term on the right side of Eq. (136), as a small quantity, 
we represent the ordinates v of the required influence line b}" the expression 


V == 


rsb 

J Sc 


(x — Xc)(y “ d)ds 


' y(y - d)ds 


+ 


i: 


cos^ 4> ds 
■ Zi 


(k) 


The denominator of this expression we have already calculated. The 
numerator, as we see, represents the moment of the cpiantities yiAs/L 
distributed on the portion CB of the center line (Fig. 462a) with i-espect 
to the vertical axis through point €■ , for which the ordinate ^ is to be cal- 
culated. Upon taking the points 8', 7\ 6', . . . shown in Fig. 466, 
the corresponding values of the above-mentioned moments are as shown 
in th<^ tliird column of Table XX. Dividing these moments by the \'alue 

Table. XX.' — I).ata for ii'o-ix.FLU'EN'CB-LiNE Ca'lcu:lat,i.on 


Xuiiibfr 

I 


'■ii 

cS^ 

1.917 

■„ 1.917 •1.2 « 2.30 

0.026 

7^ 

1.782 

2.300 + 1.91.7 ' 3 -f 1.782 • 1.5 = 10.72 

0.123 

{)•' 

0.990 

10,724 + 3 . 699-3 + 0.960 • = 23.26 

0.266 

5^ j 

. 4' : 

S' i 

0.162 ' 
-0.541 
-1.116 ; 

[ 37.49 

0.430 

, , , , ,, j 

2' j 

- 1 . 474 



r 

-1.689 



. . ■ : ! 
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of the denominator in e^^^ression (A),, equal to 2(42.665 + 0.818) 87.0, 

we obtain the required ordinates of the i?o-influence line. Severa;! of 
these ordinates are given in the last column of the table, 

: : ,79» Funicular Curve as the Center Line of an Arch —It is advan- 
tageous, in' the case of a' three-hinged arch' supporting a distributed 
permanent load, to make the center line of the arch coincide with the 
funicular curve for that load. If this condition is fulfilled, the resultant 



force on each cross section of the arch is tangent to the center line, 
producing only uniformly distributed compressive stresses (see page 27). 
In the case of a hingeless arch, the internal forces depend on the deforma- 
tion of the arch, and we cannot entirely eliminate the bending stresses 
But their magnitudes can be reduced by a proper selection of the shape 
of the center line. It is common practice to take as a first approximation 
for the center line of a hin|eless arch the funicular curve constructed 
as for a three-hinged arch, having hinges at the centroids of the crown 
and abutment cross sections. Let H denote the thrust at the crown of 
such a three-hinged arch. Then the thrust in our hingeless arch will be 
smaller than Tf by a certain amount H' that can be readily calculated 
considering the deformation of the arch. Let DB represent one-half 
the hingeless arch (Fig. 467a), with the given load acting on it. If the 
thrust H is applied at the centroid of the cross section D, the resultant 
force acting on any cross section C produced by H and the load on the 
portion DC of the arch will be tangent to the center line. Assuming the 
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load vertical, the magnitude of the axial force will be 

H 


N = 


cos 4> 


(o) 


The compression of the element ds of the center line, produced by this 
force, is 

Hds 

AE cos 4> 

Summing up the horizontal projections of such compressions, we find 
that the horizontal displacement at the cross section D is ^ 


Ud 




Hds 

AE^ 


(&) 


In the actual symmetrically loaded hingeless arch, there will be no lateral 
or rotational displacement of the cross section D. These conditions 
will be satisfied if to the forces considered in Fig. 467a we add the hori- 
zontal force H' (Fig. 4G76) applied at the elastic center 0 and of such 
magnitude as to eliminate the displacement (6). This requires [see 
Eq.^ (138)] that 


ir 


Hence 


/: 


y{y - d)ds 
El 


+ 


' cos* 4> ds 


H' = H 


AE 

fSb 

I ds/AE 


/.I 


Hds 

AE^ 


Jo 


y(:y — d)ds 


El 


+ 


' cos^ <j> ds 
AE 


(176) 


Since the comlnned action of the forces shown in Figs. 467a and 4675 
satisfies the above-mentioned conditions for the symmetrically loaded 
hingeiess arch, we eoneliide that the two forces H and If' together repre- 
sent a system statically equivalent to the internal forces acting on the 
cross se<*iion D of the arch. This system can be reduced to the longi- 
tudinal force and the bending moment defined b}" the equations 


^ //' 


Md = H'd. 


( 176 ) 


The axial force and the bending moment at the support B will then he 
found from statics by the equations 


N, 


H_ 

cos a 


IF COB a, ■ ; Jffe ==’ - d). 


( 177 ) 


It is seen that an analysis of a symmetrical and symmetrically loaded 
^ We iiegic'ci. here the small angular changes produeed by axial force A" (sec p. 420)* 
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hiiigeless arch the center line of which, coincides with the funicular curve 
reduces to calculation of the negative thrust defined by Eq, (175),. 

Let us apply this general discussion to particular cases and consider, 
as the first example, a parabolic arch of rectangular cross section having 


A 1 = -^- (c) 

cos ^ cos^ <!> 

In this case 

I 

r ds _ 1’ I ... 

Jo AE A,E Jo 2AoE' 

The denominator of expression (175) has already been calculated (see 
page 443) and is equal to 

2EIom 

where w is a numerical factor depending on the proportions of the arch. 
The values of this factor are given in the third line of Table XIV. 
Substituting (d) and (e) in expression (175), we obtain 

( 178 ) 


Observing that for parabolic three-hinged arches 

w - 

and using for m the values from Table XIV, we can readily calculate the 
value of jff'. The values of the ratio H'/H for arches of various propor- 
tions are givenMn the sixth line of Table XIV. It is seen that the thrust 
of a hingeless arch may differ considerably from that of the corresponding 
three-hinged arch only in the ca^es of flat and very thick arches. 

From Eqs. (176) we see that the internal forces at the crown can be 
represented by the compressive force iV«j = J? — J?' applied at the dis- 
tance do above the centroid where 

ir^np' 

In the same manner we find that at the abutments the point of applica- 
tion of the axial force moves from the centroid downward by the amount 

. __ —Mb _ H'(f — d) cos a 
Nb H - H' cos^ a' 

1 The values given in the table were obtained by more elaborate calculations using 
Eqs. (109) to (111) in the analysis of the deformations. These calculations showed 
that the simplified equation (175) is accurate enough in all practical applications. 



Aet. 79] 


ARCHES 


45t 


In the seventh and eighth lines of Table XIV are given the ratios of these 
displacements to the depths /lo and hi of the corresponding cross. sections. 

We know that in the case of a rectangular cross section an eccentrically 
applied .compressive force does not produce .tensile stresses if the point of 
application is within the middle third- of the depth of the, cross section.. 
The ratios and hi/hi given in Table XIV indicate that it is likely that 
tensile stresses will be produced at the abutme.nts during decentering. 
In the case of flat and thick arches. To eliminate such stresses, thinner 
arches with larger values of f/l must be used. 

As a second example we take a circular arch of constant rectangular cross section. 
The lojul (listrihutionj for wiiicli the funicular curve is a circle, is found from the 
differential equation of fuiiieiilar curves (see page 28)^ 


dx^ H 


(h) 


Observi,n,g that, for a circle (Fig. 467), 


^ A.) == —L- ^ L. 

dx ' ‘ ■ cos^ 4) dx r cos® 


we conclude that 


cos*^ <f> 


H ^ rgo, 


m 


where is the i.!itei:iisity of the vertical distributed load at the crown. 

The numerator in expression (175), in this case, is 

f^^ds_^ra 
JQ "AE ’AE" 

The denominator of the same expression has already been calculated (see .page 449) 
and is equal to 

Ir^ 

2malt 

where mi is a numerical factor the values of which for arches- of various proportions 
are given in the eighth line of Tab,le X\T. Hence, from Eq. (175), we obtain 


IE 




(179) 


Again, using Table XAT, we can readily calculate the displacements So and 5i of the 
thrust line at tlie crown and at the abutments. Calculations show that these dis- 
pliicenumts diff(*r only slightly from those previously found for parabolic arches 
(see Table XIV). 

Let us consider now a more general case in which the distril)uted 
vertical load varies from go to cji (Fig., 468)-, : following a parabolic law, 

4:.X^ ' ’ 

a = 9<i + (qi - go) -ir 

^ Sign corresponds to coordinate axes in ..Fig. 467. 


( 180 ) 
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The total load on half the span consists, then, of a uniformly ' distributed 
load with the resultant 



applied at the distance 7/4 from the crown and of a parabolically dis- 
tributed load with the resultant 

^ _ (gi - qo)i 
■ 6 

applied at the distance 3Z/8 from the crown. 

Assuming that the center line of the arch coincides with the funicular 
curve for the given load, we find the thrust H from the moment equation 
with respect to point 5, which gives 


Hence 


TTjr _ Qol^ , (^1 - Qo)P 

Hf - 


„ 5qo + qi P 
48— -J 


(J) 

(181) 


The ordinate y for any point C of the center line is obtained by writing 
the moment equation with respect to point C. The load to the left of 
that point consists of the uniformly distributed load q^x and of the para- 
bolically distributed load 

X 


(«i - 3o) 


V 3 


the resultants of which are at the distances x/2 and 3x/4 from the crown 
D, respectively. Hence, the moment equation is 


ffy 


2 


+ (si - m) 


3P 


Substituting for H its value (181), we obtain 



8 / 


5go + qi I 


3qo + 2Cgi— go) 


P 


¥' 


(182) 


By taking various values for the ratio gi/go, various shapes of the center 
line are obtained. For qi = go, we obtain the parabolic curve. By 
taking gi larger than go and making the ratio gi/go larger and larger, 
obtain funicular curves located above the parabolic funicular curve and 
at distances that increase as the ratio gi/go increases. For arches having 
the curve (182) as their Renter line, tables facilitating stress analysis 
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have been calculated.^ In preparation of these tables, it was assumed 
that the . eross-sectional moment of inertia varies along the, span in ^ 
accordance with the equation 

I , (183) 

COS — ^(2a;/Z)] V • 

in which, as before, ^ is the angle that the tangent to the center line makes 



with the :r“axis (Fig. 408), a is the value of <l> at the abutment, Jo is the 
moment of inertia at the crown, and ju is a numerical factor defined by the 
magnitude h of the moment of inertia at the abutments. Substituting 
X = 1/2, ^ == a, and I = Ji in Eq. (183), we obtain 

Jo 


1 


(184) 


Ji cos a 

For any given values of qi/q^ and //J 'we calculate the' ordinates of the 
center line and tlie angles ^*^^d a, using Eq. (182). 'Then, upon taking 
a definite value for the ratio Ji/Jo, the value of J for each cross section 
of the arch is calculated from Eq.. (18.3). In this ma.nner, a variety of 
arch proportions can be obtained. . . 

Having the shape of the arch completely defined, w^e calculate now 
the magnitude of the negative thrust iJ' fro.m Eq, (175). The three 
integrals entering into this equation we represent in the following form-: 


/: 


y( y ~ d)ds 

~~ El 


2EU 


^ In our future discuBsion, we make use of the tables given in the hook 
brUcken, Handbueh fur Eisenbetonbau/^ voL'XL ■ 


(k) 

‘Bogen- 
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cos^ <l> ds 

0 



I 

2fiAoE’ 

I 

2^iAoE’ 


(0 

(m) 


where v, jS, and are numbers to be taken from Tables XXI to XXIII. 
Then the value of the negative thrust is 


rr, ^ fcoV . rr 

1 + fcoV»'|3f 


(185) 


In this equation the value of if is given by Eq. (181), ko^ = lo/Ao, 
and the values of constants r, /3, and /3i must be taken from the tables. 


Table XXI. — Values of v • 10® in Eq. (185) 


9i/3o 

M = 0 

0.1 

0.2 

0.3 

0.4 

0.5 

0,6 

0.7 

0.8 

0.9 

1.00 

8,889 

1 

8,326! 

7,747 

7,149 

6,528 

5,880! 

5,198 

4,477 

3,704 

2,866 

1.67 

8,627 

8,069 

7,497 

6,905 

6,292 

5,653 

4,982 

4,272 

3,513 

2,691 

2.50 

8,411 

7,855! 

7,291 

6,706 

6,110 

5,469i 

4,808 

4,108 

3,363 

2,557 

3.57 

8,196 

7,647, 

7,085 

6,505 

5,905 

5,282 

4,629 

3,940 

3,206 

2,415 

5.00 

7,995 

7,460' 

6,881 

6,316 

5,723* 

5,106 

4,461 

3,781 

3,059 

2,281 

7.00 

7,809 

7,267 

6,712 

6,142 

5,553 

4,942 

4,304 

3,633 

2,921 

2,156 

10.00 

1 7,639 

7,100 

6,547 

5,980 

5,395i 

4,789 

4,157 

3,494 

' 2,792 

2,039 

15.00 

: 7,484 

6,946 

6,396 

5,831 

5,250* 

4,148 

4,022 

3,366 

2,673 

1 1,931 


Table XXII. — Values of ^ in Eq. (185) 



f = 0.10 

0 , 

.14 

0 

.18 

! 

0 , 

.22 

0 

.26 

0 

o 

CO 

0 

.34 

0 

.38 

0.8 

1.24 

1 

.27 

1 

.31 

1 

.35 

1 

.39 

1 

.43 

1 

.47 

1 

.52' 

0.7 

1.20 

1 

.24 

1 

.27 

i: 

.31 

1 

.35 

1 

.39 

1 

.44 

1 

.48 

0.6 

1.17 

1 

.20 

1 

.24 

1 , 

.28 

1 

.32 

"■ " 1 , 

.36 

1 

.40 

1 

.45x. 


1.14 

1 

.18 

1 

.21 

1 , 

.25 

1 

.29 

1 , 

.33 

1 

.38 

: ■ 

.42 

0.4 

1.11 

1 

.14 

1 

.18 

1 

.22 

1 

.26 

1 . 

.30 

1 

.35 

.. 1 , 

.39,"' ■ 

0.2 

1.07 

1 

.10 

1 

.14 

1 , 

.18 

1 

.22 

1 , 

.26 

1 

.,30' ' 

•*T, 

.35, 

0 

1.03 

1 

.06 

1 

.10 

1 

.14 

1 

.18 

1 , 

.22 

1, 

.26 

■ ' 1 , 

.,31 „ 


Take, for example, a parabolic areh with //Z = 0,25, VZ ” 

I = Jo/cos® <t>. Then cos a = l/-\/2, and ijl = 0.5, from Eq. (184). 
From the tables we then take v = 0.0588, = 1.28, /5i = 1.01. Equation 
(185) then gives H^/H = 0.0215, which is in satisfactory agreement with 
the value given in Table XIV. 

As soon as the value of H' is found from Eq. (185), the values of the 
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axial force and of the bending moment at the crown of the given hingeless 
arch are obtained from Eq. (176). The distance d of the elastic center 
occurring in these equations is calculated by using Eq. (134) and is 
presented in the form 

d = yf, (186) 

in which values of y for arches of various proportions are to be taken from 
Table XXIV. 


Table XXIII . — Values of / 3 i in Eq. ( 185 ) 


1 

/ 

1 

= 0.10 

1 , 0 , 

.14 

0 

.18 

0 

.22 

0 , 

.26 

1 

0 , 

.30 

0 . 

,34 

0 . 

.38 

0.8 


1 . 19 

I 1 

.18 

1 

.16 

1 

.13 

1 , 

.11 

1 

.08 

1 . 

.06 

1 , 

.04 

0.7 


1 . 15 

1 

.14 

1 1 ' 

.12 

1 

.09 

1 , 

.07 

1 

.04 

1 , 

.02 

1 . 

.00 

0.6 


1 . 12 

1 

.10 

1 1 , 

.08 

1 

.06 

1 , 

.04 

1 

.01 

0 , 

.99 

0 , 

.96 

0.5 


1.09 

1 

.07 

1 . 

.05 

1 , 

.03 

1 . 

.01 

0 

.99 

0 , 

,96 

0 , 

.94 

0.4 


1.06 

1 

.05 

1 

.03 

1 

.01 

0 , 

.98 

0 

.96 

0 . 

.94 

0 . 

.91 

0.2 


1.02 

1 

.01 

0 

.99 

0 

.96 

0 

.94 

0 

,92 

0 , 

,90 

0 , 

.87 

0 


0.98 

0 

.97 

0 

.95 

0 

.93 

0 

.91 

0 

.89 

0 . 

,86 

0 , 

.84 


T.able XXIV . — Values of y in Eq. (186) 


5i/9o 


= 0 

0 

.1 

0 

.2 

0 

.3 

0 

.4 

0 

.5 

0 

.6 

0 

.7 

0 

.8 

0 

.9 

1 

00 

0 

333 

0 . 

325 

0 . 

315 

0 . 

304 

0 . 

292 

0 . 

278 

0 

262 

0 

244 

0 

222 

0 . 

197 

1 

67 

0 

320 

0 . 

311 

0 

302 

0 . 

291 

0 . 

279 

0 . 

266 

0 

250 

0 

232 

0 

211 

0 . 

186 

2 

50 

0 

307 

0 

298 

0 . 

289 

0 

278 

0 . 

267 

0 . 

253 

0 

238 

0 

221 

0 

200 

0 . 

176 

3 

67 

0 , 

.294 

0 . 

285 

0 . 

276 

0 . 

266 

0 . 

254 

0 . 

,241 

0 . 

,226 

0 . 

,209 

0 . 

189 

0 . 

165 

5 

00 

0 . 

.280 

0 . 

272 

0 . 

263 

0 . 

,253 

0 . 

242 

0 . 

,229 

0 . 

,214 

0 . 

,197 

0 . 

,178 

0 . 

155 

7 

.00 

0 , 

. 267 ' 

0 . 

259 

0 . 

,250 

0 . 

,240 

0 . 

229 

0 . 

,217 

0 . 

,202 

0 . 

.186 

0 . 

,167 

0 . 

,144 

10 

.00 

0 , 

. 253 ; 

0 . 

, 246 : 

0 . 

.237 

0 . 

.227 

0 . 

.217 

0 . 

,204 

0 , 

. 190 : 

0 . 

, 174 ; 

0 . 

,156 

0 . 

,133 

, 15 

.00 

0 

.240 

0 , 

, 232 ' 

0 . 

,224 

0 . 

.215 

0 . 

,204 

0 . 

,192 

0 , 

, 179 i 

0 . 

,163 

0 . 

,1441 

0 . 

,123 


To calculate thermal stresses in an arch defined by Eqs. (182) and 
(183), we u.se Eq. (149) (page 439). With the notations (k) and (0, 
this equation gives 


Ht = 


atlEI 0 


vf-l + 


lit 

0Ao 


(187) 


It is seen that the thrust produced by temperature change can be readily 
calculated by using Tables XXI and XXII for v and 0. The same 
equation can be used also in discussing the effect of shrinkage of the 
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concrete, shrinkage being considered as equivalent to a certain lowering 
of the temperature. 

The shortening of the axis of the arch due to dead load [see Eq. (&)]/ 
to lowering of the temperature, and to shrinkage of the concrete produces 
the reduction in the thrust H calculated as for a three-hinged arch. 
As a result of this, the thrust line of a hingeless arch is displaced upward 
at the crown and downward at the abutments from the assumed center 
line coinciding with the funicular curve for the dead load. Calculations 
made for parabolic and circular arches (see Arts. 76 and 77) show that 
the relative displacements 5/ A are larger at the abutments and that at 
these places tensile stresses due to eccentric pressure are likely to occur. 
From Table XIV, it may be seen that the displacements are especially 
large in the case of flat arches and that the values di/hi are approximately 
proportional to h/L This indicates that in the case of thick and flat 
arches we must expect tensile stresses at the abutments; if the material 
is weak in tension, the only way to eliminate cracks is to use a three- 
hinged arch. 

To reduce the above-mentioned displacements of the thrust line in 
large arch structures, such as bridges, various methods are used. Some- 
times temporary hinges are put at the crown and at the abutments that 
permit free relative rotations at these points during decentering. In 
this manner, the displacements of the thrust line, which occur as a result 
of the compression of the center line by dead load, are eliminated. 
Filling up the gaps at the temporary hinges with concrete after decenter- 
ing we obtain a hingeless arch the center line of which coincides with the 
funicular curve for the dead load. To take care of the thrust-line dis- 
placements due to shrinkage and lowering of the temperature, the 
temporary hinges must be placed with proper eccentricities. The eccen- 
tricities must be such that, after decentering and filling up the gaps, 
bending moments should be produced at the crown and the abutments, 
the signs of which are to be opposite to those we expect later from 
shrinkage and temperature drop. Sometimes hydraulic jacks are put 
in the temporary gap at the crown between the two halves of the arch. ^ 
By using these jacks, the thrust at the crown can be increased, and the 
arch is raised off the scaffolds. Later, by a proper distribution of pres- 
sures in the jacks, the most favorable position of the thrust line at the 
crown can be ascertained before filling up the gap with concrete. 

The stress conditions in an arch can be improved also by introducing 

i Sucli jacks were used, for example, in the construction of the large arch bridge 
over the Aar River at Bern, Switzerland. The description of the construction of that 
bridge’is given in Schweiz. Bauzeitung, vol. X13, p. 91, 1939. The idea of using jacks 
to create a favorable stress distribution in arches belongs to E. Freyssinet. See his 
paper s in Oinie civile vol. 79, p. 97, 1921; vol. 93, p. 254, 1928. 
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during construction ,, residual stresses in^ the 'proper, direction. .In the 
case of, concrete arches, this can be accomplished by making the, .arch, 
in. several layers and wo.rking on these layers in' the proper sequence. ^ ' 
Stresses produced in an arch by live loads are usually calculated by. 
influence lines. The general method of constructing influence lines for 
symmetrical arches was described in Art. 76. For arches the shape of 
which is defined by Eqs. (182) and (183) the ordinates of influence lines 
for the redundant quantities are calculated for various values of gi/go 
and ju and are presented in Tables XXV to XXVII. By using these tables, 
the stresses produced by live loads can be readily calculated. 



Fig. 469. 


If a vertical load P is acting at the distance x from the crowm (Fig. 
469), the thrust produced by this load can be represented by the equation 



PI 

^ ■ 4/(1 + lo/y^AoP) 


( 188 ) 


The values of the quantities p and 0 in this equation have already been 
given (see page 462) ; the values of <p are given in Table XXV. 

The bending moment at the crown produced by the load F (Fig. 469) 
is 

PJ 

M4 - Mo - M' - Bd - (189) 


In this equation 



is the bending moment at the middle of a simply supported beam of 
length and the constant is to be taken from Table XXYX. Hence, 
by using the influence line for bending moment at the middle of a simply 
supported beam together with the constants (p and <pi, given in the tables, 
the influence line for Md can be constructed. 


^The question of improving stress conditions by the introduction of residual 
stresses is discussed in the following papera: E. -"Batide, Compt. rend,^ voL 177/11, 
p. 1006, 1923; A. Paris, 1928, p. 831, 
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Table XXV .— Values op, ^ in Eq , ( 188 ) 
qi/qo ^ 1 


2x/l 

jj, = 0 

0.1 

0.2 

0.3 

0.4 

0.5 

0,6 

0.7 

■'■ 0.8 ■■■ 

■ 0 . 9 . 

0 

0 . 9375 ; 

0.9433 

0.9505 

0.9572 

0.9658 

0.9760 

0.9892 

1.0063 

1 . 0299 ; 

1 . 0680 ' 

0.1 

0.9188 

0,9240 

0.9300 

0.9362 

0.9439 

0.9529 

0.9646 

0.9797 

1.0008 

1 .0349 

0.2 

0.8640 

0.8674 

0.8716 

0.8756 

0.8790 

0.8867 

0.8948 

0.9051 

0 . 9195 ! 

0.9428 

"' 0 . 3 ' ■ 

0.7764 

0.7777 

0.7792 

0.7807 

0.7824 

0.7845 

10.7878 

0.7916 

0.7972 

0.8067 

0.4 

0.6615 

0.6606 

0.6596 

0.6584 

0.6570 

| 0.6552 

0.6535 

0.6510 

0.6471 

0.6416 

0.5 

0.5273 

0.5249 

0.5223 

0.5187 

0.5149 

0.5100 

0. 5046 

0.4972 

0.4867 

0.4703 

0.6 

0.3840 

0.3807 

0.3773 

0.3726 

0.3676 

0.3616 

0.3540 

0.3443 

0.3304 

0.3081 

0.7 

0.2438 

0.2408 

0.2375 

0.2332 

0.2284 

0.2190 

0.2155 

0.2064 

0.1930 

0.1720 

0.8 

0.1215 

0.1195 

0.1173 

0.1143 

0.1111 

0.1070 

0.1023 

0.0963 

0.0872 

0.0729 

0.9 

0.0339 

0.0331 

0 . 0326 ' 

0,0313 

0.0302 

0.0285 

0.0270 

0.0248 

0.0216 

0,0164 


qi/qQ = 1.67 


0 

0.9418 

0.9532 

0.9605 

0.9690 

0.9789 

0.9906 

1.0056 

1.0250 

1.0527 

1.0978 

0.1 

0.9233 

0.9341 

0.9406 

0.9483 

0.9569 

0.9678 

0.9811 

0.9986 

1.0236 

1.0642 

0.2 

0.8694 

0.8781 

0.8826 

0.8881 

0.8943 

0.9018 

0.9114 

0.9246 

0.9419 

0.9714 

0.3 

0.7826 

0 . 7887 : 

0.7907 

0.7937 

0.7962 

0.7996 

0.8041 

0.8101 

0.8187 

0.8331 

0.4 

0.6688 

0.6721 

0.6716 

0.6711 

0.6707 

0.6701 

0.6694 

0.6685 

0.6675 

0.6663 

0.5 

0.5352 

0.5349 

0.5334 

0.5308 

0.5275 

0.5236 

0.5189 

0.5129 

0.5041 

0.4901 

0.6 

0.3914 

0.3905 

0.3872 

0.3830 

0.3784 

0.3729 

0.3650 

0.3570 

0.3438 

0.3233 

0.7 

0.2498 

0.2482 

0.2448 

0.2410 

0.2365 

0.2309 

0.2240 

0.2151 

0.2021 

0.1814 

0.8 

0.1247 

0.1227 

0.1215 

0.1190 

0.1154 

0.1120 

0.1072 

0.1009 

0.0919 

0.0777 

0.9 

0.0350 

i 0.0346 

0,0337 

0.0327 

o.osiel 

0 . 0302 : 

0.0285 

0.0262 

0.0231 

0.0178 


qi/qo = 2.5 


0 

0.9511 

0.9585 

0.9660 

0.9751 

0.9841 

0.9984 

1.0143 

1 ,0357 

1.0648 

1 . 1134 

0.1 

0.9330 

0.9396 

0.9465 

0.9547 

0.9623 

0.9757 

0.9900 

1.0009 

1.0364 

1 .0802 

0.2 

0.8791 

0.8844 

0.8907 

0.8953 

0.9001 

0.9107 

0.9210 

0.9353 

0,9551 

0.9878 

0.3 

0.7935 

0.7962 

0.7985 

0.8015 

0.8038 

0.8095 

0.8147 

0.8220 

0.8325 

0.8497 

0.4 

0.6801 

0.6802 

0.6803 

0.6803 

0.6803 

0.6804 

0.6805 

0.6809 

0.6814 

0.6825 

0.5 

0.5461 

0.5445 

10.5450 

0.5400 

0.5363 

0.5339 

0.5297 

0,5271 

0.5169 

0.5047 

0.6 

0 . 4011 ! 

0.3989 

0.3953 

: 0.3916 

0.3869 

0.3820 

0.3754 

0.3670 

0.3546 

0.3347 

0.7 

0.2575 

0.2547 

0.2514 

0.2474 

0.2429 

0.2379 

0.2317 

0.2225 

0.2099 

0.1893 

0.8 

0 . 1289 ; 

0.1278 

0.1255 

0 . 1229 ' 

0,1196 

0.1163 

0.1113 

0.1051 

0.0961 

0.0814 

0.9 

0.0366 

0.0365 

0.0351 

0.0335 

0.0325 

0.0316 

0.0297 

0.0276 

0.0242 

0.0187 


qi/qo — 3.57 


0 

0.9557 

0.9634 

0.9719 

0.9818 

0.9934 

1.0072 

1 1.0246 

1.0475 

1 .0805 

1 . 1345 

0.1 

0.9379 

0.9455 

0.9526 

0.9648 

0.9723 

9.9849 

1.0008 

1.0218 

1.0520 

l .,1016 

0.2 

0.8853 

0.8910 

0.8967 

0.9032 

0.9111 

0.9206 

0.9327 

0.9486 

0.9747 

1.0094 

0.3 

0.8005 

0.8035 

0.8083 

0.8105 

0.8149 

0.8203 

0.8272 

0.8362 

0.8493 

0.8711 

0.4 

0.6882 

0 . 6886 ; 

o;69od 

0.6904 

0.6909 

0.6919 

0 . 6933 ! 

0.6951 

0,6980 

0.7030 

0.5 

0 . 5548 ^ 

0.5534 

0 . 551.7 

0.5499 

0.5480 

0.5453 

0 . 542 ! 

0.5379 

0.5320 

0.5221 

• 0.6 

0.4095 

0.4068 

0 . 4038 : 

0.4004 

0 . 3964 ; 

0.3916 

0.3855 

0 . 3774 ! 

0.3656 

0.3467 

0 . 7 ' 

0.2660 

0.2621 

0 . 259 i ! 

0.2555 

0 . 2516 ; 

0.2465 

0.2403 

0.2320 

0.2199 

! o .2006 

0.8 

0.1340 

0.1321 

0.1298 

0.1272 

0 , 1243 ' 

0.1205 

0.1158 

0.1096 

0.1004 

! o .0860 

. 0.9 

0.0381 

0.0373 

0 . 03 ^ 

0.0355 

0 . 0343 ' 

0.0330 

0.0312 

0.0288 

0.0252 

0.0198 




'h. 
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• Table , XXV .— Yalues of in ■ Eg . (188).-— “( CoBfomed ) 


2 i/i 

M = 0 

0. 1 

0.2 

0.3 

0.4 

0.5 

0.6 

■0.7 

0.8 

0.9 

0 

0.9589 

0.9683 

0.9779 

0.9871 

0.9994 

1.0145 

1 .0333 

1.0584 

1.0942 

1,1543. 

0.1 

0.9414 

0.9473 

0.9590 

0.9074 

0.9787 

0.9925 

1.0098 

1.0331 

1 .0661 

1..1217 

0.2 

0.8899 

0.8945 

0.9036 

0.9099 

0.9186 

0.9293 

0.9427 

0.9607 

0.9865 

1,0301 

0.3 

0.8065 

0.8089 

0.8152 

0.8185 

0.8236 

0.8302 

0.8384 

0.8495 

0.8643 

0.8921 

0.4 

0.6954 

0.6966 

0.6983 

0.6992 

0.7007 

0.7028 

0.7053 

0.7090 

0.7140 

0.7231 

0.5 

0,5629 

0.5621 

0,5616 

0.5596 

0.5580 

0.5562 

0.5540 

0.5513 

0.5471 

0.5450 

0.6 

0,4172 

0.4146 

0.4132 

0.4096 

0.4061 

0.4019 

0.3997 

0.3896 

0.3796 

0.3631 

0.7 

0.27070.2675 

0.2656 

0,2609 

0.2579 

0.2531 

0.2470 

0.2392 

0.2275 

0.2082 

0.8 

0.1381 [0.1360 

0.1343 

0.1316 

0.1286 

0.1250 

0.1204 

0.1145 

0.1056 

0.0850 

0.9 

0.0;{95;0.0387 

0,0381 

0.0370 

0.0359 

0.0345 

0.0329 

0.0305 

0.0270 

0.0213 





? i /9 

0 - 7.0 






0 

0.900410.9691 

0.9776: 

0.9904 

1.0037 

1.0199 

1.0401 

1 .0670 

1.1058 

1.1716 

0.1 

0.943310.9515 

0.9606 

0.9711 

0.9834 

0.9984 

1.0172 

1.0421 

1.0782 

1.1395 

0.2 

0.8929 

0.8993 

0.9065 

0.9148 

0.9245 

0.9364 

0.9513 

0.9711 

0.9975 

1.0498 

0.3 

0.8112 

0.8152 

0.8198 

0.8253 

0.8313 

0.8389 

0.8484 

0.8612 

0.8799 

0.9118 

0.4 

0.7016 

0.7032 

0.7050 

0.7072 

0,7091 

0,7125 

0.7164 

0.7215 

0.7291 

0.7564 

0.5 

0.5702 

0.5697 

0.5691 

0.5684 

0.5676 

0.5666 

0.5654 

0.5639 

0.5619 

0.5586 

0.0 

0.4248 

0.4229 

0.4207 

0.4181 

0.4151 

0.4115 

0.4070 

0.4010 

0.3923 

0,3860 

0.7 

0.2770 

0.2746 

0.2719 

0.2688 

0.2651 

0.2606 

0,2550 

0.2475 

0.2366 

0.2322 

0.8 

0.1422 

0.1404 

0.1382 

0.1358 

0.1329 

0.1276 

0.1251 

0.1192 

0,1106 

0.0960 

0.9 

0.0^109 

0.0402 

0.0394 

0.0384 

0.0373 

0.0359 

0.0341 

0.0318 

0.0285 

0.0226 


gi/go = 10.0 


0 

0.9600 

0.9691.0.9797, 

0.9917 

1.0059 

1 .0231 

1.0471 

1.0736 

1.1151 

1.1864 

0.1 

0.9434 

0.9520 

0.9 fK )4 

0.9730 

0.9862 

1.0026 

1.0223 

1.0491 

1 .0881 

1.1548 

0.2 

0. S 944 

0.9012 

0.9091 

0.9181 

0.9287 

0.9312 

0.9579 

0.9797 

1.01,13 

1.0658 

0.3 

0.8145 

0.8176 

0.8242 

0.8342 

0.8375 

0.8460 

0.8569 

0.8717 

0.8931 

0.9303 

0.4 

0.7069 

0.7090 

0.7114 

0.7141 

0.7174 

0.7215 

0.7266 

0.7336 

0.7438 

0.7618 

0.5 

0.5768 

0.5767 

0.5765 

0.5764 

0.5763 

0.5763 

0.5762 

0.5762 

10.5762 

0.5762 

0,6 

0.4318 

0,4302' 

0.4283 

0.4262 

0.4237 

0.4208 

0.4170 

0.4121 

0.4048 

0.3926 

0,7 

0.283 i 

0.2809 

0.2784 

0.2755 

0.2721 

0.2681 

0.2628 

0.2561 

0.2458 

0.2283 

0.8 

0.1462 

0.1445 

0.1424 

0.1402 

0.1374 

0.1342' 

0.1299 

0.1242 

0.1155 

0.1015 

0.9 

0.0423 

0.0417 

9.0408 

0.0399 

0.0390 

0.0375 

0.0356 

0.0334 

0,0300 

0.0241 


q \ iq ^ ~ 15.0 


"O 9.9576 

0.967210.9783 

0.9910 

1.0058 

1 .0239 

1.0466 

1 .0769 

1 . 1210 

1 . 1973 

0.1 

0.9-116 

0.9507 

0.9609 

0,9728 

0.9867 

1.0037 

1.0249 

1.0533 

1.0977 

1 . 1666 

0.2 

0.8993 

0.9053 

0.9097 

0.9194 

0.9308 

0.9448 

0.9622 

0.9857 

1.0200 

1.0797 

0.3 

0.8162 

0.8213 

0.8271 

0.8338 

0.8417 

0.'8614 

0.8636 

0.8801 

0.9043 

0.9466 

0.4 

0.7109 

0.7134 

0.7,164 

0.7199 

0.7239 

0.7^ 

0 7354 

0.7441 

0.7531 

0.7796 

0.6 

0.5828 

0.5828 

0.5832 

0.6 S 37 

0.5844 

0.5855 

10.5861 

0.5876^ 

0.5897 

0.5939 

0.6 

0,4382 

0.4369' 

0.4354 

0.4338 

0.4318 

0.4296 

0.4266 

0.4227 

0.4170’ 

0.4073 

0.7 

0.2888 

0.28 B 8 

0.2846' 

0.2 S 2» 

0.2789 

0.2753 

0.2705 

0.2643 

0.2549 

0,2387 

0.8 

0.1500 

0.1468 

0.1464 

0.1442 

0.1416 

0.1185’ 

0.1344 

0.1260 

0.1208 

0.1067 

0.9 

0.0437 

0.0429 

0.0423 

0.0413 

0.0402 


0,0372 

0.0349 

0.0315 

0.0250 
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The s,}iearmg force V at the' crown is obtained, from the equation : 

F = r - ^2?, . . (190) 

.in. which 



is the shearing force at the middle of a simply supported beam and the 
constant <P 2 is to be taken from Table XXVII. Equations (188) and 
(189) can be used also for negative values of x when the load P is applied 
to the left of the crown, since the influence lines for Md and H are sym- 
metrical with respect to the middle of the span. The influence line for 
V is antisymmetrical, and the sign of its ordinates must be changed when 
we take —x instead of x. 


Table XXVI. — Values of <pi in Eq. (189) 


2x/l 


0.1 

0.2 

0.3 

0.4 

0.5 


0.7 



0 

0.2500 

0.2544 




0.2778 

0.2857 


0.3056 

0.3182 

0.1 

0,2475 

0.2518 





0.2822 


1^ I 

0.3138 

0.2 

0.2400 

0.2439 


0.2532 


0.2649 

nmngij 



0.3011 

0,3 

0.2275 

0.2310 

0.2348 

0.2390 


0.2493 



1 

0.2810 

0.4 

0.2100 

0.2128 


0.2195 





IQ 1 

0.2542 

0.5 

0.1875! 

0.1897 

0.1921 


0.1979 




IQ 1 

0.2216 

0.6 

0.1600 

0.1615 



mm 



0.1758 

Vv M 

0.1840 

0.7 

0.1275 

0.1285 




0.1335 


0.1372 

0.1395 

0.1422 

0.8 

0.0900! 

0.0905 

0.0910 


0.0922 





0.0971 

0.9 

0.0475 

0.0476 








0.0494 


Table XXVII.— Values of ( P 2 in Eq. (190) 


2x/l 

ji ~ 0 

0.1 




0.5 1 

0.6 ; 

0.7 

0.8 

0.9 . 

0 




0- . ■ 


0 

0 

0 

0 

0.' ■ 

0.1. 

0.0248 

0.0254 

0.0262 

0.0271 

0.0282 

0.0296 

0.0314 

0,0337 

0.0369 

0.0416 

0.2 

0.0480 

0.0492 

0.0506 

0.0523 

0.0544 

0.0570 

0.0602 

0.0645 

0.0704 

0.0752 

•V 0 .. 3 '' 

0.0683 

0.0698 

0.0717 

0.0739 

0.0767 

0.0800 

0.0843 

0.0899 

0.0977 

0 . 1090 

0.4 

0.0840 

0.0858 

0.0878 

0.0903 

0.0933 

0.0970 

0.1017 

0.1079 

0.1164 

0.1289 


0.0938 

0.0954: 

0.0974 

0.0998 

0.1027 

0.1063 

0.1108 

0.1168 

0.1250 

0.1370 

0.6 

0.0960 

0.0974' 

0.0991 

0.1011 

0.1035 

0.1066 

0.1104 

0.1155 

0.1224 

0.1326 

0.7 

0.0893 

0.0903 

0.0915 

0.0929 

0.0946 

0.0968 

0.0996 

0.1032 

0.1081 

0.1164 

0.8 

0.0720 

0.0726 

0.0732 

0.0740 

0.0750 

0.0762 

0,0777 

0.0797 

0.0824 

0.0864 

0.9 

0 0428 

0.0429 

0.0431 

0.0434 

0.0437 

0.0440 

0.0445 

0.0451! 

1 

0.0459 

0.0471 


By using the tables given in this article, an analysis of a given arch 
can readily be made. From the tables we find the redundant forces 
produced by tne dead load and temperature change, while the ordinates 
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of the influence lines, give us a simple way of calculating redundant 
quantities, produced by live loads* . 

In the preceding discussion/ it has always been assumed that deflec- 
tions of the arches are small and can be neglected.^ It has also been 
assumed that the material follows Hookers law and that there is no creep 
of the material under prolonged action of stresses.^ 

80. Unsymmetrical Arches* — In the case of an unsymmetrical archy 
we take as the redundant quantities the bending moment Ma and the 
two components Ra and Ha of the reaction at the left support A (Fig. 
470a). The magnitudes of thcvse three quantities will be found from 
the condition that the end A is fixed, which requires that the two com- 
ponents Ua and Va of the displacement of point A and the angle of rotation 
6a shall vanish. Using, for these deflections, Eqs. (129) to (131), w^e 
obtain 


■ My ds , / N cos ds ^ 

Jo -ET + Jo "Tl 

/'* 3£x ds , r" N sin <l> ds „ „ , 

" j. TT + i. —AE- - ® 

/■“M* . ,, 

i. -IT"'’- ® 

where is the total length of the center line of the arch. In these equa- 
tions M and N are bending moment and axial force, and <l> is the angle 
that the tangents to the center line make with the x-axis. This angle is 
taken positive if measured clockwise from the horizontal axis, as shown 
in Fig. 470a, Taking the coordinates “as showm in the figure and observing 
the previous sign rule (see page 424) for M and iV, we obtain 

M =:=Ma + RaX + Hay + M^, (d) 

N = Ha cos <j> — Ra sin ^ + N% ■ (e) 

where and are the moment and the axial force contributed by the:, 
load on the arch to the left of the cross section under consideration. If 
w’^e sul)stitute expressions (d) and (e) into Eqs. (a) to (e), w^e obtain for 
calculating tlie redundant quantities three equations each of wbich 
contains all three unknowns. 

Such equations are not suitable for practical .applicat.ions,.., .A,,con- 

^ The influence of deflections of an arch on the magnitude of the redundant forces 
may become considerable in the case of arches of large spans. See articles by J. Melan, 
Handb. IngenieurwisSj voL 2, 1906, and BaumgemeWi 1925. See also S, Kasarnow- 
sky, “Stahlbau,” 1931 and B. Fritz, -*^Theorie und Berechnung voliwandiger Bogen- 
trSger,” Berlin, 1934. 

2 C.Veep of concrete under load has .been extensively studied in this try. See, 

for example, the papers by H. F. Davis,- Proc...4..C./.., vol. 24, 1928; v-u. 2'" , , 
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sidemble simplification can be, effected if, by the proper selection of dhe 
redundant quantities, we could obtain ..three .equations each containing 
only one unknown. For this purpose we select the I'edundant quantities 
in such a manner that the displacements corresponding to one of them 
are not affected by the two other redundant forces. In Fig. 470a the 
couple Ma acting alone produces, not only rotation of the cross section A, 
but also some displacement. The reciprocal theorem then states that 
forces Ea and Ha will produce, not only displacement of point A, but also 
rotation of cross section A. To make the rotation of the cross section A: 



dependent only on the couple and unaffected by the forces, we replace 
the system of redundant forces, shown in Fig. 470a, by the statically 
equivalent system, shown in Fig. 4706. In this latter case, we assume 
that an absolutely rigid bar AO is rigidly attached to the end A of the 
arch and that the point 0 is selected in such a manner that it remains 
stationary when a couple is applied to the bar.^ Then, from the recip- 
rocal theorem, it follows that the forces Z?o and ZTo applied at (9, will 
not produce any rotation of the cross section A, To make this new 
system of redundant forces statically equivalent to the previous one 
we have to satisfy the following equations: 

Bo = Ra, Ho = Ha,. Mo = Ma + Bott + Hob. ( 191 ) 

To find the proper coordinates a and b of the point (?, we assume that 
a couple Ma alone is applied at the end A of the arch ; then M — 

JV — 0, and we obtain, from Eqs, (129) to (131), 

^ Such reasoning has alread5^been used in the selection of the elastic center in 
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^yds 

El’ 


-Ma 




ds 

w 


471 


if) 


.To obtain- the deflections of the end 0 of the .bar .A-O^ we mtist^ add, to: 
exp,ressions (f) the, displacements due to. the' .rotation of the bar. Hence 

Uq = Ua — b$a, Vo = Va + aOa- (§) 

These .disp.lacements. vanish if we take 


Va 

0a 


fSh 

Jo 


X ds 

W' 


Ua 


L 


L 


El 


El 


i: 


ds 

El 


(192) 


(193) 


The point 0, defined by Eqs. (192) and (193), is the elastic center of the 
arch. Let us assume fictitious masses of an intensity 1/EI distributed 
along the center line of the arch. Then the point 0, as seen from Eqs. 
(192) and (193), is the center of gravity of these masses. It is advan- 
tageous to take point 0 for the origin of the new coordinate system 
XiVi (Fig. 4706). If we substitute x — Xi + a, y — yi 6, and 


M = Mo + Eoxi + + M', 

N = Ho cos 4> — Ro sin 4> + N', 

into Eqs. (a), (6) and (c) and observe that for centroidal axes 


( 6 ) 

(^) 


- r 

Jo El ~ Jo 


yids 

El 


0 , 


we obtain equations for calculating the redundant forces in a simpler 
form. A further simplification of these equations is accomplished in the 
case of comparatively fiat arches carrying vertical loads, since we can 
then neglect small terms containing sin (j> or N' as factors. With these 
simplifications, Eqs. (a), (6), and (c) become 


Ri 


/: 


xiyid^ 

~'EI 


■ij: 


yiMs 

“jr 

xi^ds 

El 


+ 


/■“cos* qi-dsY f* 

Jo AE J^Jo 


AE 


Mi 


/■ 


ds 

El 


.L 


M'y-ids 

El 

M'xids 

El 

■ ‘M'ds 


= 0, (i) 

= 0 , {k) 


El 


0. 


(0 
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The third of these equations gives us the redundant moment Mo. The 
first two, equations each contain the remaining two, unknown forces J2o 
and Ho, 

If the arch is symmetrical with respect to the vertical axis^ the 
integral t 

f^'xiyids 

Jo El 

vanishes, and each of our equations will contain only one unknown. 
The same condition can be obtained also for unsymmetrical arches by 
a proper rotation of the coordinate axes. We observe that the integrals 


/: 


yiHs 

El 


/: 


XiHs 

El 


= h 


i: 


XiVids 

El 


(m) 


in our equations represent the moments of inertia and the product of 
inertia with respect to Xi- and ^i-axes of the previously mentioned ficti- 
tious masses distributed along the center line of the arch. If, instead of 
the aJi^i-axes, we take the principal axes of inertia xoj/o, for which the 
product of inertia of the fictitious masses vanishes, and introduce the 
forces Xo and Fo instead of Ho and Ro (Fig. 4706), the equations for 
calculating the redundant quantities become 



where (see Fig. 4706) is the angle defining the directions of the principal 
axes. Each equation contains only one unknown, and we obtain 


Xo 


^M'yods 

Jo El 


Uyjds r' 
Jo El ^ Jo 


Mo 


_ _ Jo I 

i: 


cos^ (4* H- /3)ds 

AE 

Xods 


El 

xo^ds 

El 

M'ds 

El 


i: 


ds 

m 


(194) 


(195) 


(196) 
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The calculation of the redundant quantities Ma, Xa, Fo reduces to the 
evaluation of the integrals appearing in Eqs. (194) to (196). 

We begin the analysis of an unsymmetrical arch with the determination 
of the elastic; center from Eq.s. (192) and (193). The next step is the deter- 
mination of the i)rincipal axes, for which purpose we calculate the 
integrals (?«). If the center line of the arch Is given in a simple analytical 
form, we can make the integrations exactly. Otherwise, we use the 
approximate numerical integration method described in Art. 78. Having 
hi, lyi, nnd /*,y, and using the known equations for calculation of the 
principal moments, of inertia and of the directions of the principal axes,* 
we obtain 

Ixo + Im ~ hi + lyi, (197) 

ha ha “ thi ^yi) COS 2/3 ^^xiyi sin 2/5, (198) 

tan 2/3 = y • (199) 

* 1/1 


From those equations we find ly^ entering into the denominators of 
Eqs* (.194) ami (195) and the angle To calculate the other integrals 
in E<|s. (194) to (109), we assume that fictitious masses of intensity 
M^/EI are distril)ute(i along the center line of the arch. Then the total 
mass ami the nuiinents of these masses with respect to and 2/0-axes 
give us the integrals 




, El 



Finally, tlie second integral in the denominator of Eq. (194) representing 
the appn)ximate expression for the displacement due to shortening of the 
axis of tlie arcli can also be: evahiated by numerical integration.^ In 
this way all the integrals in Eqs. (194) to (196) can be evaluated, and 
we obtain tlie redundant <|uantities Zo, To, and Mo.’^ 

81. Frames and Rings.— Equations (194) to (196) derived for arches 
can be applied also for eaiculating redundant forces in frames. In such 
applications Eq. (194) can be simplified by omitting the second term in 
the denominator, whicli represents the action of the axial force. Such 
a simplification is reasonable if we observe that, in the case of arches under 
the action of dead load, the center line is usually very close to the line of 
pressure and the stresses produced the axial force are of the same order 

^ See ** Engineering Mechanics/^ 2d. ed., p. 502. 

* This t.erm in usually small, and a rough approximation is sufficient In its calcula- 
tion, 

♦ The ideas of elastic center and fictitious masses were introduced in Ihe theorj’- of 
structures fey Cl (Julmann; scfe **Aiiwendungen der graphiselien Btalik'' fey W. Bitter, 
vol IV, p. 197. 
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of magnitude as the maximum" bending stresses. Hence the term-repre- 
senting the action of the axial force may be of practical importance. 
But, in the case of frames, the pressure line is usually far from: coinciding 

with the center line, and the effect of 
the axial force is negligible in com- 
parison with the effect of the bend- 
ing moment. 

As a simple example, let us con- 
sider a square frame of constant cross 
section with a single load at the 
middle (Fig. 471). The redundant 
reactions at A we replace by the 
statically equivalent system of forces 
at the elastic center 0, which, in this 
case, coincides with the center of 
gravity of the frame and lies on the 
axis of symmetry at the distance 1/3 
from the horizontal member. From symmetry we conclude that the 
principal axes of inertia for the fictitious masses coincide with the 

Xr- and t/i-axes. The corresponding moments of inertia are 





Fig. 471. 
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The bending moments M' are shown in Fig. 471 by the shaded area, and 
we obtain 
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EI\8 

Observing that xi, yi are the principal axes, we substitute the integrals 
(a) and (6) in Eqs. (194) to (196), from which, neglecting the effect 
of the axial force, we obtain 


Ho = 


Ro 


Mo = ^PL 


P 

8' ” 2’ 

As an example of an unsymmetrical frame, let us consider the frame 
in Fig. 472a. We assume a uniform cross section and take I — 2h and 
('■ — h. Then, from Eqs. (192) and (193), we find that the coordinates 
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of the elastic center 0 are 

a = %h, b — %h. 

Taking tlie forces Eu, II o and the moment Me acting at this center (Fig. 
4726) as the rcniundant (luantities, we use Eqs. (j), (k), and (1) of the 


P 




preceding aiticle for calculating these quantities. The integrals occurring 
in these equations are readily evaluated, and we obtain 


/: 


yrtk 

^Ef 


=/: 


AEl 

EL 


/: 


’ xiMs 

'W 


= L 


ZEl’ 


¥eT 


We obtain also 




Zh 1 

M'ds 

Ph^ 

Jo Ei 

= Er j 

o EI 

2Er 

M'xiih 

Ph^ 

f “ M'yids 

P¥ 

"IT 

_ 

O 

~ i2El' 


Substituting all those integrals in Eqs. (i), {k), (1) and neglecting the 
effect of the longitudinal force, represented by the second term in the 
parentheses of Eq. (j)j we obtain 
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from which 


Ro 


-4J2„ + Shfo + P = 0, 
SRo - 2Ho - 3P = 0, 
6i¥o - Ph = 0, 


16 


P, 


P 


Mo 


Ph. 


This result can be readily verified by using one of the previously dis- 
cussed methods of analysis of frames (see Arts. 42, 61). 

The directions of the principal axes Xo, yo are obtained from Eq. (199), 
which gives 


tan 2P= - = -0.6154, 2^ = -31° 36|', 

^=-15°48r. 


These axes are shown in Fig. 4726. Now, using Eqs. (197) and (198), 
we obtain 

'El' 


In + ly 


(M) 


2 

cos 2/3 g sin 2/3 


El 


•1.2719 


6.8 

El 


Hence 


= 0.1557 IJ, 


= 1.4276 




El 


We calculate also 
''yds _ 

m " 

M'xds 


M'- 

Jo "1 

Jo i 


m( 

2EI\ 
Ph^ ( 
" 2EI \ 


-h tan jS — Q 6 ) cos j3 


6^ cos 


-0.0560 


P68 

p/’ 


h cos /3 — g 6 sin ^ 


') 


P'hZ 

Mil 


Substituting all these numerical values into BJqs. (194) and (195)^ we 
find 

Xo - 0.3597P, Fo = 0.3528F. 


Projecting these forces on the vertical and horizontal axes, we again obtain 
the values of Po and Ih that we have already calculated. 

In the preceding examples of frames, we used Im|s. (194) to (197) 
derived for unsymmetrical arches; but if a frame is symmetrical and 
symmetrically loaded, these conditions should be iise<l to simplify our 
calculation. This simplification will be shown for tlic previously dis- 
cussed example shown in Fig, 47 L In this ease we conclude from sym- 
metry that the vertical components of the reactions at the supports A 
and B are equal to P/2, Hence P© = P/2, and we have only tvro 
::mki^owns ilfo and Considering the vertical reaction at A as an 
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external force, we obtain the system of forces shown in Fig. 473. The 
bending moments J/' now become positive and are represented in the 
figure by the shaded triangle. The integrals (a) remain unchanged; 
and, imstead of the integrals (fo), we obtain 

f\M'ds _ Pt^ f^M'y^ds PP f^M'xrds ^ 

Ja/'KI SEl’ Ja El -~Mm’ Ja~W~^^- 

Substituting the.se vaiue.s in Eqs. (j) and (1) of the preceding article, 
we find 



Fio. 473. Fig. 474. 


If the nujinent of inertia I of the members of a frame is variable, we 
can reduce the problem to that of members with constant moments of 
inertia h by using the modified moments M'hll and the modified length 
dsL)/I of the elements in calculating the integrals (a) and (?>) and the 
coordinate.s of the ela.stic center. 

The th(s>ry developed in the preceding article can be used also in the 
analysis of rings. A ring, on which a system of known forces Pi, Pi, Ps 
(Fig. 474) is acting, represents a structure with three redundant forces. 
We can take as the statically indeterminate quantities the axial force, 
the shearing force, and the bending moment at any cross section A of 
the ring. Then we a.ssume that the ring is cut at this crocs . ection and 
that an absolutely rigid bar .40 is attached to the end A, whhe the end B 
is fixed as shown in Fig. 474. .\ssuming that the fictitiou.s masses 
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intensity 1/jSI are distributed along the center line of the ring, we deter- 
mine their center 0 by using Eqs. (192) and (193). Now, proceeding 
as before, we replace the forces acting on the cross section .4 by the 
statically equivalent system of forces applied to the bar AO at the elastic 
center 0. Taking the forces Xo and Fo in the directions of the principal 
axes of the fictitious mass system, we shall determine these forces and the 
moment ikfo from Eqs. (194) to (197). The integrals occurring in these 
equations in the simpler cases can be rigorously evaluated. In more 
complicated cases, the integrations will be replaced by summations as 
explained in Art. 78. 




Let us consider as an example a circular ring of uniform cross section 
loaded by two equal and opposite forces acting along the vertical diameter 
(Fig. 475). From symmetry we conclude that in this case the elastic 
center 0 coincides with the center of the circle, and for the principal axes 
we can take any pair of perpendicular axes passing through 0. Taking 
Xo horizontal, we conclude, from symmetry, that Xo = 0, Fo = P/2. 
For calculating Mo, we use Eq. (196). Since P/ is constant, it cancels 
out, and the required integrals are 

'■■ ■ X 

ds — 2rr, jj" M'ds — —2 Pr^ cos ddO = —2Pr^. 

Hence 

Mo = - and M„ ^ ^ = -Pr - l)- 

TT TT 2 \2 T/ 

For a ring of any shape and of uniform cross section, Eqs. (194) to 
■'.*9) can be put in the following simplified form: 
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where S6 is the length of the center line of the ring. 

We see that only the numerators in these equations depend on the 
forces applied to the ring. The denominators are independent of the 
load and represent the moments of inei-tia of the center line of the ring 
with respect to the principal axes a;o, j/o and the length of the center line 
Sft. If the ring has two axes of symmetry, the axes Xo and yo coincide 
with the axes of symmetry and the use of Eqs. (200) becomes especially 
simple. 

Take as an e.xample the ease of an elliptical ring of uniform cross 
section submitted to the action of uniform internal pressure p. One- 
quarter of this ring is shown in Fig. 476. The elastic center coincides 
with the center of the ellipse, and the axes xo and yo are the axes of 
symmetry. From symmetry w^e conclude that Xo = 0, Yo — —pa, 
and we have only one unknown Mo, which will be calculated from the 
last of Eci-s. (200). To utilize the condition of symmetry, we proceed 
as was e.xplained in the case of the frame shown in Fig. 473. We move 
the force Yo to point A and consider it as an external force. Then, 
instead of Mo, we shall have Ifo + pa^ as shown in Fig. 476. The 
moment ilf ' at any point C is then 

M' = '^(xo^ + yo^ - a^), 


and from the last of Eqs. (200) we obtain 


il/o + pa- 


P M'ds 


VB- — (I + I ) 


where St is the length and is the polar moment of inertia of the 

ellipse. Putting these quantities in the forms. 

Sb = abj + Jyo = 

we give in Table XXVIII the values' of a -and p for several values oi. a/b. 
Table XXVIIL— Values op a and ^ for Various Fbopoetions of an 'EiiMPsb:' 


0.9 


0.8 


0.7 


0.6 


0.3 
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Using these numerical values, we readily calculate the bending , moment 
at cross section from Eq. (c). 

If the center line of a ring is given graphically,, we divide it into small 
portions and calculate for the center of each portion the values under the 
integral signs in Eqs. (200) by taking all the necessary information from 
the figure. Using summations, instead of integrations, we then obtain 
the required redundant quantities. 



Fig. 477. 


Let us consider now a symmetrical rectangular frame shown in Fig. 
477a. We take for the redundant quantities the forces acting at cross 
section A. The elastic center 0 will be on the axis of symmetry at a 
distance d from the top of the frame. Using the notations 


we find, from Eq. (193) 



Ih + 

j!(l +a) + 2l3h 


(d) 

(e) 


The bending moments are shown in Fig. 4776.* From symmetry 
we conclude that Fo = 0, and we have remaining only two unknowns 
Mo and Xo. From Eq. (196) we find 



+ 2ffch + ad 

1(1 + a) + 2ph 



* We continue to use, for the moments, the sign rule assumed for curved bars and 


■ ake the moment positive if it produces tension on the inside. 
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Xq 


/■“ M'y^h 

Jl ^ 

l/oVs' 

io ~T 


p acid — pchQi — 2d) — c^(h — d) . y 
l{h - d)^ + iff{h - 2d)^ + + cdd^‘ 


Take, for exami)le, a square frame of uniform cross section. Then 
anci we obtain 

? _ ^ 

d 


Mo = 


41 


(c" “t" 2ch 4“ cl), 


V" 5 p 

A» p • 

Tire tensile force at cross section A is equal to Xo, and the bending 
moment at that cross section is 


1/a 


Xol 


+ Mo. 


From the examples discussed, it will be appreciated that Eqs. (194) to 
(196) deri\'ed for nonsymmetrical arches also can be used to advantage 
in analyzing frames and rings. 
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general theory of, 188 
Henneberg^s method for, 204 
simple, 171, 175, 191 
statically <leterminate, 171, 183 
statically indeterminate, 326 
types of, 188, 191 
Staruiard train, 94 
Stiffness factor, 303 
Strain energy, 213 
of bending, 217 
in general form, 224 
of shear, 215, 218 
of tension, 214 
of torsion, 216 
Strassner, A., 405, 406 
Str(*SH, definition of, 12 
Strc^Bses, assembly, 307 
in curv'ed bars, 423 : 
primary, 47, 398 
secaunlary, 47, 398 
thermal, 307 

String poiygcm («ee Funicular polygon}' 
Stringc^r, 46, 123 

SiKK^essive apprta-inuitions, 305, 329, -383, 
387 


Successive approximations, : analysis of 
frames by, 366, 383, 387, 391 
Superposition, principle of, 220, 222, 240 
Supports, redundant, 50, 166, 179, 296, 
301 

settlement of, 266, 309, 347 
Sway, frames with, 373, 380, 391 
System, ideal, 37 
primary, 144, 294, 307 

■ t' 

Tension, 2 

Theorem, Castigiiano’s, 235, 258 
Clapeyron^s, 225 
of Euler, 189 
reciprocal, 250, 354, 431 
of three forces, 5 

Thermal stresses, in arches, 430, 448, 455, 
463 

in frames, 395 
in trusses, 307 

Three-hinged arch, 6, 16, 24, 35, 43, 129 
influence lines for, 129, 152, 156 
Three-moment equation, 306, 343, 347 
applied to frames, 358 
Thrust, 129, 428 
Thrust line, 459 
Todhunter, 225 
Torsion, 215 
strain energy of, 216 
Torsional rigidity, 216 
Train, standard, 94 
Triangle, of forces, 1 
Trusses, deflections of, 258, 264, 268, 
277 

general theory of, 76, 188 
influence lines for {see Influence lines) 
in a plane {me Plane trusses) 
secondary, 72, 144 
in space (me Space trusses) 
statically determinate, 44, 171 
statically indeterminate, 293, 326 
Turneaure, F. E., 401 
Two-hinged arch, 248, 299, 428 
..influence lines for, 256, 431 , 

X \ 

Vector,- 1 ' ■ . — ■ - ' 

. Yirtiial 'displacementH, ai'fifv b .f iruA-j*'., 

- by, 88'- -- ■' ■ 
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Virtual displacements, diagrams for, 40 
influence lines by, 102, 107, 115, 140, 
156 

principle of, 36, 229, 278 
Von Abo, Cecil, 400 

. W 

Waddell, J. A. L., 384 
Westergaard, H. M., 241 


Williot, 268,271 

Williot-Moiir diagrams, 268, 271, 400 
Wilson, 363 
Winkler, E., 419 
Work, definition of, 36 
least, 242 

' Z ' 

Zero-load test, 82, 193, 196, 200 




